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A UNIQUE DECOMPOSITION THEOREM FOR 3-MANIFOLDS.* 


By J. Minor. 


In 1928 Kneser proved that every closed 3-dimensional manifold can be 
built up in a more or less unique way out of “irreducible” 3-manifolds. (See 
[3, pg. 256].) This result has gained new interest in view of the sphere 
theorem of Papakyriakopoulos and Whitehead [7 and 10] which yields a 
partial characterization of the irreducible manifolds. | 

All manifolds considered are to be connected, oriented, triangulated, and 
without boundary. All imbeddings and homeomorphisms are to be piecewise 
linear. Two manifolds M and M’ will be called isomorphic (M =~ M’) if there 
exists a piecewise linear, orientation preserving homeomorphism between them. 
| The connected sum M # M’ of two 3-manifolds is obtained by removing 
the interior of a 3-cell from each, and then matching the resulting boundaries, 
using an orientation reversing homeomorphism. (Compare Seifert [9], Milnor 
[6].) It follows from the homogeneity theorem of Newman and Gugenheim 
[2, Theorem 3] that this operation is well defined up to isomorphism. It is 
clearly associative and commutative up to isomorphism. The sphere S® serves 
as identity element. 

Closely related is the operation of “adding a handle” to a connected 
3-manifold M. Choosing two disjoint 3-cells in M, one removes their interiors 
and matches the resulting boundaries under an orientation reversing homeo- 
morphism. Again it follows from the Newman-Gugenheim theorem that this 
operation is well defined. If one adds a handle to S* the result is isomorphic 
to S* X S. Hence if one adds a handle to any manifold M ~ M # 8° the 
result is isomorphic to M # (S? x 8°). 

It will be converlient to call a maniféld non-ttivial if it is not isomorphic 
10.8". 


Definition. A non-trivial 3-manifold P is prime if there is no decom- 
position P ~ M, # M, with M, and M, non-trivial. 


THEOREM 1. Every non-trivial compact 3-manifold M is isomorphic to 
a sum Pi #---#Py of prime manifolds. The summands P, are uniquely 
determined up to order and isomorphism. 


m,  * Received Feburary 7, 1961. 
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For the proof that M can be expressed as a sum of primes, I will refer 
to Kneser [3, pp. 252-255]. 

(If M itself is not prime then one has an expression M ~ M, #M, with 
M, and M, non-trivial. If either Af, or Jf, is not prime then one can express 
M as a three-fold sum, and so on. The difficulty is to show that this process 
must terminate after a finite number of steps. This Kneser proves by an 
ingenious argument. If one assumes the Poincaré hypothesis then there is 
a much easier proof. Define p(M) as the smallest number of generators for 
the fundamental group of M. It follows from the Grusko-Neumann theorem 
[4, pg. 58] that p(A’, # Ma) <= p(M:) +p(Ma). Hence if Mm M, #-- -#M, 
with k > p(M) then some M, must satisfy pity) =Q, and hence must be 
isomorphic to 8°.) 

For the rest of the proof we can drop the hypothesis that Af is compact. 

Kneser calls a manifold M irreducible if every 2-sphere in M bounds a 
8-cell. For example the theorem of Alexander [1] asserts that S* is irreducible. 
On the other hand the product S* X 8? contains a 2-sphere p X S? which does 
not bound any cell 


Lemara 1. With the exception of manifolds tsomorphic to I? or 8! X 97, 
a manifold is prime if and only if tt ts irreducible. 


Proof. If M -= M, #M, with M, and M, non-trivial then the 2-sphere 
which separates the two summands in M cannot bound a cell. Conversely 
let 4 C M be a 2-sphere which does not bound a cell. If 3 separates M, 
then clearly M can be expressed as a non-trivial sum. If 3 does not separate 
M, then cutting along X, and pasting in two 8-cells to eliminate the resulting 
boundaries we obtain a connected manifold M’. The original manifold can 
be obtained from W by adding a handle; hence M =~ M’ # (S81 x 8?). 
Therefore either M can be expressed non-trivially as a sum, or else M =~ 8! X 8°. 
This completes the proof. 


Lemma 2. 61X S*is prime. It is sufficient to prove that every bounding 
2-sphere in 8+ 8? bounds a cell. Lifting the 2-sphere to the universal 
covering space, which can be imbedded in 8°, this follows from Alexander’s 
theorem. 


Lemma 3. Suppose that M— M, # M, is tsomorphic to a sum of primes 
P. #: --#Py c Then the P, can be renumbered so that 


M xP . -# P, and Mm Pri F> . -# Py. . 
It is clear that Theorem 1 will follow from this lemma. 
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Proof. Consider manifolds bounded by finitely many 2-spheres. It will 
be convenient to call two such manifolds equivalent if one can be obtained 
from the other either by removing the interiors of finitely many disjoint 
interior 3-cells, or by the converse operation of filling in 3-cells. 

Suppose that the first s manifolds P,,- > +, P, are irreducible, and that 
the remaining manifolds P,,,,---,P, are isomorphic to 6 X S*. Let T 
denote the 2-sphere which separates the two halves of M == M, # M.. 


Case 1. s>0. Consider systems {31,- + -,3x-1} of disjoint 2-spheres 
in Jf which satisfy: 


Condition 1) the intersections S # T N %,, consist of disjoint simple closed 
curves; and 


Condition 2) cutting M along the %, we obtain a manifold-with-boun- 
dary having s components B,,---,B, which are equivalent to Pi,:--,Ps 
respectively. 

First it is necessary to show that such systems exist. Thinking of M as 
P,#:-+-+#P, with k—s handles attached, let 3,,: © -,%,. separate the s 
summands and let 3: --,3,.. cut the k—s handles. By a “general 
position” argument we may assume that Condition 1 is satisfied. Thus 
{31,° * c, Žr} satisfies both conditions. 

Now suppose that 3,U---U%,, does actually intersect T. We will 
construct a new system {31,° °°, 3’, > -, 3x1} with fewer intersection curves. 

Among the intersection curves C C T N, choose one which bounds a 
r-cell # C T containing no other intersection curves. Then # is contained 
in one of the manifolds B; Let B; denote the manifold which lies on the 
other side of 3, from B; (Caution: it may happen that i—j. Compare 
Figures 1, 2.) 

Since B; is equivalent to the irreducible manifold P;,, the cell # spanning 
one of its boundary 2-spheres must cut B, into two parts, B/ and By’, one of 
which is equivalent to 8°. Let E’ and E” denote the corresponding 2-cells in 
Ja, bounded by Q: 


Case 1.1. t&j. Suppose that By” is the part of B: which is equivalent 
to S*. Consider the 2-sphere 3,’ formed from FU E’ by deforming slightly 
into B’. Then 3,’ has fewer intersection curves with T than 3. If 3, is 
replaced by 3,’ then the effect on the complementary components is to subtract 
Bf" from B; and to add it to B}. Since B/’ is equivalent to 39°, this does not 
change the equivalence classes of B, and By. 


m (“ase 1.2. i=j. Then one of the two parts of B, say B/, must contain 
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the “other side” of 3a. (Compare Figure 2.) Again let 3,’ be obtained: by 
deforming E U #” slightly into B/. If 3, is replaced by 3,’ then the effect 
on B; is to subtract B/’ from one part of Bẹ but then to add it on again 
along a different boundary component. This procedure clearly does not alter 


Tm, E! 





Figure 2. < 

the equivalence of class of B; Hence {31,- ° +, 3n’,' °°, 3x1} still satisfies 
Conditions 1 and 2. 

Thus we can eliminate intersection curves one by one until we obtain a 
system {21,° ° *, Ža} which is completely disjoint from T. 

Suppose that' T lies within B, and cuts it into Bë and BY’, where say By’ 
is equivalent to 8*. Suppose further that B,,- - +, Bia Bë lie on the M, 
side of T and that By’, Buu: © +, Ba lie on the M, side. Then clearly M, 
is isomorphic to P #: - - # P, with a certain number of handles attached, and 
M, is isomorphic to Pi,.#: + +#P, with the remaining number of handles 
attached. This completes the proof in Case 1. 


Case 2. All of the primes P,,- - +, Py are isomorphic to 5+ X 8%. Then 
the proof is similar except that one uses k disjoint spheres (instead of k — 1) 
and Condition 2 must be replaced by the following. 
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. Condition 2’. Cutting M along the spheres 3,,:--,2, we obtain a 
connected manifold-with-boundary B which is equivalent to S°. 
Otherwise there is no change in the argument. This completes the proof 
of Lemma 3, and of Theorem 1. 
Thus the classification problem for closed 3-manifolds is reduced to the 
problem of classifying prime (or irreducible) manifolds. As a consequence 
of the sphere theorem we have. 


THEOREM 2. For every irreducible manifold M the homotopy group 
w2(f) is zero. If the Poincaré hypothesis is true, then conversely every 
manifold with mı ==0 ts irreducible. 


Proof. If w2.(Af) 540 then the sphere theorem asserts that there is a 
2-sphere % C M representing a non-zero element of 7.(M). Certainly % can- 
not bound a cell. Conversely if ma(M) =Q then any %C Mf must cut M 
into two parts, say B, and-B,. At least one of these parts must be compact 
and simply connected. For otherwise, lifting = to the universal covering 
space M, it would cut M into two non-compact parts, and hence would not 
bound. But the Poincaré hypothesis implies that a compact simply connected 
manifold bounded by a sphere is a cell. This completes the proof. 

Manifolds with r;==0 can be divided into two classes, according as the ` 
universal covering space M is compact or not. In the first case M itself 
must be compact and m, must be finite. The universal covering space has the 
homotopy type of S*. The problem of classifying such manifolds seems 
difficult (compare [5]). 

If the universal covering space M is Aa compact then Mf is contractible, 
and all of the higher homotopy groups (df), +>>1, are zero. Using the 
Smith theory it follows that mı(M) has no elements of finite order. (See 
Papakyriakoupoulos [7].) Such a manifold M may be either compact (for 
example a circle bundle over a surface of genus = 1) or non-compact (for 
example the complement of a knot in S*). The problem of classifying such 
manifolds seems hopelessly difficult. 

Another characterization of prime manifolds is due to Kneser [3] and 
Whitehead [11]: Modulo the Poincaré hypothesis, a closed manifold is prime 
if and only if its fundamental group can not be expressed as a free product 
in a non-trivial way. 

In conclusion here are four possible generalizations of the above theory. 

1. Consider 3-manifolds with boundary, and define the sum operation 
using interior 3-cells. Then Theorems 1 and 2 go through without essential 
change. 
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2. Consider 3-manifolds with connected boundary and form the sum of 
two such manifolds by pasting together 2-cells on the boundary. Thus the 
closed 3-cell serves as identity element. Problem: Do analogues of ‘Theorems 
1 and 2 hold in this case? l ' 

3. Consider -non-orientable 3-manifolds. Then Theorem 1 becomes false 
(although Kneser’s formulation of this theorem remains true). As an example 
let N denote the twisted S$? bundle over St. This is the non-orientable 
analogue of a handle. Then N#N ZN # (8! X S*) although N Æ S X S. 
Similarly Theorem 2 becomes false: The product of a projective plane P? and 
a circle is irreducible, although m(P? X &) 0. 

4. Consider closed oriented 4-manifolds. Then again Theorem 1 becomes 
false. Let P denote the complex projective plane with the usual orientation 
and P’ the same manifold with the opposite orientation. Then Hirzebruch 
has proved P # P’ #P’ is diffeomorphic to (8? X 8?) #P’. But P#P’ does 
not even have the same homotopy type as S? X S?. 


To prove Hirzebrach’s assertion consider the graph G of the algebraic 
correspondence P <> 8S? X S? defined by 


(Zo 221222) <> (Zo: Z1); (20: Ze). | 


The induced correspondence P— @ is biregular except that the two points 
(0:0:1) and (0:1:0) are “blown up” into 2-spheres. It follows that 


-GDUPHP EP. 


Similarly, the correspondence 8? X S?—> G is biregular except that the point 
(0:1), (0:1) is blown up. Hence G = (S? X 82) #P’; which completes the 
proof, 


PRINCETON UNIVERSITY. 
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A REMARK ON A PAPER OF M. HIRONAKA.* 


By MAURICE AUSLANDER. 


In [4] H. Hironaka quoted and used, but did not prove, a theorem I had 
communicated to him which he called Theorem 0 in his paper. In this note 
I present a proof of this theorem. l 

We begin with a brief summary of some pertinent homological facts. 
The reader is referred to [1] for a more complete exposition. 

Let R be a local ring and M a finitely generated non-zero R-module. A 
sequence of non-units 7%,: ° +, in & is said to be an M-sequence if 2 is 
not a zero divisor in M{/(a1,- © +, ia) M for allta==1,--+-,¢—1. It is well 
known that if xı, © <, œ, is an M-sequence, then ¢ <= dim(M) = dim(R/a(H)) 
where a(M) is the annihilator of W. Thus it makes sense to talk about 
maximal M-sequences. It can be shown that all maximal A/-sequences have 
the same length and this length is called the codimension of M (notation: 
codimg M). For an R-module M we define d(M) —dim(A/) — codim M. 
It follows from our previous remark that d(Af) = 0. 

Now if R is a regular local ring, then it is well known that the 
hd Af -+ codim M == dim È for any finitely generated non-zero A-module M. 
Therefore d(M) == dim (M) — (dim R— hd M) —hdM—rank M where 
rank M == rank (a(M)) by definition. 


PROPOSITION 1. Let E be a regular local ring, M a non-zero finitely 
generated R-module and t an integer greater than or equal to 0. Then 
d( MU) Zt tf and only tf there exist integers 1> 0 and h= t such that 
Extr (M, R) 0 and Extr (M, R) 0. 

Proof. We first recall a result of D. Rees (see [3]). 

If is a noetherian ring, M a finitely generated S-module and i the 
smallest integer such that Extts (M, §) 54 0, then + is the length of the largest 
S-sequence contained in the a(M). If S is a regular local ring, then we 
have that 1—rank({a(M)) (see [1, Proposition 2.7]). 


Now we return to the proof of the proposition. Suppose that d( M) = t. 
Then we have that the hd M = rank(M) -+ t. By the previous remark we 


* Received April 10, 1961. 
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know that if we set t= rank(M), then Ext*(M,&#)>40. But it is well 
known that the hd M is the largest integer k such that Eixt*(M, R) 0 (see 
[2; VI, Exercise 9]). Therefore setting h = k — i =t we have the desired 
integers « and hk. 

On the other hand suppose that Ext*p(M, R) 540 and Ext**,(M, R) 40 
with h = ¢. Then it follows from what has been observed before that the rank 
(M) S+ and that the hd M=1-+ h. Therefore 


d(M) —hd M—rank MZ hZ t. 


We say that a noetherian ring È is regular if Ry is a regular local ring 
for each prime ideal p in R and dim & is finite. 


THEOREM 2. Let R be a regular ring, M a finitely generated, non-zero 
h-module. For each integer t = 0, there extsts an ideal c D a( M) such that 
a prime ideal p D t tf and only if d( My) Zt. 


Proof. Let u ==a(Exttr(M, R)) for all +20. It is clear that each 
a > a(M) and only a finite number of qR since only a finite number 
of Hxttp(M,R) 0. For each pair of integers t= 0 and AO define 
b(t, h) == (a, Qua). It should be observed that only a finite number of the 
b(i,h) AR and that each b(i, h) D a(M). | 

For each integer t = 0 define cs to be f] b(t, h). The fact that c D a(M) 
is trivial, Since ()b(+,h) is really a finite intersection, we know that a 
prime ideal p in E conn c; if and only if p> b(4,b) for some t and 
some hÆ t. But pDb(4,h) if and only if Ry @ Esttr(M, R) 340 and 
Ry © Ext**p(M,R) 40. Since R, is R-flat, it follows from [2; VI, Exercise 
11] that Ry © Exts:(M, R) — Ext’ m (Mp, Rp) for all j. Therefore applying 
Proposition 1, we have that p D c: if and only if d(M,) Z t. 

The following module theoretic version of Theorem 0 of [4] is an easy 
consequence of Theorem 2. 


COROLLARY 3. Let § be a noetherian ring which is a factor ring of a 
regular ring and let M be a finitely generated non-zero S-module. Then for 
each integer t = 0, the set of all prime ideals p€ Spec(S) such that d(M,) Z t 
forms a closed set. 


Proof. Let f: R-> S be the canonical ring epimorphism. Let p be a 
prime ideal in § and $ the prime ideal f-*(p) in R. Then it is well known 
that dim (Mg) = dim (M) and codim (Mg) = codim (M,). Therefore we 
have that d(My) = d(M,). 


> 
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_ Now given an integer t= 0 we have by Theorem 2 that there exists an 
ideal c; in R which contains a(M), and therefore the Ker f, such that a prime 
ideal P in R contains c: if and only if d(Mg) =t. It therefore follows by 
standard arguments that a prime ideal p in S contains f(c) if and only if 
d(My) = zt. 


BRANDEIS UNIVERSITY, 
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ON THE UNION OF TWO SOLID TORI 


By C. H. EDWARDS, JR. 


The Poincare conjecture asserts that, if M is a simply connected closed 
3-manifold, then A is topologically the 3-sphere S*. Now every simply con- 
nected triangulated closed 3-manifold is orientable (because the fundamental 
group of a non-orientable triangulated closed 3-manifold is infinite), and 
every orientable triangulated closed 3-manifold is the union of two (orientable) 
solid tori of the same positive genus, intersecting in their common. boundary. 
But every 3-manifold can be triangulated ([2] and [4]). In order to prove 
the Poincare conjecture, it would therefore suffice to show that, for every 
positive integer n, every simply connected closed 8-manifold which can be 
expressed as the union of two genus n solid tori intersecting in their common 
boundary is a 8-sphere. The object here is to consider a special case of this 
situation. Evereything will be considered from the semilinear point of view. 

A collection % of mutually disjoint simple closed curves on a 2-manifold 
T will be called independent on T if and only if T does not contain a punctured 
2-sphere (a 2-sphere minus the sum of the interiors of a finite number of 
disjoint closed 2-cells), each of whose boundary components is a curve in 3. 
The closed 8-manifold M will be called n-proper if and only if M can be 
expressed as the union of two solid tori B, and B, of genus n > 0, intersecting 
in their common boundary T, with T containing an independent collection of 
n— 1 mutually disjoint simple closed curves, each of which is nullhomotopic 
in both B, and Ba. Notice that the union of two genus 1 solid tori intersecting 
in their common boundary is automatically 1-proper. A closed 3-manifold 
will be called proper if and only if it is n-proper for some positive integer n. 


THEOREM 1. If M ts a simply connected proper closed 3-manifold, then 
if is a 38-sphere. 


For the purpose of an inductive proof, it will be convenient to consider 
Theorem 1 in the form of the following sequence {An}n-1” of Lemmas: 


Lexma An Jf M ts a simply connected n-proper closed 3-mantfold, 
then Al is a 3-sphere. 


* Receive July 17, 1961. 


1 This research was supported in part by the National Science Foundation, Grant 
8239. 
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Since Lemma A, is known to be true (see [3, p. 31] for instance), the 
first step of the inductive proof is available. 

By a surface of type (p,q) is meant a compact orientable 2-manifold of 
genus p with q boundary components. 


Lemma B,. Suppose that the simply connected bounded 3-mantfold C 
is the union of two genus n solid tort B, and Ba, with A = Bı N Ba being a 
surface of type (n,1) common to the boundaries of B, and B. Suppose 
further that BAB, contains an independent collection of n—1 mutually 
disjoint simple closed curves, each of which is nullhomotopic in both B, and 
B,. If Lemma A, is true, then it follows that C is a closed B-cell. 


Proof. If Dı == Ol(BdB;—4A) for i==1,2, then D, and D, are disks, 
and the boundary of C is the 2-sphere K == D, U Dı. Let Q be a 3-cell, and 
identify its boundary with K. Assuming a given triangulation of C, triangu- 
late Q by projection of the given triangulation of K to an interior point of Q. 
Since C N Q = K is simply connected, it follows that 7,(C U Q) is the free 
product of the trivial groups 7,(C) and 7,(Q), so that CUQ is simply 
connected. Since the 3-cell Q intersects the genus n solid torus B, in the 
subdisk D, of its boundary, BU Q is a solid torus of genus n. Hence 
CUQ—(B,U Q) U Ba with B-U Q and B, being genus n solid tori inter- 
secting in their common boundary A U D,, and it follows from the hypotheses 
that the simply connected closed 3-manifold C U Q is n-proper. Hence Lemma 
A, implies that CU Q is a 3-sphere. The polyhedral 2-sphere K therefore 
separates C U Q into two components whose closures C and Q are closed 
8-cells [1], [4]. 


Lemma 1. Suppose that B is a bounded 3-mantfold which can be 
imbedded semilinearly m S*, and that the boundary T of B is a closed 
orientable surface of genus h. If mı(B,T)==1 then B is a solid torus of 
genus h. | 


Proof. In the proof of Theorem 19.1 of [5] Papakyriakopoulos uses 
the Dehn lemma and the loop theorem to show that B can be constructed 
by adding h solid handles to a simply connected 3-manifold Q bounded by 
a 2-sphere. Since it may be assumed that Q is a polyhedral subset of 8%, 
Q is a 3-cell [1], so that B is a solid torus of genus h. 


Lemma 2. Suppose that B ts a solid torus of genus m and that D ts 
a polyhedral disk with IntD C Int B, such that BAD is a simple closed 
polygon on T—=BdB separating T into two components of genra h and k 
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respectively, where h -+k =m. Then the closures of the two components of 
B— D are solid tori of genera h and k. 


Proof. Let A, and A, be the components of T— Bd D of genera h and 
k respectively. Let T=- 4, U D and denote by B; the closure of the com- 
ponent of B— D bounded by T, t= 1,2. 

Since B is a solid torus, mı(B, T) ==1, so that the injection homo- 
morphism t*: m, (T) —>~,(B) is onto, because of the exactness of the homotopy 
sequence of (B, T). It follows that the injection }*: m(T, U T3) —> m(B, U Ba) 
is also onto. Since T, N T= B, N B=D is simply connected m: (T, U T;) 
is the free product of m (T) and vı (Ta), while r, (B, U Bz) is the free product 
of mı (Bı) and mı(B2). But clearly y* restricted-to mı(Tı) is the natural 
injection 447: 7i(T;) > mi(B1), t= 1,2. Since j* is onto, 7,* and 7,* are onto, 
so that mı (Bı, Ta) —-1,(B2,T;) <1. Because the solid torus B can be im- 
bedded in S?, it follows from Lemma 1 that B, and B, are solid tori of genera 
h and k respectively. 


Lemura 3. Suppose that the simply connected closed 3-manifold M 18 
the unton of two solid tort B, and B: intersecting in their common boundary 
T. If e is a simple closed curve on T which is nullhomotopic in both B, 
and B,, then e ts nullhomologous on T. ) 


Proof. The Dehn lemma [6] implies that e bounds disks D, and D, with 
Int D; C Int By +—1,2. Now suppose that e is not nullhomologous on T, 
i.e. that e does not separate T. If x and y are any two points of M — (D, U Da), 
then z and y can clearly be joined to points p and q respectively in T by ares 
missing D, U Da, while p and q can be joined by an arc on T missing e. It 
follows that the 2-sphere D, U D; does not separate M. But this contradicts 
the fact that M is simply connected (since by Poincare duality it follows that 


the 2-dimensional homology group of M is trivial). Consequently e is null- 
homologous on T. 


Lemaa 4, Suppose that % is an independent collection of mutually dis- 
joint nullhomologous simple closed curves on the closed 2-mantfold T. Let 
e bea curve in X, with D a disk bounded by e whose interior does not meet T. 
If A ts one component of T —e, and 3* is the collection of those curves of 3 
which are contained in A, then %* is an independent collection of mutually 


disjoint nullhomologous simple closed curves on the closed 2-manifold 
T* = AUD. 


Proof. If r isin X* and if T*—r were connected, then T—r would be 
connected. Hence each curve in 3* is nullhomologous on T*. 
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Now suppose that the collection %* is not independent on T*, so that. 
T* contains a punctured 2-sphere S whose boundary components 7,,°* *`,Tk 
are simple closed curves in 3*. If § and D are disjoint, then S is contained 
by T, which contradicts the fact that the collection % is independent on T. 
Otherwise, if S contains D, then S—-IntD is a punctured 2-sphere in T 
whose boundary components are the curves 11," - -,7, 6 of 3, which is again 
a contradiction. Therefore %* is an casein? collection of mutually dis- 
joint nullhomologous simple closed curves on T*., 


Lumma 5, If 3 is an independent collection of n—1 mutually disjoint 
nullhomologous simple closed curves on a genus n closed orientable 2-mantfold 
T, then X contains a curve e which separates T into two components A, and 
A, whose closures are surfaces of types (1,1) and (n— 1,1) respectwwely. 


Proof. First it will be shown by induction that an independent collection 
of nullhomologous mutually disjoint simple closed curves on a genus n closed 
orientable 2-manifold can contain no more than n— 1 elements. Certainly 
this is true in the case n == 1, since each nullhomologous simple closed curve 
on a torus bounds a disk. Supposing it to be true for all genera less than n, 
let ¥ be an independent collection of nullhomologous simple closed curves 
on a genus n closed orientable 2-manifold T’. Let e be an element of 3% 
separating T” into two components A,’ and A,’ of genera k and n— k respec- 
tively, 1S k<Sn—1. Let D be a disk bounded by e not meeting T” in its 
interior, and denote by 3,’ and 3%,’ the collections consisting of those curves 
of 3 contained in A,’ and A,’ respectively. By Lemma 4, 3,’ and žy are 
independent collections of nullhomologous mutually disjoint simple closed 
curves on A,’U D and A,’U D respectively. Since A,” UD and Ax U D are 
closed orientable 2-manifolds of genera k<n and n—k<n respectively, 
3,’ and 3%,’ contain at most k—1 and n—-k—1 elements respectively. 
But 3’ == 3%,’ U 3,’ U {e}, so that 3” contains at most (k +1) + (w—k—1) 
- 1 ox n — 1 elements. 

Now consider the independent collection X of n—1 mutually disjoint 
nullhomologous simple closed curves on the genus n closed orientable 2-mani- 
fold T. Let A be the least positive integer such that = contains a curve e 
separating T into two components A, and A, whose closures are surfaces of 
types (h,1) and (n—A,1) respectively, and let D be a disk bounded by e 
whose interior does not meet 7. Because of the minimality of h, the genus 
n — h closed orientable 2-manifold D U A. contains each of the n — 2 elements 
of %—{e}, while by Lemma 4, %—-{6} is an independent collection of 
mutually disjoint nullhomologous simple closed curves on DU Ay. If h>1, 
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then n— 2 = n— h, which contradicts the result of the previous paragraph. 
Consequently h == 1, so that the lemma is established. 


Proof of Theorem 1. Since Lemma A, is known to be true, it suffices to 
show that Lemma A, follows from Lemma Ån. Hence suppose that Lemma 
Anı is true and let M be a simply connected n-proper closed 3-manifold. 

Then M is the union of two genus n solid tori B, and Bz, intersecting 
in their common boundary T, with T containing an independent collection $ 
of n— 1 mutually disjoint simple closed curves, each of which is nullhomotopic 
in both B, and B,. Since M is simply connected, Lemma 3 implies that each 
curve in ž is nullhomologous on T. By Lemma 56 there is therefore a curve e 
in & which separates T into two components A* and A" whose closures are 
surfaces of types (1,1) and (n— 1,1) respectively. Since e is nullhomotopic 
in both B, and Ba, the Dehn lemma [6] can be used to find disks D, and D: 
bounded by e with Int D; C Int By, t=1,2. Denoting by Bë and B,” the 
closures of the components of B;— D, bounded by A*U D; and A" U Di 
respectively, Lemma 2 implies that B; and B,** are solid tori of genera 1 
and n— 1 respectively, t= 1,2. 

Let Ci == BU Bè and O" = B" U By, Then M == Ct U C! with 
Ct and O" intersecting in the 2-sphere D! U Da, so that the trivial group 
mı(M) is the free product of 7,(C1) and #,(C**). Therefore C? and C7? 
are simply connected. It is now easily verified, using Lemma 4, that (* 
and C" satisfy the hypothesis of Lemmas B, and Bai respectively, and are 
therefore 3-cells. Consequently M is the union of two 3-cells intersecting 
in their common boundary and is therefore a 3-sphere.. This completes the 
proof of Theorem 1. 
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PARTITIONS OF LARGE MULTIPARTITES.* 
By M. M. ROBERTSON. 


1. Introduction. Within the past few years, several authors have 
obtained asymptotic formulae for the number of different partitions of a 
multipartite number. A multipartite number of order 7 is a 7 dimensional 
vector, the components of which are non-negative integers, and a partition 
_ Of (na, fa: + +, 7y) is a solution of the vector equation 


(1.1) 2s (Maks Tak ` ° igg) m (Nay The, ' "+, ny) 


in multipartites other than (0,0,---,0). Two partitions, which differ only 
in the order of the multipartite numbers on the left-hand side of (1.1), are 
regarded as identical. We denote by pi(m1,°° *,,;) the number of different 
partitions of (m,---,m,) and by ps(m,:--+,%,) the number of those par- 
titions in which no part has a zero component. Also, we write ps(m,° > >, ny) 
for the number of partitions of (m,:--,m,;) into different parts and 
Pelna e cny) for the number of partitions into different parts none of 
which has a zero component. 

In 1918, Hardy and Ramanujan [1] gave a very full discussion of the 
case j = 1, but it is only within the last decade that much attention has been 
paid to the asymptotic evaluation of the p,(m,' ` < ny) for j>1. Auluck 
[2] obtained a formula for p,(m,72.) when n: is fixed and n, is large and 
Nanda [4] showed that this formula remains valid when n, is large, provided 
that n,—o(n,t). In a recent article [10], I evaluated p,(n,---,n,) for 
r==1 and 3 when one particular n; tends to infinity more rapidly than the 
fourth power of every other n; by means of an extension of Nanda’s method 
and I also obtained an asymptotic formula for p, (nı: ny) for r==2 and 
4 when one particular n; tends to infinity more slowly than the cube root of 
every other n 

In his article, Auluck also obtained a formula for p(n, ne), where nm 
and na are large but of the same order of magnitude, i.e. the ratio n/n. is 
bounded above and below, and, under the same conditions, Wright [6] found 
asymptotic expressions for p,(n,, ng), where r= 1, 2, 3 and 4. In this article, 
Wright aleo gave without proof the first terms of an asymptotic formula for 





* Received September 7, 1961. 
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log pa (na, © °, Ay), Where every m, is of the same order of magnitude. 
Meinardus [3] had just previously published a paper in which he had found 
the first term of this formula for multipartites. Later, Wright [7] obtained 
asymptotic expressions for p, (n, na) which hold for m4" < na < n," where 
r==1,2,3 and 4 and e and e, are any fixed positive numbers. This is a 
substantial relaxation of the restrictions imposed upon n, and n: in both [2] 
and [6]. In his article, I extend Wrights method to derive formulae for 
Pr(M,° e +, %) for r==1,2,3 and 4 and nm: ony < ait, where 7 = min m 
and e, is any fixed positive number. These results, however, are not valid 
when 7—1. 


2. Notation and definitions. Throughout this article, k, l, m, n, q, 1, 
v, K and N represent non-negative integers and J is used for an integer greater 
than unity. C is a positive number, not necessarily the same at each occur- 
rence, which may depend upon any 1, e but not upon any m, Ty Yy Oy En 2u 
The numbers «e; are positive numbers, to be thought of as small. Except when 
there is a statement to the contrary, the symbols ~, o( ) and O( ) refer to 
the passage of the m, to infinity. 

Before we can state the theorem which embodies the results of this 
paper, we require several definitions. We put 


Ai (v2, Teon) = Ag(ray t, vj) = (1 — er Patan F504) -4 
and 
As (vn o tayy) = Ag (vt © oj) = 1 4 ert 52, 


where A(z) >0 for 11527. Then we write 
(2.1) fr (2u: ` *,Z;) ii l Ar (¥15° ° “9 V4)5 
Fir Py 


where, for r==2 and 4, v:,° > :,v; each take all positive integral values, while, 
for r==1 and 3, v,’ - -,vj each take all non-negative integral values except 
y= == 0, If we put p,(0,0,- - -,0) == 1, we can easily verify that 
(2. 2) fr (£u g) Pr(thr,* °°, My) oa ne, 
#1=0 nj=0 
When 0 < |t] < 2r, 


t z oy 
Pars ere EN (2v)! 


where the B, are the Bernoulli numbers defined by 








2y 
r, 


(2r) ®B, = 2 (2r) 1E (2v). 
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- We write z* for the 2; with the greatest modulus, i.e. | c* | = max | æ | where 
11), and we put L =m: --a, Therefore, when 0<t< ca oe). 





Since every infinite series within the latter product is E convergent, 
the product can be arranged as an infinite series in ascending powers of 7. 
Therefore, | 


(2.8) m fee a) ee ti S Ra m, 
32=0 
where Em = A,,(%,° > *, 24) 18 asymmetric homogeneous polynomial of degree 


m in the z;. It is easily seen that, in particular, Ro == 1 and R, = — $ . Ly. 


In [8], Wright showed that, when | arga:| <4xr—e for Ta Ted 
positive number es, 


2K+{-1. 

(2.4) Llogfe(ax- + +54) =H+ X €j-+1—m) Rn O (2+) 
mj 

as £*—> 0 for any K > 0, where 


H =H (m, + +, 2) 
(2.5) 


% j j-1 ; 
E ae f (L [J] (et —1) + — F Rati- — R, (et —1)}dt 
0 i=l m=0 


and 


y= lim (3 gi—logn). 
n> g=1 


We write L= z: cz, and m= Rm(Zo 23 t, 241), Where 2=—=1, and 
we transform the integral on the right-hand side of (2.5) by putting u — a 
and Zi = 24 t for LS kSj andiStsj. Then, since 


J ((e!—1) ~~, (o" —1) hat 


(2.6) tes [log { (1 —e-*) / (1 — e-#s*) }] o” == log Tp, 


it follows that 


, ĵi 
(2. 7) H == yh, + JHL Z I (2ta, TOO Ty Bk kels Zk +i" " 9 214) — k; log L}, 
where 


(2.8) I = I {z om) = f Ns Z © +, 4) du 
0 
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and 
(2.9) Alera: > <, Zp) =u TI (es — 1)” — rs Baut- Be — 1) 


Since A(x) >0 for 1&1 <j, the integral on the right-hand side of 
(2.5) converges. Also, from (2.8) and (2.9), every 


I (2r, TOTO ty Zk k-i Zk, kti ©’ Zkz) 


converges for 1 S k Sj, provided that R (zx) 40 for 1 Sk <j and1 SIS j. 
To prove the theorem of the next section, we require the values of the different 
I (2r * * 5 Zk, Zek" © *, My) only when arg z, = o(1) for 1&1 j and s0, 
as R (zri) > 0 for all k and J, every I(2u1,- °°, Zena Zek" *, 243) converges 
in this case. 


From the definitions of the A, it is easily seen that 
As (vi, * +5 ¥y) =M (Po + +, 97) A/A lv * «5 2v), 
Aa (rot + tang) = àa (Yy: n) /Aa lvy: + +, 2w) 
and hence, from (2.1), . | . 
fs (1, + yy) = fi (2 > +, 0) /f1(2a1,- - +, 224), 


fa (21, i `, Ty) = fa (T1, ' i "s T4) /fa (221: ° RT). 
Therefore, : 


(2.10)  logfa(2u> + +524) =log fi (21° + *,4)) —log fi (221: - , 2a) 
and 
(2.11) log fa (aa,+ + +, 2y) = log fa(as,- > +, 2y) —log fa (223 >, 22). 


t 


It can also be seen from (2.1) that 
log f1(21, ° ° `, T) 


J 
(2. 12) = log f2(24, te oe 5 Ty) + 2 log felt, t ty Ti-1) This r Tg Ty) 


j-1 
+ > S log falt, t ty Vy-ty Ditty’ © ts Dias Tlen’ *° "5 Ty) 
i4=1 g= yt 


+ ++ Blog f(a) 


and 


log fs(21, i teeny Ti) 
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j 
(2.18) = log falt paimame 2 log fa(@a,° °°, Pray Tun 5 Ty) 


j- Jj 
+ > > log f(t, "8 ty Dh- Chats” © o Dimis leris’ *° "5 Ty) 
ļl=1 læ htl 


En + Slog fala. 
We write | 
| Tam = Tam (21y* * *5%)) = EG HL M) Rm (05° * 524) 
for all man 
E A TaT) = yi (2: > +, T) 
and 
Tap = Tala * 54) = j RE * +524) 
for 1&v& 4. Next, we write E 
Tim = Tint > p) 
E n2) + aTom `- Era Eung" * *5 24) 
+5 S Gy ig T 2m2" ©, Eh Phen’ © "o Diris ipts * *» T) 
U1 hht i 
ae TSn i ` Trath ` ET 9,9 gea( 21) 
for all m, where 7, ,—=0 for k > 0, and 


Tifp = Tijsi" 3 Ty) 


= T2jy(Z1, sey Ty) + È Era ¢-1,9( X15 t ts Pha; Vu” t 3 Ty) 


Fad 
j- i 
T x » Ty LyTs,4-2,9(L1y"-* *, Tiris Thar” © * » ii Tipis © * » T3) 
‘WET hll i 
hr héy : 


. he tb tr + ep Sp + ETT). 
Then ‘we put 


Tam = Tm (21, ° ta T) = (1— 27°95) Tim (21, ° > * 24) 
and 
Pin = iml i roe) (1— 219) Ton (Ti. : sa) 
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for all mj and 
Ley = Taht, + ce) 


J 
= (log 2) (Elt n, £3) + 2 DB 1(1,° t, Tris Try" * *, Ty) 
=1 


fu j 
FÈ È MyBy lye (ty “ia, tea, "s Big-ty Pipis * * 5 Ly) 
l1 h=h+l 


J 
+: . FÈ tn . `s Tias Ths, * . " , Ra (2) } 
=1 


and 


Tay = Tj (21, ° i *, 24) = (log 2) By (ay, - i Ty). 
We write also 


Tajp “= Tajp == T39 = T40 = Û, 


a J r 
T20 == T20 (Ti; ' í *, 2) =I" BL Pes," " "5 Zk, kls Žk,k+ls ` * "s Žij) 
=1 


and, 
Tio = Fo (Ty © +, 2) 
= — $j (log 24r— y) + $r 2 x! (Zits °° > tyes Zaho" * * » Zisi) 
where the sum >) is taken over the O,/ different ways of choosing y different 
integers l: > aN from 1,2, -,4j. It can easily be verified that 
(2. 14) E EE Tso = To = (1— 2-4) E (j +1) 
and 


Ty 2m4+4f+1 0 


for m > 0, since {(—2m) =0. We now deduce from (2.4), (2.7), (2.10), 
(2.11), (2.12) and (2.18) that 


Log f,(2,- > +, 2) 


(2. 15) 
2K+j-1 


1 
m=0 pol 
as tř —> 0). 


For 1S1Sj we put 


T= yı + D= y (1 + 14), 
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where 4; > 0 and —r 5 0S v, and for all r we let 
(2.16) Y~ Frb 

where the un are defined by 

(2.17) pepe Ny? (Troni: © ny) Gh, 


We write LE =Y: typ Tom! = Tim (Yo O’) Triv? = Trj (Yo * tY) 
and Tro —=F(41,° ° °,4;). From (4.3), which we prove later, we see that 
a fixed integer K can be chosen such that K is the smallest integer for which 
pr x= O( py’ tuy) for 11527 and we deduce from (2.15) that 


(2. 18) log fr (41, ° 7 y 
2K4+f-1 4 
ae DRO $, Tomë + 2 Trj” log yy) + Fro + 0(1). 


m=0 


Also, we define Xm for 117 by 
(2.19) Xri == Xr (Yi i 594) 


a 
we LET, -lgj a 
0 Niy, 


2K+ł-1 
(LPS Tonë + Srey log ys) + Fro) 
m=0 pel 
When +=3 or 4, we can see that, since Tri =T, = 0, the terms of x,; form- 
a polynomial in the y, with unity as the term of zero degree. We shall 
see later that, when += 1 or 2, in addition to a similar polynomial in the yy 
the terms of Xm which are not o{j1° * -p,y)***} for some fixed positive 
number es may also include terms involving definite integrals of a type similar 
to, but of a more general nature than, the integral J defined by (2.8) and 
(2.9); 


3. Statement and proof of the theorem. Employing the definitions 
of the previous section, we now prove the 


THEOREM. If, for 1S1 S} (7 >1),; every ni tends to infinity subject 
to the condition that 
(3.1) My Ry L nie 


for any fixed positive number es, then 
Prèni’ * +, nj) ~ exp Er, 
. where 
j 2K+łj-1 3 
Eras my HLO E Tm? + E try” log yy) 
t=1 m=0 y=1- 


(3. 2) 
H Fro” + $(j + 2)log LE — 4) log (2eT,o) — p log(j +1) 
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and the y, are functions of pm, > >, pry Which satisfy (2.15) and the equations 
(3.3) | mag LP m= PeoXri + Of (uri * > pny) tt} 
for 1SS1S3j and any fized positive number €p, 
We first choose es to satisfy 
(3.4) 0<2(F+1)es<es. 
Next, we define » and U by 
m= (uri a)i, U ay (TDR O(n, > ny) G4), 
From (2.2), we obtain 
Dr(Ma,* * -,%;) = (m) f . J ondo. `- + db; 


where 
4 
(3.5) F, (t: ` a) = È nmi + log fe (21, " ut) 
and therefore, 
(3.6) Pr (nay ` *, 1) = l -+ J), 
where 
I = LE (Rr)? . . 6 f erreen. . "dj 
Belen 
and 


I, == LE (Rr y! f aed f ePrlen 185) dg, - . - d6;. 
Sleslesn 


From the formula immediately preceding relation (7) of [10], we easily 
deduce that 


09 j 
log fr (21, ° "+, Ty) == Dk II (ere: —- J) -4 
1 prl 
and, from this result and (2.10), (2.11), (2.12) and (2.13), the following 
lemma can be proved by an argument similar to that used to prove Lemma 1 
of [6]. 


j 
Lemma 1. If Sél] =n, then 
t=1 


| log fr (a4, ° " "5 2;)| Slog fr (y,- +595) — CU?, 
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: We-shall prove later the following lemmas. 


LEMMA 2. PARIES then 
Pies a) + Gy? 5) 
= Tol (SE +E D babu) +0(1): 


hl hh 
Lemma 3. It is always possible to choose y,’ >` +, ¥; to- satisfy (2.15) 
and (3.3). 


LEMMA 4. 
J> f exp(— Sut — = 2 2 Urun) du: © - duy = (74-1) F(A), 

It follows from (8.5) and Lemma 1 that 

(3.7) [Tg | < oP ele y-n, 

Also, from Lemma 2, 
Ia ~~ LE (Qar) -SeP row 9) 

= f exp{—Trol®*( BE? +3 = buku) Jabs - 
Zlelza- 
If we transform the variables in the latter integral by putting 


. f = (LET m Jra 
for iSIS}, we obtain . l 


lew Le (tTn Jat a93) 


x f- 2" oxp(— ur ~ 5 $ uun) dun: © ° duy 


2 = htt 
2 |r| 
Then, since the integrand is positive everywhere, 


j7U PU l 
ee A E 
~j ‘ U ` 


2 in: EU 


fo Speke S S taut) days + du 


al [ge i,t) 


and (8.2) follows from (2.18), (8.5), (3.6), (8.7%) and Lemma 4. 
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In any practical application of the theorem, it is necessary to determine 
the y; as functions of the ur and hence the n for 1317 from the equations 
(3.3) but, as this is also required for the proof of Lemma 3, we defer the 
problem to the following section. When the y, have been evaluated, all the 
terms in (3.2) can be calculated with the exception of 7,)% and Fg. In order 
to calculate these latter terms, we must evaluate [(z,--°°,21) and this 
problem is discussed fully in.[11]. We could add any terms to y; which are 
Of tert (pra? * pes) S} for 117 without affecting the truth of (3.3). 
However, since from (2.19), (8.2) and (3.3), 


Fe ofii? (un: EPES 


any change in y; of order o{pn (urt °° wry) t} will produce a change in &, 
of order of{pyy- © *pyy)**}—=0(1). The values of the y; therefore, calculated 
from (8.3) to within an order o{pri(urı © ` wy) **%*} for any positive number 
cs, determine completely the formula (3.2) of the theorem. 


log pr (na © iam) ~ (G F 1) (Troma: + +104) VOD 
is an immediate consequence and this shows that the result of Meinardus [3], 
which was given for every n, of the same order of magnitude, holds under a 
considerable relaxation of the conditions imposed upon the n; Wright [7] 
stated the first few terms in the asymptotic expansion of log ps(m,° © < ny), 
when every n is of the same order of magnitude, and this also can be easily 
deduced from the theorem. Although, for r—1 or 2, the asymptotic formulae 
for p,(m1,° -< ny) Involve the evaluation of definite integrals, formulae for 


oa edema 
aca ls where ķ is any fixed positive integer, are free from these 
Pel My” 74) 


integrals and can be expressed in terms of elementary functions. 
4. Proof of Lemmas 2 and 3. In both the proof of Lemma 2 and the 


proof of Lemma 3, we make use of properties of the definite integral I which 


are proved in [11]. We begin the proof of Lemma 2 by defining the linear 
operator 2 by : 


Og (2,° j "s Ty) l l , 9 
=g (Ta, * *,%) — g (Yz: | y) — E g (Yu tay) 
ji OY; 


where g(a, + *,2;) is any function of the variables zı,» -,2; with con- 
tinuous first order partial derivatives. First, we prove that 


j ji j 
(4.1) QOF, * (t: + t) =— TLE 2 Er + 2 fib) + o0(1), 
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where 
q 2K+4-1 
(4.2) F,* (1, ee t) = 2 n -+ L>( x Tim t È r log Ly) +- Tro. 
Trivial calculations show that 
j 
2 ( > nm) — 0, 
{=-1 


j-1 
O(I) =— I(E E $ abn) + OI), 
Q (LTr log £p) =O (LE rrit log y») 


and, for all m > 0, 
2 (L7 Tmn) = 0 (LET më). 
Now, 
PLR” = Of (ur: > uy) = 0(1) 
from (3.4). Putting pr" == MAX pri, Br = MIN prp N* == MAX Mh and i == mIn ny 
we see from (2.17) that 
ur? mm A(T ota o o y D. pp ent (Trom e n Gw, 
From (3.1), 
Lm ooon Laa nk < Aa, 
and therefore, 
Oneal PD L py E pu? < ORED, 
Hence, we have’ 
(4.38) Pr S prë L h GD) 
and 
| log Ar = O (log p,*). 


Also, both 72Z"*|Trm®| for m>0 and PLE” | 7)" logy,| for 1SvSj 
are less than 


Opr? (ur? © + pry) E = Cn (nae > © mz) CD 


< Cites eo(Pestt)/4+2) — 9 (1) 
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by (3.4). We have, therefore, 


j-1 
O(I) =I EHE E fits) +O), 


Q (LTr log £y) = 0 (1) 
and 
0 (LTr) = 0 (1) 
for all m > 0. 


We put Ym == maxy, Then we deduce from Taylors Theorem that 
(etm — 1) om (008E EVOO — 1) 


== (evum — 1) + {Kém É) + O(n") } Ym) m (gusis — 1) 


+ Of? (eu —1) 4} 
for all u œ> 0. It follows that 


j 
Ofur [I (ote—1) +} — Offa? [lore —1)9} 
ł=1 izl 
— 0 {Ymy > y uE} 
for all u œ> 0 and therefore, 
oq f uai (ere —1)9} = O (pt / pa" > + pe). 
We can easily show that 
-œ j- 
Q Zm > aa M 2 By (2m; ro) at a 


+ Emo’ °° Zm) (e* — 1) du} = Ofur Brn" + + pry): 
Also, we have 


Syn” | Balya j le sUdtiets TE d 
y=0 1-1 k=1 (2k)! 


and 50, 


Ym” | By (Ya "TNs Y) | < Onr”. 


Hence, since for 0 Su S 4r, 
R(t: Zm’ °°» Zm mmi" © +s Zm) 
[=] 
— (Zana ©. 8 Zm) >` Bilai ee 2 ; Benj ui 
pof+l 


+ Byer, * * * » Amy) (ur? — (e*—1)*)}, 
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or E 
Of 1 A(t: Zm’ * * 5 Zmm-i Zm m ' °°» čmj) dU} 
0 


= O {h Ym lya = ys) BBP?) 


= O(n 4 / pra” °° Hei) 
Therefore, 


QI (Zm tt Ot, Sm m-i mmis 0 "> Zmj) T O(n pr“ / pr A Bry) 
=f) ( 7¢0-€s(2e5+9)/ (441) = 0 (1) as 


Now, fori S/S}, we have 
I (21 TOt ty Blis Shey" " "5 Zy) 
= (Zn 2mm- mmt © s Zm) — LOB; (01° + +, 24) log Zim 
from (3.4) of [11] and therefore, since a trival calculation shows that 
0.( LR, log zim) =0 (1), 
OL (Zn,° °°) yrs run © Zy) == 0(1). 
It follows that, for r==1 and 2, 
OF = 0(1). 
This completes the proof of (4.1). From (4.2) and (2.19), 
Ug Fe (Yay? = s y) = Mg — LPL ke 
and hence, fiai (3.3), we have 
itn Fe* (Wa © y) = ol) 
for 1=1=j. Therefore, 
F,* (23t + +07) —Fe*(ys,* + +294) 
m ITSE S bite) +0(1). 


Also, i 
F, (2° * e,t) = Ff (2u + +, 2) +o(1) 


from (2.15), (8.5) and (4.2), and Lemma 2 follows immediately. 
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We now turn to the proof of Lemma 3. It can be verified trom (2.5), 
(2.6), (2.7) and (2.8) of [11] that, for +-15175j—1 and all n=. 0,: 


0 : 
Bayt eee» t ty 2-4) omy —I "x,.nvi( Seat, os 241) Ly nat (Ses, ms Dimis 21). 


In particular, we have 


; . 
y iy, LY Y s Y Yms Yow Ym a Ym Ys) 
=— Ym y “or (Yor Y Ym Ymi Ya Yat y mY) 
+ Posmay, Ym Ymi Yn Ymo" © s Ym Yp Ym yi) } 


for 4m, where Ym = max y, and 
ð 
Yaa (Yn Yo > y Ym Ym- You Ym °°» Ymy) 
j ay 
= 2 Yn YL alm Yay y Yn Ym Yor Ym © o Yay) 
lám 
F Pym yn s Yw Yms Ym Ymi s Ym Yh Ym *¥i)}- 
Also, from (3.4) of [11], l 
LYT Yo + Yt Yeas YY > yry) 
= Tym Yh, L Ye Ymi Ym Ymi * Ym Y) 


— TOR yy , Y;) log Yr Ym 


Therefore, if pm,* > *, wep are each O ( pr***te) for some fixed positive number es, 
but none of pipes)" + *, pry 18 O (gttr) for any fixed positive number er, we 
deduce from (2.4) of [11] and (2.19) that x; can be written in the form 


aS daray + «yi 
na 


(4, 4) fe Yon! È Pause (Ym *ys)% ba (Ym Y) 


FH Of (ue * + pry) 8}, 


where the first summation on the right-hand side is taken over all non-negative 
Integers qu: ~~, gy such that pps%- + + yet is not of (un * -pry)#%} and the 
second summation is taken over all non-negative integers q1,° `, qx such that 
(Hers JO» (getup) is not Of SF (pra ~~ py) #8}, When r—8 or 4, 
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the coefficients d’ are all zero since Fr == 0 and the coefficients d are constants 
since try —=0 for 1SvSsj. When r—1 or 2, the coefficients d’ are O(1) 
and involve definite integrals of the type I'ra(Ym™Y»o' * "> Ym Yor), where 
ye hel and n&m for 1&1 N, while the coefficients d are constants 
except when qa +: ` <+ g= j, in which case they are linear functions of 
the logy; for 13152). Also, for all r and J, we have 


(4. 5) doo- = 1. 


It can be seen from (4.4) that, in order to satisfy (3.3), it is necessary 
tò choose the y; to satisfy 


getty 


(4.6) te Ym B Tarna” (Ym y) E + + (Yw Yk) 


+ of (an'e) Bs}. 


We put 
Yı == Hri > , Sareari areas? 
raO Urun 
(4.7) | 
XK prat + pest (pe Ears Os + (pe pre) 
for 113, where the summation is taken over all non-negative q1,° © *, qj 
and over all non-negative q, © ', qx such that 


pa = prf (ppr) E >» (Her) 


is not o{ (ua: ` ‘ary) et}. From (2.17), 


Nips (pri? © * Bry) = Tro 


and therefore, it is easily seen from (4.65) that, for all r and J, 


Booo: 00-0) = 1. 


Hence, the expressions for y; given in (4.7) satisfy the equations (2.16). 
- Next, by substituting for each y, the finite series given in (4.7), it is not 
difficult to see that the same type of argument as that employed earlier in this 
section to show that DI (Zm © *, Zm,m-1) Zmmeiy” °° Zm) == 0(1) can be applied 
here to show that every integral of the form I’sn(Y Yro" ` ° Yn Yrr) Where 


9 er 
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uzk-+1 and wm for LSISN, can be onie to the Se 


. accuracy by an expression of the form 


r 


uae a ae er 
Gis oD ys Se r Rh 


Xarab + perf (pee pes \O + + (pte Tre) 


In this formula, the coefficients d are O(1) and involve integrals of the type 
Den (per hrrg" © 5 pe Tey), Where 22k +1 and ngem for LSISN’. 
Now, by substituting in (4.6) for each y; the finite series given in (4.7) and 
by equating the coefficients of pyi% + > + prt (Mp tO + (urur) On 
each side of the resulting equation, we can calculate the other coefficients 8 
successively. Thus, for example, 


j 
283100---0: 00-07 9 A D 8100-0: 00-07) = drogo ® 
- yl 
rl 


for l=!) and these equations can easily be solved to give each 
8100-0000 in terms of the dyoo.-o for 1Svsj. Also, for any 
lo't lpo: "st 


, * 
Parganas T È aras: aran = dar-g: ava tP, 


asd 


where dg,.-.g;: g"--g,’"» involves the coefficients d, d’ and d a the 8mp: n en Ary) 


for which every 4% qy every w <q and 0<Snt Ew < Bat da 

These equations can be solved to give each 8o,...g,:g7-gy' en in enn of the 
daaag O for 1SvSj. Therefore, the coefficients 34,...¢):qr-gy9 
can be calculated successively, provided that we calculate first the 89,---¢,: grg? 


j k k 
for which 2 qı- > qi = 1, then those for which > a+ > qi = 2, and so on. 
=1 1 [ol i=1 


The y; can therefore be expressed completely in terms of the um and this 
completes the proof of Lemma 3. 

Next, we choose K’ as the smallest integer for which (,**,,)?*’ 
== O( pe: * Su: + ey) for 11k and we deduce from (2.4) of [11] that 


ywy °° s Yw Ym- Ym Ym © s Yo Ys) 
‘1 


Ym Y * +5 Yn) 2 Den Uei Yen ents Yen ens” Yon) 


X Bay yay? + Ye yx) + 0(1). 


32 M. M. ROBERTSON. 


Then, by substituting for each y; the finite series given in (4.7), the integral 
(Ym Y © Ym Ymi Ym Yms * * > Ymy) can be expressed in terms of the 
pr, With an error of order o(1). It follows that 7, can be expressed in terms 
of the mı with an error of order o(1). 

It is easily deduced from (2.17) and (3.1) that, since pru’ ` *, pre 
are each O(y,*!*) for some fixed positive number ese, fh’ °°, are each 
greater than #i*t for some fixed positive number es. Similarly, none of 
Nev,’ °°, Ay 18 greater than ñe for any fixed positive number ¢. For r==1 
or 2, if kee j—1, or if pp) = 0{ (un: i wry) BP}, Le. 


Mas + ny = 0 (BIED Hied), 


the yı can be determined completely in terms of elementary functions. If, 
on the other hand, k = 7— 2 and p,*/ is not o{(pr' * * pry) ***}, the y; involve 
integrals of the type Dy (Ber porns © > s Be hrog) = Ln (May Hy +s Mgt Mh), 
where F-+1 2,5) and nm for 1 S/N’. We see from [11] that, . 
when every 2; is real and rational, an exact formula can be obtained for both 
I (z: + +, %-4) and D’xn(2ei,° ° *,%1) and so, when the ratio of every pair 
of n; is a fixed rational number for +115}, the formula (8.2) of the 
theorem can be expressed entirely in terms of elementary functions of the 
mm for l1Sisj. For r=8 or 4, since the d@’ are all zero, these difficulties 
do not arise and the formula (3.2) can -always be expressed in terms of 
elementary functions of the m. 


5. Proof of Lemma 4 We denote the matrix of the real quadratic 
form . 


f j-l ff 
E aa Qu -t 2 È, Unun 


hzi 151441 


by M, i.e. Af; is a square matrix of order j with every element on the principal 
diagonal equal to 1 and every other element equal to 4. In order. to show 


that the martix M; is positive definite, it is sufficient to show that det M, > 0 
for ln}. 


Now, for all n>], 


iba 
4 ieee 
det Mf, = 4 1 4. + -4 


. Fe a > 8 8 8 4 4 HUG maa o o ^O a ^ 


t= 


aa 
— 


(det My. + det Waa), 
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where det Af’, is the n-th order determinant which satisfies 


qe 4$- 0 —4 0 0:--0 
daty |? 12 ce] _} 1 4 ¢cocg 
ee ae ae ee + eo, Rey 
a oe ye Eee Sd a ead 
= 4 det Wp. 


Also, Af’; == 4 and it follows by induction that M’,—=2+*, Therefore, 
det Mp = 4 det Mn -+ 2 

and, since det M, = 1, it can easily be proved, again by induction, that 

(5.1) det Af, = (n +- 1)2-" 


for all n= 1. It follows immediately from (5.1) that M; is positive definite. 

It is well known that any real symmetric positive definite matrix can 
be expressed as the product of a non-singular real lower triangular matrix 
with its transpose. Therefore, there exists a square matrix W; of order J, 
the elements of which are all real and satisfy wgı = 0 for k <l, such that 
M,—W,W,;, where W; is the transpose of W, Then, since the determinant 
of W; is equal to the product of its diagonal elements, 


(5.2) det M; == w,,?- : ea 


We effect a change of the variables in the given integral 


oy ~ j ji j 
f o J iua 2, Unui,) du, * j * duty 


Y=) Tee hH+l 


j 
by means of the transformation 1;=<= >) wpru, for 1&1 j. It is easily seen 


=} 
from (5.1) and (5.2) that the Jacobian of the above transformation is 
numerically equal to (j -+-1)22-4 and therefore, the integral is equal to 


(7+ 1) a à . f ep Zo) dy,- - + dv; 
= (GHDH f” exp(— v) doy 
Į=1 -%0 


= (F + 1) 8 (2a), 
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HOMOLOGY OF ITERATED LOOP SPACES.* 


By Eroon Dyret and R. K. LasHor.* 


One of the impotrant problems of topology is to determine the stable 
homotopy groups 8,(X) of a space X; i.e. Lim Tin (sX), where stX denotes 


the t-th reduced suspension of X and mae ) — munn (8X) is the Freuden- 
thal Suspension Homomorphism. The Freudenthal Suspension Theorem as- 
gerts that this homomorphism is an isomorphism for n < i—i; and so, the 
group Sa(X) is isomorphic to wun(stX) == mp (Qt3tX) for n<+—1, where 
Ot denotes the i-th iterated loop space. As there is a natural imbedding of 
OfstX in Ots X, it is clear that if Q(X) denotes the direct ‘limit of the 
spaces QfstX under this imbedding, then 


Sn(X) = rs (Q (X)). 


The space Q(X) is in a well-defined sense an “infinite loop space.” 
Araki and Kudo found [1] that iterated loop spaces have additional structure 
beyond the H-space structure to be found in all loop spaces. This structure 
affords a measure of the lack of commutativity of the H-space multiplication. 
In terms of this structure they defined mod2 “homology operations” much 
analogous to the Steenrod Squares and were able to compute in terms of these 
operations the mod2 homology structure of 0'9,, i< n, where S, denotes 
the n-sphere. — 


Difficulties arise in attempting to extend their definitions to the modp 
case, for p an odd prime. Browder in his thesis [3] defined a type of mod p 
homology operation and computed the mod p homology of O”s*X, where X 
is arcwise connected and p > 7/2. | 


In this paper the structure on iterated loop spaces found by Araki and 
Kudo is further developed into a form which appears dual to the diagonal 
structure used by Steenrod in defining cohomology reduced powers.. In terms 
of this structure operations on homology classes are defined, homology extended 
powers. ‘These operation have properties analogous to those of the Steenrod 
operations. Also these operations are in a certain sense “stable” homology 
operations, as distinct from Browder’s. 


* Received January 3, 1961; revised December 11, 1961. 
* This research was supported in part by the National Science Foundation under 
contract number G-10369. 
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As applications, we compute the modp homology of 0'8,, i< n, and 
Q(sX), for X an arcwise connected space. Also, partial results on QtstX 
are obtained. Unlike the mod2 case, H,(Q‘s*X¥;Z,) is not generated by 
homology operations (as defined herein) on im H,(s*-tX ; Z). However, 
Y(sX) is, roughly speaking, the smallest space containing sX for which the 
homology operations are all defined, and, in fact, the homology of Q(sX) is 
generated by homology operations on the homology classes of sX¥. This may 
be compared with the result of James [8] that QsX is in some sense the 
smallest H-space containing X. Also, we show that in a space Otx, i< n, 
a number of cohomology operations are trivial. 


I. Hr-spaces. 


1. Definition of H*-spaces. Let %, denote the group of permutations 
on p symbols and let J”Xp denote the n-th-join of X, with itself (in the sense 
of Milnor [9]). Briefly, a point of J*%, is determined by a sequence to,-- -, ty-1 
of real numbers such that ¢, = 0 and ts -+--:--+-¢,.. == 1, and an element o; € 3, 
for each 1 such that 4540. Such-a point is denoted by (tooo DB: +: @ tester). 
The set of these points is given the strong topology. 


A space X 13 an H,-space, n = 0, provided it has an associative multi- 
plication with unit e and there is a map (where X” is the Cartesian product 
of X with itself p times) 


6%): J™ Ep X Æ -> X 
which is 


1.1. %,-equivartant; i.e. for each o€ $, 
Orp (toro D* * * Dtyons Ta Ep) 


= 9%, (toroo 7 E ~ tnOnO* 5 Toq)’ ' "y Daip) 
and 


1.2. normalized; i. e., for each o€ $% 
O (0B- > DODI E; T + +, ay) = Tap) + + + Lory. 


Let J” $, =LimJ "Xp, where J*3? C J**43, is given by 


(tio: <> a Dtnon) —> (0 p bioi Hari Dinan). 


A space X is an H” p-space if there is a map 6°,: J”3, X X? —> X such that 
for each n, 0°,|7"3, X X? makes X an H*,-space. 
The H,-spaces defined by Araki and Kudo [1] are H”,-spaces in the above 


ITERATED LOOP SPACES. BY 


sense. It is also clear that an H**"-space is a fortiori an H*,-space. Araki 
and Kudo showed that an (n -+ 1)-st loop space is an H™,-space. The corre- 
sponding theorem is true here also. 


A space X +s a special H",-space if it is an H*,-space and 
1.3. the map 6", is projective; i.e., 
6", (w56,° ¢ are -*,e)—2 
for all 1, l1StSp, we Jy, and ce Z. 


THEOREM 1.1. An H-space (in the usual sense — associative multiplica- 
tion with unit) ts a special H°,-space for all p. If X is a special H*,-space, 
then QX, the loop space of X, is a special H**1,-space. 


In particular, we note that an (n + 1)-st-loop space is an H*,-space for 
all p. 

Proof. We use the “Moore loop space.” This is of the same homotopy 
type as the ordinary loop space and is more convenient for our purposes. 
Recall that a point of O(X,¢) is a pair (w, r), r= 0 a real number and w a 
map: w:[0,r]—>X, such that w(0) = w(r) =e, and if (w,r) and (w’, 7’) 
are points of O(Y,¢), then 


(w, 7) > (wr) = (wv, 1”) 
is defined by 
w’(t)==w(t),0StsSr 
w(t—r),rSstsrtr. 


For X a special H,-space, we define the loop (ti = 0, S41, 0SsS1) 
1.4. O™5((1—8)toro B+ D (1—8)tnon © se; (wi, 11),* + (Wp Tp) 
for OS tSr ar -t o ot tp in the space QX to be 
ny (too Pereg non; w3 (t), ° *, w%y(t)), 


where 
w(t) = Hj (t—s(r,+---+r,)) and 
i(t) = w4 (0), t <0 
w(t)0stis7, 
w(i) 1% < i. 


This defines 6"*1, for o,; =m €, the unit element of Xp; for on different from 
e we define 6"**, by equivariance. 
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It follows immediately from this definition that 6", satisfies conditions 
1.1, 1.2 and 1.3. l 


A map f: X-»2 of H”,-spaces will be called an H”p-map if 


0"; 
Joy, X Ir — X 


[xe | 
bn, 


J" X LP —— X, 


commutes up to a %,-equivariant homotopy. In particular, if £X = Q""Y, 
X = OY and f is the map induced by a map g: Y — F, then f is an H*,-map. 

Iterated loop spaces have additional structure beyond that of being H"*,- 
spaces. This structure is necessary to establish “Adem Relations” for the 
homology operations.* We now describe it. 

Recall that the wreath product Xm f $: of Zm by X, is the sihenue of Smt 
described as follows: consider Xw as the permutation group on the ml objects 
Z1,°* *,lm- 2m f 2 is the subgroup of Xm; generated by (2m)? and 2, where 
the i-th factor of (Zm)? acts on the t-th block of m objects (leaving the others 
fixed), +—=1,--+-,l, and X; acts by permuting the J such blocks. Explicitly, 
if o € $% and (ru: + *,71) € (Sm)', then ofr - -+ rı] denotes an element of 
Zm f Z; and multiplication is given by 


o[ 71, ee | Tı] i olf, > Se Ti] a oo [75 aTi ae ns TETI] . 


It will be convenient for our purposes to have an explicit description of 
the simplicial structures of the Ea J°X, and Jóm X JEn A vertex v 
of JS, is a point of the form 


v=v(i) =(0@:--@0@cO@0@---@d), 


OS&i&r— i. We call ithe weight of v, and write w(v) =i. A q-simplez 
in J3, is of the form (7o(to),° © *,Te(tg)), HE By WL: Liur, and 
consists of all points (aoro Ð> + ` @® ariora) in J", whose coordinates are 
all zero except in the t; places and on = rt} 7—=0,°- -,g. . 

For u a vertex of J*%,, and v a' vertex of J'3,, (uv) will denote the 
corresponding vertex of J*3, X J'S,. Let w(uv)—w(u)+w(v). Given 
p- and g-simplices of J*3,, and J‘x,, respectively, we simplicially subdivide 
their direct product in the usual way; i.e., an r-simplex of their product is a 


*The Adem relations are not explicitly used in the examples we compute in this 
paper, so that the remainder of this section may be omitted on first reading. 
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sequence (UoVo,' * `, Urtr), Where u; and v; are vertices of the p and q-simplices, 
respectively, satisfying 

(i) w(uty) <w (Unu) and 

(ii) w(t) S w (un) and w (v) S w (V). 
(Note that w (v) = w (v) implies u == Vur.) 

JAX (J Fm) is a Sm f Zrfree complex; i.e. the t-th factor of (Zn)! 
acts on the i-th factor of (J***%,,)* and leaves the other factors as well as 
JJ, fixed and %; acts by permuting the factors in (J™'3,,)' and acts on 
J*#13, in the usual way. 

Corresponding to the inclusion map of Zm f% in Sm, there is a Yn fr 
equivariant map 

y: JS x (Jn) ly J HS nt t{—=s8 -}- rl, 
which we describe explicitly. A vertex in Jet% X (J't13,,)! is of the form 
v=o (i)i (J1) rji) wv) == + j H + hk. 
Let y(v) = [ro'" <7] (k). The condition (i) above implies that y is 
simplicial.. Equivariance is immediate from the definitions. 

An H*-space is an H-space X which is an H*,-space for every positive 

integer p and if t= s+ ri, then 


l 


l iX (Fm)? 
JeDa > (JT Sa x X) | ae ne E S J313; >< At 


an 
O mt l 


Taaa Frb 


commutes up to a Xm f Xrequivariant homotopy, where y is the composition 


Jet, x (iPS. x An) by» Jey, x (Jim) i x ymi 
=> JS X Amt, 


THEOREM 1.2. Every (t+ 1)-st loop space is an H*-space. 
Proof. Let t=s-4- rl. We first define a map 
ġ: Jay, x (J Em) Ti» J tty, x (Jm) 1 


which is 2mf2-equivariantly homotopic to the standard inclusion of 
Jet X (JS)? In JH & (Jed) For each vertex v-o(t)1i(j1) 
-onli let (0) =0(k)ri(k)- + -m(k), where k= it jt > ++ jp 
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This map is simplicial, as above, and since dim(J**%; X (J'"3im)') =t and 
Jt2G, G any finite group, is (t+ 1)-connected, any two žm f 2,-equivariant 
maps of J*3,<(J™"3Xm)* into JS, X (Jim)! are Bm f Zrequivariantly 
homotopic. 

It is this sufficient to show that the diagram 


p 
JS; x< (J Èm xX x) ———— J ty, x (JEn X AT) t 
| iX (0)! 


T Jts, xX X! 


l 


JS mn X X" — X 
is commutative. We will show this by an induction on dimension of cells of 
J**13 in the image of y. 
' Since 
a, (Sooo D KS  Sp-20'r-2 p 05A1, ae , Àn) (t) 
= Gra (Sooo Q- Co, Sr-20r-2 3 Ar (É), a Asli) 
the result is immediate for 0-cells. Assume then that the diagram commutes 
for p-simplices in the image of y; 1.e., a simplex 
(o° [r° er | ee res o?[ +P, nie gah (kr) J 


where 
of [48s +, i] (e) = Y (o0 (1) (9%) © a) ) 


and ke = 1-4 eo oa Thus, we assume 
? 
Ot mil p Sart [T mi caT] (ke) AD i Si Àmi) 

a=0 

P p 
= E41, ( P saot (k*) EO a Sat? (ke) Ais bs a i An) AE o 
a=0 a-0 
p? 

pe... ( Ð Saray (ke) ; Àm(hi)+" © *>Amt))- 


We shall use the formula (1.4) to reduce the case of the (p -+ 1)-simplex to 
that of the p-simplex. Itis sufficient to prove the formula when the (p + 1)-st 
vertex is the unit element of Xm fi as the action of the group on the two 
sides of the equation corresponds. 
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BF at ( ® 8q(1—8)o*[741,° + +, 7%] (K) D se (Ht) sAn + + Amt) (E) 
a=0 
p 
== GE aC © sa? [rt + +7] A) AE «+ A mC) 
m-i 
— 0 È sao t(k?) 38% D saral); M(E) Aalt — s 9 u) = 
a-0 a=0 4-1 


p E 
Oml D Sarka); Amanat — s D t), 
oo 4=1 


amilt —s S %4))) 
i=1 


P? 
= §*,( @ $,0%( kt) 0 mh D Sal — sht (k*) D se(kP*) ; 
a-0 a=-0 : 
Ai? * dm E): Ta 
2? míti} 
gr @ sal — sYC ke) O se(kP) ; Amiran °°» Ami) (E—8 2 tus)) 


= GHL O sa(1 —8)o%(k9) @ selka) 0n, O 84(1 — 8) (k2) O selka) ; 
ag=0 g=0 
Ay’ . ee “8, 
? 
GFT ® 8q(1—8)r*,(k*) D se(hP**) 5 àmi °°» Aw) (4). 


—= 9X On) H)( @ Sq(1 — 8)o%(4*)r94(921) > 74(9%) 
Q se(iP)e(jP") ++ telj) Ant + + Ama) (4) 


' Thus, Otm 0 pe OF, 0 (i X (Om) on (p-+-1)-simplices of J#*3,, in the 
image of y. The induction is complete. 


II. Definition and first properties of homology operations. Our 
definitions are closely patterned on those of Steenrod ([15], [16]) for co- 
homology operations. The homology operations will have many properties 
similar to those of cohomology operations. 

For any space A, let C(A) denote the normalized cubical chains of A. 
An action of the symmetric group 3%, on A induces an action of X, on C(A). 
Now let X be an A*,-space and 9 = 6"): J™13, X Xe—+>X be the 3,-equi- 
variant map defined in Section 1. The induced chain map 6: C(J***3, X XP) 
— (X) is then an equivariant chain map. Farther, let k: C(J/**3,) @ C(X*) 
> C(I, X X’), h(w 8a) = wa, w € C(J™*3,), a € C(X?), be the standard 
chain equivalence (Hilenberg-Zilber Theorem). Then 

Goh: C(J™3,) @C (XP?) C(X) 


is again clearly equivariant. If m C X% then Jtr CJ"™'3, and every 3,- 
equivariant map is w-equivariant. Summarizing we have: 
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Lemma 2.1. For any subgroup m of Zp, the equivariant map 0: J* a 
X Xe—» X induces an equivariant chain group 6°h: C(J*2) @ C(X?) > C(X) 
on normalized cubical chains, where h(w@a) = w*a, we C(d 1), a € C(X?). 

Let C(X)? = C(X) @- - -@C(X), p times, and let X, act on C(X)? in 
the usual way by permitting factors (with the appropriate sign [13]). In 
Lemma 2.1, we would like to substitute C (X)? for C(X*) as it is easier to 
handle. Although one may write down an explicit equivariant chain map 
from C(X)? to ((X?), we would like to know how unique the result is and 
whether we are losing any information by this substitution. The answer is 
given by the following theorem and corollary 

Let K and L be covariant functors on a category @ with values in the 
category 84 of chain complexes and let f: KL be any map. Let m be a 
finite group, and assume that K and L are w-functors; i.e. ~ is a group of 
natural transformations. If W and V are any w-chain complexes (assumed 
free over the integers) we make W@ K and V@J into z.functors by. having 
x act on both factors. For a complex W we will write W™ for the n-skeleton: 


ie. W =Y Wa (See [5] for notation.) 
4-90 


THEOREM 2.1. If W ts w-free, if K ts representable and L is acyclic (for 
some set of models MC Q, and tf f is equivariant in dimension zero; then 
gwen any w-equivariant cham map t: WF. 


(a) 3 a w-equivariant map F:W@K> VO@L, satisfying 
(1) F(W@K(X))C VM QL(X), ln, 
(2) EF(w@a)=t(w) f(a), we W, a€ Ky(X). 


(b) Jf t, t: WV are w-equivariantly chain homotopic, and F, F° 
are any two maps satisfying (1) and (2) above for t, t respectively, then F 
and I” are m-equwarianily chain homotopic. 


(c) We may further choose F so that given any two dimensional r- 
generator e of W, F(e,@a) =t(e) Of(a), ac K(X). 


Proof. Choose a set 9 of -free generators of W. Define F (e ®a) 
==t(€))@fia), a€ K(X), all o-dim- generators e€ S; and extend to all of 
W,@K(X) by equivariance. Since f is a natural chain map, F will be a 
natural chain map, equivariant by definition, and clearly satisfying (1) and 
(2). 

Assume F has been defined on W ® K(X), then define it on Wy, Q K(X) 
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by (2). Now assume F is defined on WH) @ K(X)"; we show that F may 
be extended to W4*) @ K(X). Thus F will be extended to all of W Q K(X) 
by induction. l 

For any (t -+ 1) dim r-generator 6 € 8, and any Me € Kal, MCM, 
consider eu: Mr. Then 

F (9 (e © tri) ) = F (ber @ Mra) + (— 1) (és © IMr) 

is defined by the induction assumption, and is a cycle. Further, it is of the 
form 2S 0, dimv1-+1, ve F, bE L(M). Let {v,,}, be a set of 
generators of Vin over the integers. Then > v9 Q b’ = 2 Dur O BA+ 2 Obr, 
dim vr & 4. Since n i is a cycle, and 


(vò BDA) Ermer Ivu O bà — (—1) #10, Q0: 
it follows (since the vn, are independent) that vòn: O 3b — 0 and hence 


ðb —0. But be L,(M), and H,(L(M))=—0 if r>0, so that bò — ĝo), 
cò E Lea (M). On the other hand, if r == 0, 


F (41 ® mra) = t (C42) Q f (Ores) = t (en) Qf (Mra) 


by (2), and the form is the same as above, taking c\ == f (Mp1). | 
Consider now F8(é.1®8 Mmi) —9(S v4, 8 e>). This is again a cycle 
and is of the form 3) v? @ b?, dim ve =: t. Proceeding as above, we got finally: 


F (8 (6441 B mya) ) = 9( 3 v7 8 c), dime? S141. 
T 


Hence we may set F (ep © mys) = v@c* Since K is representable, and 
T 


hence any Zra E Kra (X) is of the form K (p) (Mra) = Sr, where ¢: M —> X 
and (¢, Mr) is the chosen representative; we can define l 


F (6441 Q Tr) =8L(¢) (F (em 8 mrs) ), 


i: VV the identity. F is then extended to all of WOO @ K(X)» by 
equivariance. It is easy to check that F has all the desired properties, including 
(c). This completes the induction argument. | 

The proof of (b) is entirely analogous, using condition (2) and the fact 
that ¢ and # are ~ equivariantly chain homotopic, to get the induction started. 
We leave the details to the reader. 


COROLLARY. Let W be any x-free chain compler, z C Zp; then 


(a) Given any a-equivartant chain map t: W —> O (Jx), there exist a 
natural -equivariant chain map F: W@C(X)?—> CT) Q C(XP) such that 


44. ELDON DYER AND R. K. LASHOF. 


1) F(w®2,Q- Qrp) = t(w)@a,*+ - -*z, dima;—0, 
jeml,-*-+,p 
2) F(WYR]C(X)2) C C(I) @ C (XP) 

(b) If WO=—0 fori>n (e.g, if W is the n-skeleton of any x-free 
complez), then a map t: W>C(J***1r) always extsts, and any two maps F, ` 
F! with equivariant chain maps t, t resp., satisfying 1), 2), of (a), are 
equivariantly chain homotopic when restricted to W°) @C(X)?. 

If further, H,(W)=Z, Hi(W)=0, 0<t<n, then 3 a map G: - 
C (Jt) OD) O C(x?) > W Q C(X)?, so that GF: W") Q C( XP > W S C(L) 
and FG: O (Jr) @ 0 (X?) > 0 (Jx) @C (XP) are equwartantly chain 
homotopic to the respective inclusion maps. 

(c) Any two maps F, F' for equivartantly chain homotopic maps t, t, 
satisfying 1), 2) of (a), are equivartantly chain homotopic; if t is an equi- 
vartant chain equivalence, F 13 an equivariant chain equivalence. In particular 
if W =C (J*"r) and t 13 the identity, then any F satisfying 1) and 2) of (a) 
13 an equivartent chain equivalence. 


(d) If e, 18 any zero dimensional r-generator of W, then we may further 
choose F so that F(6)8 a: - -Q2y) = t (6) @ay*- + -*tp, EC C(L). Also, 
t may be chosen so that t(e,) is any gwen zero cell in C(J* tr). 


From the comparison theorem applied to the Cartan-Leray spectral 
sequence for covering spaces, one gets immediately the following two Lemmas: 


Lemma. If W is a x-free complex, u: C —> D a map of r-complexes such 
that py: H(C) =H(D), then (a acting trivially on G): 


Lemma. If W is a m-free complex, C ts any w-complez, G ts a field of 
coeficients or the cycles of C® G are a direct summand, then (trwtal boundary 
on H(C;@)) 


H(W®,C;G4) =H(W®, A(C;G)) 
under a natural isomorphism. 
Applying these lemmas to our situation we get: 
Lema 2.3. If p: XY snduces p: H(X) = A(Y), then 
prs: H(W @C(X)9; Q) & H(W @C(Y)9;@). 
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Imya 2.4. If Q=K is a field or if G=Z, H(X,Z) has no torsion 
and the cycles of C(X) are a direct summand, then 
H(W @, 0(X)?; G4) = H(W ©, H(X; G)*) 
under a natural isomorphism. 


Definition 2.1. Now consider the case where p is an odd prime, v is the 
cyclic group of order p with generator a. Then we take for W the complex: 


T A T A 3 
(> Za — Z — r>: > hr — lr — ir Z. 


where Zr is the group ring of 73 i.e., W; has a single -generator e; t = 0, and 


Jez p1 == Abst, A = & — Í, t> 0 
Îles ua m Tee tar, T=1--a-+: 7 >. gf}, 120. 
ce = 1, 


From this and Lemma 2.4 we get: 


PROPOSITION 2.2. Let v be the cyclic group on p elements, p an odd 
prime, W the free w-resolution of Z defined above, and K == H(X ; Zp) a mod p 
chain complex with trivial boundary. Then if Tı, &a' + + is a vector basis of 
homogeneous elments for K, the homology classes of the following cycles form 
a vector basis for H (W Q: K’): 


e; Or 2;, all 1, t> 0, Pim: -Oar (p times) 
Lo Dr TO- i -@ wy, 


where we choose one representative from each class obtained by cyclic per- 
mutation of the indices. 


Proof. In the proof we will represent chains in W@s K? by chains in 
W®@ K* but consider them as identified under r. 
Let n= $, 6,@d, dE K®, be any chain of WOK”. Then ĝe, 
kica 
=a >, Je; © d, and hence ĝe, == O implies 


(a) K even (and not zero) 


fer O di = Teri @ di era @Td;—0 


for each 1, and therefore 
Tdh = 0 mod p. 
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(b) K odd 
Jeg & dy = Aéz 4 & dy == ki & Ad; = 0 
for each J, and 
Ad; = 0 mod p. 


Further, all chains of the following forms are cycles: 
(a) 8d, k even (0), Tdh = 0 mod p 
(b) ed, k odd, Ad; = 0 mod p 
(c) &® d, dı arbitrary. 


We proceed to examine these cases : 


(a) Td;—Omodp, k even 


d; is a linear combination of terms of the form t48: + -@a;,,. 


Divide the terms up into transitivity classes under r; i.e. di = drp: di 
with I'd"; linearly independent from the other Td’, ss4r. Hence Tdi =Q. 
But d";—=P(«) (a;,@: - -@a,,) for some fixed term t8: -Q z, where 
P(a)€Zp(r); and either 248: -Qz =z} or the representation Z, (7) 
> Zp (aw) (218: Ox) is faithful. In the first case, e,®d", is simply a 
multiple of e, 8 z”; as demanded by the proposition. In the second case, we 
must have TP (a) = 0 in Zp(r), and it follows (by the well-known argument 
for the acyclicity of W) that P(«) =AQ(a), for some Q(a) € Zp(r), and 
er O d'i =ô (Q (a) xy Sadr). 


(b) Adı =0modp, k odd 
Writing dı = d+: - -+ df; as in (a), we have 
Ad", = AP (a) (2,8: Br) = 0. 


Again either 218- + -Qr =h or AP(a)=0. Now AP(a) =—0 implies 
P(a) =TQ(a) and e8 d;=8(Q (a) e.,@d;). Hence again either ¢,@ d" 
is a boundary or it is a multiple of ep 8 2¥,. 


(c) Since 
9(e,® a, L. s Q Tj) == Ab O r O- 5 ‘Oa, = 6) DA (t, O: ° Br), 


and A= «&— 1; we see that two cycles of the form e 8z, -Qt are 
homologous if and only if they differ by a cyclic permutation of indices. 
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Finally we note that no cycle of the form e,® 27, can be a boundary ; since 
it only could be a boundary of something of the form P (ajem: a; But 
I(P (a) Gi B a7) = P (a) beni B IP) mm 0. 


This proves the proposition. 


Remark. If instead of W ®s K? we consider W™ ©, K?, n œ> Q, then it 
is clear from the above proof, that we get the same result except that for the 
first class of cycles in Proposition 2.2 we restrict i so that 0 < i& n, and in 
addition we get all cycles of the form 


ED P (a) (2D - Qz), P(a)—0, n even 
` AP (a) =0, n odd 
Consider now the map: @r = 6xheFs: H(W™ @r0O(X)r, G) H(X;G). 


Definition 2.2. Let X be an H*,-space. Let ze H;(X;Z,), For 
OStSn, define Q,(r) = QP (x) € Hoju (X, Zp) by 
Q.(2) = Or (Bx 2”), 


where we write again e; y z” for the homology class in H (We) Or C(X)?;Z5) 
represented by this cycle. Q(x) is called the i-th extended p-th power of z. 


Remarks. 
1. It follows from (d) of Theorem 2.1, that l 
Or (6) Drt: Qrp) = Oh (6, DTO: + OT) = LTr Djp 
the Pontrjagin product of the homology classes. In particular, 
Qo(T) megt g= p, 


2. It follows from (b) of Theorem 2.1, that Q,(x), OSi<n, is 
uniquely defined (i.e. independent of the choice of F). However, Q, (z) is 
not determined until a choice of ¢: W™ > J93, has been made. See Lemma 
2.5 below. 


3. The classes ¢,® P(a) (a,@- - -@a2,) can be thought of as defining 
‘non-stable’ operations in the sense that they disappear under an H*,-map 
of X into an H**-gpace. 


4. Using different coefficients in H(W™@,C(X)*;G), other stable 
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and non-stable operations may be defined. In the non-stable case, Browder 
[3] has studied non-stable operations for p = 2, corresponding to the cycles 
En DALOY), n even 
Een OT (1y), n odd, 


where x and y are cycles in X, arbitrary coefficients. In particular, 


let Ya (3, y) = YOn (2, y) = Or (6n Dr A(@@y)), n even 
= Ox (En Or T(t y) Js n odd, 
vE H(X; Zo), y € H;(X, Zp). Then Wa (%, y) € Husin(X ; Zp). 

In this paper, we will consider only the extended p-th powers, and the 
operations y,, defined above. 

Note that yo (z, Y) = Or (60o Br A (1 y)) = zy — (—1) "yz, for an H°,- 
space X. 

5. If X is connected and is a special H",-space, and 1 € H, (X ; Zp) is the 
unit element, then Q4(1) —=0,1> 0. In fact the extra condition implies that 
the inclusion of (e) > X is an H",-map, (e) the space consisting of the unit 
element of XY only. Hence Q,(1) is in the image of H;( (e); Zp) =0,1>0. 


Lumma 2.5. Let W be asin Definition 2.1 and consider J°ax as a 
simplictal complex then there exists an equivariant chain map 8S: WJ 7, 
m= Zp, such that S(W™) C Jz, 


Proof. Given a simplex (0 9(%),:*-+,or(t%)) in J°Z,, we will let 
(oo (t0), * +, Or (tr) ) © orar (ter) = (00 (i0), © `, Or (tr), Over (tra) ), 
and extend this operation linearly to chains. 
Now set 8 (eo) = (e(0)), e the unit of Z, 
Se) = (e(0), e(1)) — (@(0), e(1)) =— (A820) © (1) 
and in general 
S (e21) = (— Aen) oe(2i + 1) 
S (Cote) = (T Eesi) Oe(2i1 +2) 
Then S (B21) == (— 8AGe;) o e(2t +1) +A (ez) 
= (— ASen) 0 e(2i+1) + (en) 
= (—AT Sen) 0 e(2i + 1) + A (ea) 
= AS (6x). 
Similarly 09 (esu2) =TS (64n). 
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COROLLARY. Lett: W>O(J°Z,) be the equivariant chain map defined 
by sending W into the sumplictal complex of J” Zp as described in the proof 
above, then the sumplicial complex into the stmplicial singular complex, and 
finally the simplictal singular complex into the cubical singular complex by 
the canonical maps described in ([5]). Then t: W™—>C(J*"Z,) is an equt- 
variant chain map, and if F of Theorem 2.1, Corollary, satisfies 1) and 2) 
for thas t, 

F: WO OC(X)9 > C(I") @ C (XP), 


Any two maps F, F+ with equivariant chain map t, are equivartantly chain 
homotojne. 

If we define the operation Q®, using this ¢ and such an F, it will be 
uniquely defined in an H*,-space. Likewise for the Browder operations y®,. 


THEOREM 2.2. Let X be an H",-space. Then 
a) QO, is a homomorphism for i & n —1. 
b) QO, ts the Pontrjagin p-th power. 


c) If 0, ts the homology Bockstein operator induced by the sequence 
0> Z> Zp> Zp > o0, then Qa — 8,90, 2Sn—1. 


d) For p an odd prime, s€ H,(X ; Zp), Qa (T) = 0 unless the change 
in dimension, 2i +- pr—r is an even multiple of p— 1. 


e) The operations are natural under H*,-maps. 
Proof. 
(a) Fori<n, we show that for z,y € H, (X ; Zp), 
T = (“Br (a+ y)?) — (u Br) — (8r yP), 


is a boundary in W™® @, H(X; Zp)”. This will give (a) above. 

Since (x -+ y)? — z” — 4P is invariant under ~, the terms in its expansion 
are divided into transivity classes. But after cancelling out z? and yP all 
remaining terms in (z + y)? involve both 2’s and y’s, and cannot be left fixed 
by any cyclic permutation. Consequently, 7—TI9, where S is obtained by 
choosing one representative from each transitivity class in T. Since AT—=0 
and IT =— pr = 0 mod p, it follows as in proof of Proposition 2.2, that T is 
a boundary. Explicitly, since T = A? mod p, 


ô (e1 S) =T (iodd), ô (e O APS) =T (4 even) 
(b) This follows from the definition (see Remark 1 on Definition 2.3). 
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(c) In W @, C(X)?, consider e4 8x? where z is a mod p cycle; i.e. 
dom py. Then | 
Ô (en Ba. a?) = Caps Oa a + p > (—1) Um eke Or ah tyr t 
— Pen Ox oP + as Oa T (yx?) 
= p(en Ox I (Cots Sa oP? (yar?) } mod p?. 
The result follows. . 
(d) From the definitions we have the commutative diagram 


tO iP 90o F 
W» @ O(X)?———> J” ® 0 (X) ———> 0(X) 
[78° Gor 
T1350 C0(X)? 
where #?: C(X)?—>C(X)? is the identity, j: J**7r—> JX, is the inclusion 


induced by the inclusion of + in 3p, F, F are the maps of Proposition 2.1, 
Corollary for m, Xp, respectively, and @ is the defining map for the H", structure 
of X. All maps are v equivariant, but 0o F is X, equivariant as well. 
From the above we get 
(90°F), 
(W © Z,) 8r O(X)? ® Z, —— C(X) @Z, D Z 


JOC Sy P (0° F)s, 


(J=, 8 Zp) xp (C(X)?@Z,) 
commutes in the following cases: 
i) X, acts trivially on both coefficient groups Z, 
ii) Hach o€ 3, multiplies both coefficients by the sign of o. 


In both cases, + acts trivially on the coefficients since cyclic permutation, p 
odd prime, are even. Also Zp &®sp Zp = Zp with trivial action. Hence in either 
case we have: 


Ox 
H(W™ @, C(X)?;Z,) ——> H(X;Z,) 
Go t We iP) (90 F')zp 


H (JP, @ Zp) Szy (C (X)r 8 Z) ) 
commutes. 
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Let z is a cycle in C(X), thus fot @x (e2 8r 2?) = jo t(8u) Ory P. 
Let 64,==j°t(64). Thus since ey represents a modp cycle in W™/z, és; 
represents a mod p cycle in J**3p/Xp. Consider 


i) s even dimensional 
If ču — ôc mod p in J™*3p/3p, then 
bs: Oxy T == O(c Wz, a?) mod p, 
Since ĝe zp 2” depends only on the class of ĝc under X, as the action of Sp 


on g is trivial. It will then follow from the above diagram, case i, that 
O (ex r) is homologous to zero and hence Q® (z) = 0. 


1) odd dimensional 

If u= ĝe in J™ Sp @z,Z, acting in Zp by sign of permutation; then 
bo, Quy P =I (cQ) in (J*43,@Z,) Qs (C(X)?@Z,), as the action of 3p . 
on æ is trivial in C(X)?@ Zp; %, acting on Zp by the sign of the permutation. 
Hence again, QP (x) =0. Now observe that Hi(r) = Hy(W fr), i< n; 
and H,(35) =— H,(J*"3p/Sp),+< n; and further that 


(J o t)ip 
Hy(W /r) See H; (JX y/Xp) 


corresponds to the inclusion map of + in Xp. Hence our result will follow 
from: 


Lemma. Let ju: Ha(ax; Zp) > Hu(3,;2Z,) be induced by the inclusion 
map; then l 


= i) If Zp acts trivially on Zp, ja=0 tf 2 is not an even multiple 
of p— i. 
il) If 3, acts on Zp by the sign of the permutation, u= 0 if 2i is not 
an odd multiple of p—1. (For proof see [15]). 
(e) This follows from the definitions. 


Remark. If x is an integral cycle, then 6m- ©? is an integral cycle, 
and we may consider Qu- as an integral operation. However, letting 0, be 
the Bockstein for the sequence 0-> Z>Z—>Zp->0, we get again as in (c) 
that: 


Oar ia RAE 


We now derive a Cartan formula for operations on products: 
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For two H*,-spaces X and Y, X X Y has an obvious H”p-structure given 


by: 
0: J" 2 X (X X Y)PO XX Y, 


Ow; (T Yi) (Zp, Yp)) == (Gal W 5 T °°, Tp), (w ; Yi’ * ; Yp))» 
where 6, and 6, are the defining maps for X and Y respectively. The properties 


for 6 follow immediately from those for 6,, fy. The same formula holds if we 
restrict to J**tx, m C Sy. We may write @ as the composition of maps: 


AXE ` 
Tg (X X ¥)?— Ir KX In K(X XYY 


T On X Oy 
— > Jha X Xr X Ig X YP ———9 XX Y, 


where A is the diagonal map on J"**z, r the permutation of factors. 


In the following diagram we write simply J for J”*w; the bottom line 
is the chain map induced by 9. 


A&i GX G 
CY) OC(X X YY) —— CU XIEX X F)?) —_—— C(J) @C(J) BCX") @ OF’). 


" 


AXi 
O(I X (XX YP) —> OT XIX (X XYY) 





0&0, 
C(I) @ C(X?) OCI) @C(¥?) > E80) 


629, 
OT XX TCP) ern OLY SY), 


Here G, G, are the natural maps from direct product to tensor product given 
by the Hilenberg-Zilber theorem, and the vertical maps are the natural chain 
maps from tensor product to direct product. The fact that the above squares 
all commute up to w-equivariant chain homotopies, follows from the fact that 
they all commute up to natural chain homotopies and w operates on each 
factor separately. (I.e. ~ induces a map in the category). 

Consider next the diagram 
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GASI 18o 
O(J) 8 (C(X) SCY —— CINI (C(X)@C(Y) —— C(I) C(I) @C(XPPOa(Y) 


iQ fP i TIF Fyr 
a Faxy (G: Go (481) | 
CNSC X YPY —— 0NR CX E Y)?) > CY) @C(J) @C(X*) SC(¥?) 
—> (N@C(XPOC(@C(YY 

F.F, 


—s CD) @O(X2) BON QOL). 


The maps F, and F, are chosen to satisfy Theorem 2.1 for the standard maps 
C(X)? > C(x?) and C(Y)?—> CY?) respectively. The second square then 
commutes by definition. Also Fexy is chosen to satisfy Theorem 2.1 for the 
standard map C(X X Y)*>C((X & Y)*). Further, f: C(X) @C(Y)- C(X XF) 
is the standard map. Finally, o is the permutation of factors. The first 
square commutes up to a w-equivariant homotopy by Theorem 2.1, because in 
going around either way in the square we get a map satisfying Theorem 2. 1 for 
the map: (4, @y )- > (@p@ Y) > (11%: > *yp) @(ys*- - *Yp) where a, and 
Yp i=l, + +, p, are zero dimensional. 


Combining the two diagrams we have: 


G,AGi 1(i@a) 
C(J)@(C(X) DCE > C(J) 8 C(J) @ (C(X) 9 C(Y))" — CV) @C(X)PO@C() OC(Y) 
: 1@fr 0, Oe, 

© 


: f 
ONDU X TY —— C(x x F) (2) T) 


commutes up to a r-equivariant homotopy. 


Now let W by the z-free acyclic complex defined previously (Definition 
®.1). If we restrict to W@*), any two a-homotopic, since O(J**3r) © O(J*7) 
is acyclic in dimensions less than n. 


Consequently, we have 


LEMMA 2.6. 


ASt ‘Qo 
WB (C(X)@C(Y))*——> We-@ Wo @(C(X) ory, WO-NQO(XP@WOMBO(Y) 
8040)? i 0,8 6, 


UX x Y)<--——_ 2 C(F) 


commutes up to a n-equivartant homotopy. 
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We.are now in a position to prove the following: 
THEOREM 2.3. (a) For p an odd prime, X and Y H",-spaces, 
t€ H,(X ; Zp), Y€ He(¥3Zp), 2i <n, the following holds mXXY: 
0 4(¢B ys) = (1) 107 S Qa (2r) O QM ary) 
(b) For p=2,i<n 
Qrar By.) = È QO lz) D Qly). 


COROLLARY 1. If X is the n-th loop space of an H-space, then the fol- 
lowing holds where multiplication indicates Pontrjagin product: 


4 
QP) a4 (Tr Ya) = (— 1) oa QP (Tr) OPa (Ys), 2n 


oe 
QO), (Tr Ys) ~È QO (er) QP (Ye); <n 


where 2-€ H, (X ; Zp); Y€ He(X ; p). 


Proof. Let m be the cyclic group on p elements with generator «, W the 
n-free acyclic complex of Definition 2.1; let as in [13], d: W>W®OW be 
defined by, 


4 qel 
deg = >) C2 © 24-25 + D, Abaj © bot-2p-1 
j= j= 
and 
4 
degu = 2 (6238 enoj F Caper @ alna) 


where A == Sak X at OS k <1 p—i1. Then d is an equivariant chain map. 
Using the commutative diagram of Lemma 2.6 and mod p coefficients, 
we have: 


Ox (en Oe (2, @ y,)?) == fO (®z) «© (Oy)roro (o) (den Syr (a, @ y5)7) 
i 
= f o (@s) s8 (®y) xf (—1)P0 rs & (623 Dr or) O (Gap-25 Ou ys) 
4-1 . 
Tà (eL ARARE A atana Or x, ) & (ao, apa We y?,). 
But z”, and y”, are invariant under w and hence for p odd prime: 


> (atban ©2?,) @( O64 94-4 On y?,) 
oe P (p ee 1/2) (eaj Oy 2P.) O ( @s¢-24-1 Gy y?,) owe () 
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Hence 


Or (bu Ox (2O y,)?) 
i a lacie bP (O2) x (623 Qu 2) @ (Oy) w (E213 Oe Ys) 


or 
QO (t,@ ys) = (—1) 019r È QO (2) D QO (y). 


Similarly, for p ==2, using the above result and the corresponding one for 
E1 We get for t odd or even: _ 


Ox (ex (2, ® 44)? —12 (Oe) r (e; Be 2) Q (By) x (ery Be YP) 
or 
4 


Q, (a, @ ys) = Z QP (1) @ O15 (ye). 


f=0 


This proves the theorem. 


Proof of Corollary 1: Now assume X == Q"Z, where Z is an H-space, 
h: ZX Z— Z the multiplication. This induces 0°: 0*°(Z X Z) —>Q"Z. On 
the other hand, the H-structure in X is defined by considering X = Q0 (0*2), 
and adding loops to define the multiplication p: X X X >Z. 

We wish to apply the theorem to the case where Y=: XY. Since X is an 
H",-space, X X X has an H*,-structure as defined previously. But, 0°(Z X Z) 
has an H**-structure, and it is easy to check that the canonical map 
+: OFZ X Z) "Z X OZ is an H**,-map. Further, it is well known and 
trivial to prove that 


t 
0° (ZX Z) —> OZ XxX mZ 
Orh p 
O*Z 
commutes up to homotopy. Since ty: H,(Q*(Z X Z);Z,) = Hy(0°Z X O5Z) 
and 0*h is an H**,-map, it follows that pẹ commutes with the homology 
operations : i 
Pa = QP sity ALN; py QO QO Kn 


the corollary now follows immediately by applying p, to both sides of the 
equations of the theorem. 
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COROLLARY 2. If X ts an H*,-space, and s, € H,(X3Z,) is a primitive 
homology class; then Qi(a,) is promtiwve,+<n, p any prime. 

Proof. The diagonal map X -> X X X is an H%,-map, and hence com- 
mutes with the operations. The result now follows from the theorem. 


III. Further properties of homology operations, As seen in Theorem 
2.2(d) many of the homology operations QP, are trivial. It is thus con- 
venient to define ' 

84 ip) (z) — QP) (an) (p~1) (z), n = dim T. 
We shall find it convenient to introduce also a numerical coefficient. 


THEOREM 3.1. Let og: Hna (QX; Zp) > Hy(X5Z,) be the usual hom- 
ology suspension and suppose for y € Hy.(QX ; Zp) both 85 ip (y) and S! ip (ogy) 
are defined (this requires X to be an H™,-space, where 


m --1 = (2j-—-n-+1)(p—1)), 
then l 
O45) (py (Y) = (— 1) -y (n) Siep (oy), 
where y(n) = (—1)@ Ye. ((p—1)/2!1)mod p. 

Proof. Let PX denote the space of paths over X and x: PX —> X denote 

the end point projection. Suppose given classes 
sE H(X; Zp), y€ Hna (QX; Zp) and zE H,(PX,AX;Z,) 
such that 
we (2) =x E€ H, (X, €; Zp) ~—Ha(X; Zp) and a,(z) =y. 

We must show there is a chain c€ Cpru(P X), where i= (27-—n) (p—1), 
guch that 

{c} € Hpna (PX, QOX ; Zp), 

ma {0} = (—1) OVE - y(n) Sip (2), and 

ôs {0} = 8 p(y). 

Let (2,4), y = 82, denote .the subchain complex of C (PX), the normalized 
cubical singular complex of PX, generated by a chain representing z (which 
we also denote by z) and by ĝz, which represents y. 

As X is an H™,-space, we have the equivariant maps 

gm: JX, X X> X and 
get: IMI, X (OX)? > OY, 
the latter being defined by formula (1.4). _ 
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Let f: J*43,— J, be defined by 


Fli D - * O imom) == (tooo D* + * DB imon D O) 
and let 


gm: Jy, X (OX)? OX 


be the composition §™*1, 0 (f X (id.)?). 


Define . 

G: J™13, X (PX)? PX 

by : 
np (toro D- * - D tom; Wr," °°, Wp) (E) 
— 0” (toro D+ - O tnam W(t), °°, Wp(t)) 
and define 
Gy: (JmX, 06) X (AX)? X (PX) > PX 

by 


ôm ((1—s8) tooo O` -O (1—8) tmom B se; h,” + *, lp w) (È) 
= GMp (toro D* * + O tnam; le (E), © talpa (t), w (t) ), 
where, as before, | 
W(t) =h (t—s (rH: + 71)) and w(t) == w(t—s(ri+- : ++ tp4)). 
It is clear that 
mo Âh, (too D: > O imom BD tres lo > lp w) = r (W). 


As each two of the maps Gm, 6", and m, agree on the common part of 
their domains of definition, we have the commutative diagram 


JS X (OX)? or 
[Jms X (AX) ]U [(J™s,) 56X (0X) X PZ] U [73 X (PX) > PX 

Jm, Xx (PX)? 

T 2 AP aeaaea X 


Let W® be the k-skeleton of the standard acyclic complex for Z,, and 
let (WO), 6m2) denote the subcomplex of W3 having only the generator 
En: in dimension m+ 2 (not Tiem 1 << p). 

Then by the Corollary of Theorem 2.1 the diagram 
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Wm+2) @C(.X)? C(aX) 
[W2)@ C(aX)?] @ irom, Cnss) @C(AX)?*@C(PX)] @ [WM @C(PXP] SORD 
WDQC(PXYP 
Wim) @ OX)? 0(X) 
commutes. 


The chain complex 
{WD @ yP} D (CW, em) DY} D (WH © (z, y)?} 

is a subcomplex of the chain complex 
[Wer @C(OX)?] D [(ọW em) OC(OX)P* OC(PX)] @ [WHM OC(PX)] 
and the image of any term of this subcomplex involving at least one factor y 
projects under m into a degenerate chain in C(X) since y€ C(QX). 

We shall define a chain c’ in this a eX such that modulo residual 
chains and with coefficients Zp 


C == (— 1). y(n): a @ 2 -+- terms involving at least one y, 
and | 
OC’ == bup O YP. 


Then if c is the image of this chain in O (PX), it follows from the above that 
c has the required properties. 

To define c’ it is convenient when p is an odd prime to replace (z, y)? 
by a smaller chain complex, and to this end we use a lemma of R. G. 


Swan [17]. 
Lemma. Let K be the chain complex 
A T n 
0> Zp m Kl: + +> KZ, —— KZ, ——> 2, > 0, 


where KZ, denotes the Zp group ring of Zp p2, n is augmentation, 
A =a — 1, T= p: -+a +1, and dimensions range from (n—1)p 
to np. (a acts as left multiplication in KZ, and trivially on the two end 
groups Zp; this action commutes with boundary.) Then there is an equi- 
variant equivalence @: K — (2,4)? such that 

pe) = yP, €€ Zp == K nap . 

p (e) =? 8z, e€ KZ = EK wry, and 

p(e) =y (n) 2, €€ Zp =m Kay, where 


y(n) = (—1) 090/2. ((p—1)/2)!) mod p. 
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We shall define a chain c” in W @ K such that its image in W™ ® (z, p} 
under the map 1@¢ is the desired chain e. 
Since t= (27—n)(p—1) and p is odd, t is even. We let 
C” ex Cirp- ® €(n-1) p41 ++ lup- & AP Fein 1) p42 
— lips Ò € (na) pes — Cipa DAP em ay pia te 
+ (—~1)? e, @ enp- 
Then 


ĝe” = Ctsp—1 ® E(n~1)p F Teisp-2 ® (1-1) pti —— Cirp—e ® AP 6 na) per 
+ Alup-s BAP 1) pz — eup- O Te (nr) pes 


—Tegip-4 © (nr) ss + ee 
-+ (— I) T epa @ enp 


= lup D e(n1)p, modulo residual chains and with coefficients modulo p. 

(Note that in WOK, aa®b=a®ab, mod residual chains; hence Aa ® b 

=4 Q Ab and Ta®b—=a@Tb. Also, T== AP modp and Terp = 0 mod p.) 
It is clear that c” has the property described above. 
For the case p = 2, it is sufficient simply to let 
Comme O F en Dy. 


Then 
Oc’ = en D y? mod 2 and mod residual chains. 


As is the case with the Steenrod operations, it is also convenient here to 
multiply the homology operations Slip) by suitably selected numerical coeffi- 
cients so that they will commute precisely with the homology suspension homo- 
morphism. That is, we wish to determine numbers f(j,n) such that if 
Qp (w) =F (j 7) -Sip (w), dimw—n, then 

(1) Fip) (w) ==, if n == Qh, and 

(2) 4p (w) = O(n) (oa). 

The conditions (1) and (2) may be translated into conditions on f(j,n) as 
follows : 

(1) Q(t (2x) ) = wP = So (Wiar) ) = S* (Wiar). 

Thus, f(k, 2k) = 1. 


4 Qi (y) = of G, n—1)8 (y) = fG, n — 1): (1): y(n): Sony), 


(2) and o.Q4(y) = Q! (04y) = fG, n)S! loy). 
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Thus, f(j,n—1)(—1)?*/*y(n) =f, n), where 
y(n) = (—1)¢-9O-/2. (p —1/2)lmod p. 
A moment’s calculation reveals that 
fCj, n) = (—1) IDn). (p — 1/2!) *4-* mod p. 


In terms of the operations Q(»), the Corollary 1 of Theorem 2.3 becomes, 


Qip) (Tr Ya) —2 Q* (oy (tr) Op) (Ys). 
The following is proved in [8], we give our proof for completeness. 


THEOREM (Browder). Let oy: Hy.(QX32Z,) > H,(X3Z,) be the usual 
homology suspension. Let X be an H*,-space. Let uc Hi: (QX; Zp), 
vE Hja (QX ; Zp), then ` ; 


CyYnrs (U,V) = (—1) pa (agt, oy). 


Proof. Let ou =z€ Ay(X3Z,), cąv=y6€H;(X;Z). Also let 
ZE H(PX, QX ; Zp), Y € H(PX, QX ; Zp) be such that r,(Z) = z CA, (X, e; Zp) 
—H(X;Zp) and ôs(2) =u, re(ĝ) =y € Hn(X,032y) =H(X3Z_) and 
ô (4) =v. We must show there is a chain c€ Cupa (PX), such that: c is a 
~ relative cycle; i.e. {c} € Huns (PX, QX; Zp), 


(1) mafe} = (—1) ya (z,y), and 

(2) O4{c} = ynn (u,v). 
For n even, 

let c’ be the chain in W™9 Q-C (PX)? 

cf om en @A(EBY) — en D (UB) + (—1) enD (0 2). 
Then dc’ == (—1) ten OT(u@v). 
For n odd, 
let e =e, OST (ZOP) + ena @ (UOP) + (—1) Hen @ w83). 

Then dc’ == (—1)fen: @A(u@v). 

Now as in Theorem 3.1, ¢ is contained in the special complex 


[(W, en) OC(QX) @C(PX)] + [WM @C(PX)*] - 
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which maps into C(PX). By the same reasoning as in Theorem 3.1, the 
image c of (—1)***¢’ satisfies (1) and (2) above. The result follows. 


Remark. From Theorem 1.2 it may be shown that certain “Adem 
Relations” hold for the homology operations in an iterated loop space. This 
may be done (following Adem) using the homology of the symmetric group. 
However, the device used by Adem to find the effect on odd classes from that 
on even classes does not apply here. Consequently, it appears necessary to 
compute the homology of the symmetric group with twisted coefficients to 
obtain the rest of the relations for the homology operations. (Note also that 
no universal space, such as a K (r, n) exists in the case of homology operations.) 


IV. Some theorems on Hopf algebras and spectral sequences. The 
object of this section is to present certain results, largely of an algebraic 
nature, which are useful in making explicit computations in Sevtion V. We 
use the notation and results of The Structure of Hopf Algebras by Milnor 
and Moore [11] and assume acquaintance with that paper on the part of the 
reader. 

Our first theorem is a slight strengthening of the standard comparison 
theorem for spectral sequences essentially due to Zeeman [19]. 


THEOREM 4.1. Suppose {Ar}: (E'}— {E"} ts a homomorphism of 
homology spectral sequences and 


* t * 
Yap: ‘E49 Eao O'E? and Xa, b- Hy > E’ a0 © Bo, 


are isomorphisms such that the diagram 


Xa 
Ea n > "B40 9 Ban 
| Mat | | h? oo © hop 
Xab ` 


E? ———— Ea @ Fan 


commutes 
(Gn) Rao is an isomorphism for OSaSn, 
and 
(yn) h®a4 i8 an isomorphism if OSa+b Sn and bSn—2. 


Then 


(Bn-2) ho is an isomorphism for 0b Sn—2, and 


62 ELDON DYER AND R. K. LASHOF. 


h"a» is an epimorphism tf etthera+bSn—l,aSr—2,andbSn—2 
or bSSn—r anda Sn, ; 


and 


h'a is a monomorphism if bSn—2 and either a4+6Sn—1 and 
n— (t—1) Sa or aS n— (r— i1). 


Proof. (i) &n and Bm for m=n—2 imply 
(ara) hap is epic on Z(E) into Z (E-t) 
if eitherat+bSm4+1,asr—2,b=m 
or b S m—(r—2),aSn 
(bra) Atap is monie on Z(t») and is an tsomorphism 
from B(’Ht-*,,) onto B (E-a) 
if either a + b Sn— 1, n— (r—1) Sa, bm 
or @SSsn—(r—1),bSm 


(cr) A's,» is epte if eithera+bSm+1,aSr—2,bSm 
or b= m— (r—2), an, and 


(d,) h'a p is monic if either a+ bSn—1, n—(r—1)Sa,bSm 
or a= n— (r—1), bm. 


This argument is by induction on r. Clearly (c) and (d,) are true 
for 7 == 2. | 

It is easy to see that (arı) implies (cr) and (bı) implies (d,). 

We now show that (c) and (d,) imply (a). For a+bm+1, 
a& r— 1l, bm, every element of ’“H",, and #',, is a cycle. Thus, (c) 
alone is sufficient to imply (a@,) in this case. For #€2Z(H,,) with 
b= m-—(r—1) andasn, by (cr) there is an ’a € “#*,, such that h(a) == a. 
We wish to show ’a is a cycle. But ’d'(’a) E€’E" a-r yy) and a—rsn—r 
< n— (r— 1) and 6-+r—1 <m; and so, At is monic on ’d’(’a). But 
‘dt (ha) == 0. Hence, ‘d(’a) = 0 and a,) is proved in this case also. 

It is clear that (d,) implies (6,) for the cycles in ’#H',, and also that Ar 
is monic on B(’H*,») in the range stated. We need to show only that it 
is epic. 


Let BE B(Ht,,). There is a y€ Erg o4., such that d' (y) == 8. 
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If a+bSn—1, n—rSa and bS m, then n—r-+b<n-—1 and 
b—r+1S0. For b—r+1<0, y=0 and so B=0. For b—r +t 1 me 0, 
b == r1 and a+r—iS&n— i; ie, atr<n. But n—rsa. Thus, 
YEH no Also, bm and b——r-- 1mm 0 implies 0S m—r+1lSm 
— (7—2). By (c) there is a’y¢€’H, such that Ar y) =y. Hence, if 
B =’ dry El Ey», then h'(’8) = B. 

If a&n—r and b& m, wo have yE E aurora With a+-r&n and 
6—r+1Sm— (r—1) Sm— (r—2), Thus, by (c) there is a 
Y EE" uror Such that Ar(’y) =y; and so, A(’d”y) = 8. Thus, hr is epic 
as stated in (6,). 


(11) an yn, and Bm imply A’ mre is an isomorphism for r==2 and 
s= 1 if either 


(a) m+2Sn—1, n—sS2r or 


(b) 2rsn—s. 


The argument is by induction downwards on r+ and follows from the 
diagram 
Hires 
r:m-r+2 
Q e Hrt e ZUE ) <— B (‘Erte 
TyM—-T+2 Pj h-T+2 r:ım-r+2 


J } 


0e Er Z(H) Bs 
rym—r+2 Ty ht-T42 TyIR-T+2 
t eow 


)<e— 0 
)<e— 0, 
re 
1 M~-T+2 
The isomorphism on the boundaries follows from (brig) a8 
kane m— r+? Snl, n (rs) Srm—r+2sm 
in the case (a) and 
rSn—(r+s),m—r+2<m in the case (b). 


That the isomorphism holds for large r -+ s is implied by (y,). The induction 
then follows by the “five lemma” ; 


(iii) Arma is an isomorphism on cycles for r => 2 if either 
(a) m+2<n—1<2r 
or 


(b) 2rSn—1. 
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This follows from the diagram 


1g DCE eB Eg 0 


4 4 
0«— E" «—Z(Er_  )«—B( E" )«—0. 


T;M-T4+2 . r:m-r+2 r;m-r+3 
(iv) an, Yn Bm imply Bou E m+ 2Sn—1. 
That Aom is an isomorphism, r= 2, is shown by induction down on r 
with the following diagram 


olime Brg re VE) 
O,m+1 Trm—T+2 TyM-T+3 


} 4 4 


O<— Em — Er „7 Er <— Z(E 


Omt Om+l r+ TiM-T+2 ) " 


That A,m- is monic follows from (d,) since r+ (m—r-+2) ==m- 2 

=n—1 and m—r+2<=m. That it is epic follows from (cr) since the 

only cases in which the groups are not zero are those in which m—r-+-2 = 0; 
Finally the second part of the conclusion of the theorem is simply the 

. statements (¢,) and (dr) with m—n—2. 

Le, TrSsm+2Sn—1. Of course, m—r +2 S m— (r—2). 


The next theorem is from [11]. 


Tororum 4.2. If A is a connected Hopf algebra of finste type over a 
field of non-zero characteristic p, then A ts primitively generated if and only 
tf A ts cocommutative and coassoctative and for each postiwe dimensional 
element uE A*, uP = Q, 


In our applications A will be the mod p homology algebra of an H-space ; 
and .so, the conditions “cocommutative” and “ coassociative” will be auto- 
matically satisfied (as they are equivalent to commutativity and associativity 
of cup products in cohomolgy). 

Recall (see [11]) that if B is a connected, commutative associative Hopf 
algebra and A is a sub-Hopf algebra, then letting A denote the module of 
positive dimensional elements of A and C=B/A—B/B:A, C is a Hopf 
algebra and the projection map r: B— C is a map of Hopf algebras. Further, 
if there is a Hopf algebra map j: C->B such that roj is the identity, then 
AQC s= RB as Hopf algebras. Finally, recall also that if A is a sub-Hopf 
algebra of the connected commutative Hopf algebra B, then the diagram 


0-——> P(A) —> P(B) —>P(B//A) 


Q(4) — 0 (B) — (B74) —— 0 
is commutative and each of the horizontal rows is exact. 
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THEOREM 4.3. Suppose B ts a free, primttively generated, connected, 
commutative, assactative Hopf algebra of fintte type over a field of charac- 
teristic. p 340 and f: A->B is a map of Hopf algebras such that both f and 
Q(f) are monomorphisms. 


Then A and B/A are primitively generated and 
Bex AQ (BJA) as Hopf algebras. 


Proof. It is clear from the above diagram that C = B/A is primitively 
generated. Since f”: B*—> A* is an epimorphism, and B* is commutative 
and associative and has all p-th powers zero (by Theorem 4.2), A* has the 
same properties. Again by Theorem 4.2 it follows that A is primitively 
generated, l 

We shall define inductively direct sequences {A™), f™, 9g} such that 
(1) AM =A, (2) 


AM oe A (itt) 


Ç p 


is a commutative diagram of maps of Hopf algebras, (8) A®*) = AM @ H (a) 
as Hopf algebras, where H (s9) is the free monogenic Hopf algebra generated 
by 2), and (4) both f/™ and Q(f™) are monomorphisms. Finally, we shall 
require that 


(5) Lim (f") : Lim (4, 9) > B 


be an isomorphism of Hopf algebras. 


Before proceeding to the construction, let us observe that this is indeed 
sufficient to prove the theorem. It follows from (8) and (5) that A™®9 
= A) @ (Am) JAM) as Hopf algebras, that 


AH) on 4 O (AM JA) Q- -Q (AD JAM) 


as Hopf algebras, and finally that B = A@{AM JAQ AOJAVO. > -} a8 
Hopf algebras. Letting O’ {AY /A@A®/AM®@- - -}, we then have 


0 = BJA = 0’; and so, 
Bex A®C as Hopf algebras. 
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Assume g*), f(®, A® defined and having the stated properties for 1 n. 
If there is an element of Q(B) not in the image of f™ (if not the induction 
is complete), let 2**) be a primitive element of B projecting onto one of 
least dimension, Let A@ == AM Q H (a), let g™ be the inclusion 
Am > AM @1—> AM), and let fe" be the extension of f defined by sending 
at) into a), Clearly (1), (2) and (3) are true. To show that f(**» is 
a monomorphism, it is sufficient to show that P(f*)) is. As P(f) is a 
monomorphism, it is thus sufficient to show that no 2” (letting s= r™®) 
lies in the image of f(. Suppose 2?*-is in the image of f. As a?’ is primitive 
and decomposable and Q(f™) is a monomorphism, there ig an element 
a€ A™ sguch that 

r” — fi) (aP). 


Thus, (27 — f(a))?—=0, and since B is free, a" = f(a), Since x is 
not in the image of f‘”), this leads to a contradiction. To see that Q (f/f) 
‘is a monomorphism, it is sufficient to abserve thot 


dim Q (AD) == dim Q(A™) +1 
and that by construction 
dim fQ (40) = dim fM (A) 4-1, 


But by assumption Q(f)) is a monomorphism. Thus, (4) is proved. The 
statement (5) follows from the fact that B is of finite type and f™ is a 
monomorphism together with the method of choosing 2) (by exhaustion !). 

A commutative Hopf algebra homology spectral sequence {E", dr} (over 
Zp) is a homology spectral sequence in which each Æ” is a commutative Hopf 
algebra over Zp, d" is a derivative, and Ht} = H,(H') as Hopf algebras. 

Definition. A commutative Hopf algebra homology spectral sequence 
{Hr, d"} over Zp is a model spectral sequence provided either 


(a) H%,,.=H(2,n) and #%, = P(y,n—1), these isomorphisms bins 
as Hopf algebras, where n is odd and d*(z® yt) = yt for all 1 = 0, (H(a,n) 
denotes the monogenic exterior Hopf algebra with generator z in dimension 2 
and P(y,n—1) the monogenic polynomial Hopf algebra with generator y in 
dimension n— 1) or 

(b) E? y, Q = P(g, n) and E’, z= =Q E(4;, pn — 1) & 9 P (2; pin—?), 
these isomorphisms also being as Hopf aeris where n oo evel and 

d'(a") =—= y, for k= 0 and 
dO) ( (a) y) — tyr for jZ 0. 
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(The spectral sequence (a) is that of the modp homology (p5*z) of the 
fibration 0S, —> PS,— Kn, n odd, and (b) is the spectral sequence of the mod p 
homology of the fibration 075, —> POS,—> OSa, n odd (see Moore [12]). 

the latter case it is also true that é*#,(y,) == + 2, where 0*, denotes the 
homology Bockstein of the sequence 0 —> Z, > Z,2 > Z, —> 0.) 

It is known [11] that if A is a connected, free, associative, commutative, 
primitively generated mod p Hopf algebra of finite type, then A is isomorphic, 
as Hopf algebra, to a tensor product of free monogenic Hopf algebras; i.e., 
to a tensor product of exterior and polynomial Hopf algebras each having 
one generator. Associated with each of these free monogenic Hopf algebras 
is a model spectral sequence with that Hopf algebra as the term H*,.. The 
tensor product of these model spectral sequences, one for each monogenic 
factor in the decomposition of A, is a canonical spectral sequence for A. 
It will be shown later in this section that two canonical spectral sequences for 
A corresponding to different decompositions of A into monogenic factors are 
isomorphic as spectral sequences of Hopf algebras. We shall denote such a 
spectral sequence by {C7(A)}. ae 
$ 

THEOREM 4.4. Suppose {E,d} is an associative, commutative Hopf 
algebra homology spectral sequence over Zp, p2, such that E® =—=0 and if 
TE E’ o such that d'e ==0 for all r < 32n, then 


l (i) dt" (a?) = 0 for all r < 2np, 
' (i)  d’(2?*@r(x)) =0 for all r< 2n(p—1), and 
(ii) if dD (ge @z(2)) 40, then d™ (aP) 40. 
Then 
(a) if H*,., 18 transgressively generated, it is primitively generated and 
free, 
(b) tf E°,. is primitively generated and free, and 


Q E(x, nm) B & P (Yj my) 
teI jel 
is a Hopf algebra decomposition of E? into its monogenic parts, and there 
do not exist ni, mj, my and integers f and g, f= 1 and g =1, such that either 
(A) my 2+ (m—1)- pt, or 
(B) mj=2-+ (my: po —2) - pl, 


then H?,.. 13 trangressively generated, and 
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(c) if B®, ts transgressiwely generated, then {ET} is Se a to 
{Cr (E4,..)} as spectral sequences of algebras. 


In proving part (b) of this theorem we shall need 


Lemma 4.5. Suppose A and B are connected, associative, commutatwe, 
Hopf algebras of finite type, A ts free, n is a positive integer, and f: A —> B 
is an algebra homomorphism which is an isomorphism in dimensions less 
than n. Then if Q(A)a==0 and ny p*-m for some integer k and even 
integer m such that Q(A)ms<0, then f ts a monomorphism in dimension n. 


Proof of Lemma. As f is an algebra isomorphism in dimensions less than 
n, Q(f) is an isomorphism in dimensions less than n and, in particular, 
dim Q(A),—= dim Q(B); for i<in. As an algebra Box @ E(u) Ph (y), 
where Pri (nj) denotes the truncated polynomial algebra in n; of height p's. 
Further as B is free in dimensions less than n, (dimy)-pli>n. Let 
B=QE (4 IQP) and r: BB be the unique algebra extension of 
m (G) — G and r (7) =n, where the tensor product is over just those { and 7 
of dimension less than n. The map ~v is a map of algebras, is an isomorphism 
in dimensions less than n, and is a monomorphism in dimension n. There 
is a sub-Hopf algebra A ==@) E(x) @& P(y;) of A such that Q(4),==0 
for i= n and the inclusion map :.: 4—> A is an isomorphism in dimensions 
less than or equal to n. Define f: A — B to be the unique algebra extension 
of f(z) =wfi(z) for each s= a, or € =y; Then 


A — B 

is a commutative diagram of algebra homomorphisms; and so, Q(70°/) 
==@Q(fo.). In dimension i< n, l 

dim Q (f0) (Q (3)1) = dim Q(4),— dim Q(A), and 

dim @ (7) (Q (B):) <= dim Q (B), = dim Q (B). 
Were Q(f), not an epimorphism, then 

dim Q (3° f)(Q(4),) < dim Q(B,) — dim Q (f+) (Q (å): 

Thus, Q(f) is an epimorphism; and since F is a map of algebras, 7 is an 


epimorphism. A counting argument then shows that f is a monomorphism, 
and the conclusion follows immediately. 


Proof of Theorem 4. 4. 
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t 


(a) As any transgressive element in a Hopf algebra spectral sequence 
is primitive, it is immediate that #%,, is primitively generated. To show it 
is frée, it will suffice to show that if z is an even dimensional generator in 
E?, then a 40 for all i. Suppose z” 40 and aw"—0. Let y= g, 
Both y and 4? (= 0) transgress, by hypothesis. Let w=r(y) and let @ be an 
element in E**,, the dual cohomology spectral sequence, such that <0, w> 540. 
As <Ù, d"y) 40, <in, y> 540 and Y= 800, where n= dimy. Since 
y? == 0, by hypotheses (ii) and (ii), all d on y= 8 w are 0. Thus, 977 ® ü 
is not a coboundary in E,. Since #7, , 18 primitively generated, by Theorem 
4.2 we have f?=0. But §(9*'@ w) —0 fort <n and 8,(g?1 @ i) = 7? — 0, 
Thus, all 6 on y?*@ @ are 0; and so, y?*®w is not a boundary in any E”. 
The class y?-1 @ w thus leads to a non-zero class in E”, which is a contradiction. 


(b) Let &% be the set of all generators of #*, which transgress. S £ ẹġ, 
as the least dimensional generator of H,,. transgresses. 

Suppose S does not generate H?, 4. Let z be a least dimensional gen- 
erator of E’ o not in the algebra generated by 9%. Among all generators of 
the dimension of z not in that algebra let v be one which is maximally trans- 
gressive; i. e., 

d'y =— Q, S< T 
pom d'y Æ 0, and 


if y is any other generator of the dimension of z not in the algebra generated 
by 9% and 
y—=0, t<F, 


then f&r. Further, if there is such an element » which is primitive, choose 
it. Let n == dim z= dim p. 

For each zE %, let {C’(x)} be the model spectral sequence for E(a) or 
P(x), as the case may be. ` It follows as a routine verification from the hypo- 
thesis (i), (ii) and (iii) that there is an algebra homomorphism of spectral 
sequences 


{hr (x) }: {Cr (x) } -> {B"}. 
Let E = 8 C (2) and 
{hr}: E} > {Br} 
be the map induced by the {hr(x)}. {hr} is an algebra homomorphism of 


spectral sequences and A*,, is an isomorphism for +<n—1. 
Let ps be an element of H?,,,1 projecting onto u. There is an element 
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` 


ua E 'E?n-r,r-1 Buch that A? (ue) = pe. Since ps projects onto p, the class of pz 
in Es, s <r, is not a boundary under d*. Thus, the same is true for ‘pe. 
Since h*,, is a onomorphism for a-+b=n—2 and b S n — 3, no “d* on the 
class of 'ug is non-trivial for s < r, unless possibly some ’d*(“y2) € “Hon. 
We shall return in the next paragraph to show this cannot occur. Thus, ‘pe 
projects onto a class a such that h"(’p) ==». If there were no element 
’y E E'n o such that ’d* (y) ==/u, then ’n would give rise to a non-zero term 
of "Hy +r1. But’#® =0. Thus, there is a'y €'E’n o such that ’d"(/y) —="p. 


Hence, . 
dr{v— hr ('y)} = p—h' (p) =0, 


and v—A?(’y) is more transgressive than yv. As h?(’y) is in the algebra 
generated by %, v—h?(’y) is a generator of H?,', not in that algebra; and 
so, the assumption that 9% does not generate E? leads to a contradiction ; 
i.e., H%,,. is transgressively generated. 

We have only to show that it is impossible for 'Aw-r ==" d"t (us) to be 
non-zero. Since h3,, is an isomorphism for +=n—1 and h” is an isomor- 
phism (both E” and E°” are trivial), h**); is an isomorphism for 1 n— 3. 
Tf "Awe € “H* To 4-2 were non-zero, then since h**(’Aq,) 0, by Lemma 4.5 
either it is indecomposable in ’H*',, or n—2 = p+ m, where m is the 
dimension of some even dimensional generator of ’H™),. If ’An+ were 
indecomposable, then since Eog >'E" "og is an epimorphism of algebras, 
there is a generator ‘A, €“H?,, which projects onto Àw- In the canonical 
spectral sequence “E any odd dimensional generator in ’H*,, is the trans- 
gression of an element in ’H*,, and thus cannot be the image under ‘d** 
of some element. ‘The even dimensional generators are either transgressions 
of odd dimensional generators in ’H*,o, and cannot be in the image of ’d*, 
or are the images of elements of the form (’2?*@1(2’)), where ’x ==’z*' for 
some even dimensional generator ’z. Let m==dim’s and ‘y==7(’r). Let x 
and y denote the images of ’z. Let m — dim’s and “y==r(’s). Let z and 
y denote the images of ’x and ^y under A. In #™ both x and y are primitive 
and (271 @y) is not primitive. For ‘Ag+ to be the differential of (x? @ +(’z)) 
we must have p= (a?*@y) and d'y == p, r==m. Since y is a generator of 
H?,,0, it is also one in E". As H™, is a sub-Hopf algebra of H*,.o, it is 
primitively generated by the first part of Theorem 4.8. Thus, y=w -+y in 
Ei™,..0, where w is a primitive generator in E”, o and y is decomposable. Since 
v is a generator in Æ’, and y is decomposable, w is a primitive generator in 
E? Itis then at least as transgressive as v; and so, by our initial assumption 
on v, y is primitive. It is impossible for d'y to be u, which is not primitive 


t 
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in #™, The only case remaining is for n-——2 == p*-m, where m is the dimen- 
sion of some even dimensional generator of ‘“H*",., k > 0. Such a generator 
is the image of a generator y in ’#*,,. Such generators arise in one of two 
Ways: 
(1) y==1(z), where x is an odd dimensional generator of “E? o, or 
(2) y=r(w), where w= (2°')?1@7(2°') and z is an even dimen- 
sional generator of ’H?, . 


In case (1), n—2—p*-dimy; ie, n==2 -+ (dimz—1)-p*, which is ex- 
cluded by hypothesis. In case (2), A= r (wQ y?"*) ; and so, p= w@ yr, 
If k = 1, then | 
dim y = 1 + dim w + dim (y?**) . 
m= 2+ p*: {mp —2}, where: 


m == dim z and f=:0. This is also excluded by hypothesis. 


(c) One picks a multiplicative base of transgressive generators and for 
each of them maps a model spectral sequence into {#7}. The tensor product 
of these maps (as in part (b)) is an algebra map of spectral sequences and 
induces isomorphisms on #7,, and E”, By Theorem 4.1 the conclusion 
follows. 

In view of the complicated technical nature of the hypotheses, it is appro- 
priate to discuss them. The standing hypotheses (i), (ii) and (iii) are 
vacuously true if E’, is an exterior Hopf algebra. 

One can see that conditions (i) and (ii) hold in a loop space XY == QY, 
by considering the canonical map sQY— X, which in homology is onto all 
transgressive elements. Also, since OY —> QsQY —> QY is a retraction, the 
diagram . 

QAX —> Bs > X 


X 
shows that if conditions (i) and (ii) hold in mod p homology spectral sequence 
of the fibration 
073° W —> PAs? W > 03? W 
for every space W, then they hold for the fibration 
OX > PX- X 


for every loop space X. Browder, in his thesis, has determined explicitly the 
structure of the mod p homology spectral of the fibration 


07s? W —> POs? W => Rew 


72 ELDON DYER AND R. K. LASHOP. 


and the conditions (i) and (ii) hold. . He has asserted elsewhere that condition 
(iii) algo is valid. We shall give later (Theorem 4.7) a homology analogue 
of Kudo’s Transgression Theorem which gives more precise information about ` 
‘the conditions (i), (ii) and (iii) in case X is a special H®*),-space. Regarding 
the hypothesis in (b), there are examples of non-transgressively generated 
spectral sequences satisfying the other hypotheses which do not satisy (A) 
and also examples which do satisfy (B). Finally an inspection of the proof 
of (b) shows that the only place in which the Hopf algebra structure is used 
is in showing h*)-2 is a monomorphism, where n is the dimension of some 
generator in H*,,. If #*,. is an exterior algebra, in each of the canonical 
spectral sequences, “H*>, is a polynomial algebra and has no odd dimensional 
elements. Thus, A)... is vacuously a monomorphism. Hence, we have the 
following dual of Borel’s Transgression Theorem: 


THEorem 4.6. Suppose (Ht, d'} is an associative, commutatwe, algebra 
homology spectral sequence over Z, such that E” ==0 and H?, , ts an exterior 
algebra of finite type. Then each generator of E’. 18 transgresswe and 
{Hit} = {Ct (E"¢x,0)} as algebra spectral sequences. In particular, H*, , ts the 
polynomial alegebra generated by the transgressions of the generators of H*,y o. 


As for the standing hypotheses (i), (ii), and (iii) of Theorem 4.4, 
we have 


THEOREM 4.7. If X 1s a special H,%*)-space, p odd, (see Theorem 1.1), 
{Er} ts the mod p homology spectral sequence of the fibration OX > PX >X, | 
and tE Hw» 18 a transgressive class and yE H*,,,, 8 a class such that 
T(z) =y in E°”, then 

T(2P) = OP p(y) in Eer 
and 
T(P By) = + f Qp (y) in BaD, 
where 0%, is the homology Bockstein homomorphism associated with the exact 
coefficient sequence 
0 — Zp Zp > Z> 0. 

Proof. Since o(y) = zx, it follows from Theorem 3.1 that o4Q*(p)(y) 
= O” cp) (x), but Q” (2) =a”. Thus, 2? is transgressive and r(z?) = Q*(p)(y) 
in £797, More specifically, the class c” for $==0 in the proof of Theorem 3.1 
is relevant. 

C” == Op 1 De(ena)pir + bp 8 AP *e(an-1) p42 as Pe (1) eD tanp: 
O07 ms Cp Becr) -} (T — P-1) {6p-2 & €(2n—1) p+ —~ p-s Q E(2m-1)p+2 


+ cab (— 1)P-t/2¢, & €(anp)-1}- 
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The polynomial T— A?“ is congruent to zero mod p; i. e., T— Ar — pk (a). 
This implies that #(1) — 1; and so, the sum of the coefficients of R(a) is 1. 
Under the map ¢ of the proof of Theorem 8.1, we have 

 (€(an1)p) = (82)?, 

 (€(¢an—1) ptt) —28 (z)?, 


$ (canpa) = P(a)- 2 *@ (8z), and 
o (eanp) =a yy P, 
where z€ C(PX) such that ôz—=y-+p-0, y€ O(QX), we(z) = {x} mod p, 
and P(a) is some polynomial in a. We can determine P (a) as follows: 
T- P (a): 0O (02) = p (Tespi) — $ (enp) 
m h (€anp) = y ` OZ? m y -T PO (G2). 
Thus, T: P(a) =y: T- and so P(a)=y+A-Q(a). (Actually, Q(a) is a 


polynomial in A, but this will not be needed.) Letting c denote the image of 
c” in C(PX), we have | 


C=O, +: ` -t a, and 
ĝc =m by +p B(a) {bı — b: +: + (—1)? b}, 
Where dp== (—-1)?1/3-y-2?, bo = (—1) t.y- QM (y)modp and mod p? 
(since (8z)? == (y -+ pc)? = y? mod p°) and 
pbo =p: fy +A: Q(a)}(*: (y+ pc)) — ply + A: Q(a)}(*- y) mod p?. 
Thus, modulo p* we have | 
(— 1)? 38+ y: QM, (y) | 
== ĝe — R (a) -{pb,— pbs +: + ++ (—1)?*?p- [y + AQ (a) ] (2: y). 


Since A6, is a boundary, A(z?*-y) is a boundary and since PX -is homotopy 
commutative and the dimension of 2 is even, for any i we have that 
(a'——-1)} (21-y) is a boundary. Since the sum of the coefficients in R(«) 
“is 1, it follows that (R(a)—-1)(#"-y) is a boundary.. Hence, we have 


(— 1). y0 QO (y) ae | 
— 8d (—1)P*p-y- (2 -yy—R(a) {pba pba +» > + pp}. 
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mod p*; and so, 


(—1)P-1/2 - y3 Qm (y) 
= Hy (1) y) +R (a) (hba H brah 


The filter degrees of the terms b, to bp-a are such that they all give zero in 
' Hon (p21), 2m1. Hence, 


ôr Qmp (y) = + r(t: y). 


We next show that a canonical spectral sequence for A is independent of the 
particular monogenic decomposition of A used in its construction. To this 
end the follownig lemma suffices: 


Lemma 4.8. If {('E"} and {E"} are canonical spectral sequences (mod p, 
p2) and f: ’H*, > E%,_,. t8 a Hopf algebra homomorphism, then there ts 
a Hopf algebra spectral sequence homomorphism {f"}: {7} > {E"} such that 


Pom fe : 


Proof. It suffices to prove this for the case where ’H*, ) is a monogenic 
Hopf algebra, H(u). f(u), being a primitive element of H?, , is either 
> aw, where the v; are odd dimensional generators of the particular decom- 
position of E’ o used in describing {#'} or $, bıwp™, where the w, are even 
dimensional generators. In the former case, each of the v, transgresses into a 
primitive element y€ H%),. We let f%o4(r(u)) == Slay; This induces a 
Hopf algebra map f?: ’#?—> E°. There is only one non-trivial differential d”, 
r = dimu, and the induced f” commutes with it. Hence, f" is defined as a 
Hopf algebra homomorphism of spectral sequences. The latter case is slightly 
more troublesome. Let z = biw. Then 2, is primitive and transgresses into 
the primitive element t. Let f%o4(’r(u)) =E h. As ($ 4%)? = $ (4)?, we 
let fog (/r(u?)) == Sir (%)?. We must show that (3'%)?*@ (X t) trans- 
greases. The terms z,/1- - > 2,,5»-¢, with at least two non-zero j,’3 as exponents 
are boundaries under d", r == dim u, of zf > zp- gi since fa +--+ 7, +1 
=p, two j,8 are non-zero and so no Z, has exponent p. The terms 24, ® t for 
t j are boundaries of 74: z; Thus, in Br, (3S 2)?*@ (Su) — ($ 248 t) 
is a boundary. As (X24 ® t) transgresses, in fact to a primitive class, it 
follows that ($ %)??@ (34) also does. Let i 


Foa (Cr (uP? O's (u))) =r ( {Peo (u) @ f yor (u) ). 
Clearly, a.similar argument is valid for terms of the form u” and 
(u?')?1 @’7 (ue). Thus, there is described a Hopf algebra map f?: ’E?—> E? 
which commutes with differentials. 
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In particular, we have that if {'C"(4)} and {C*(A)} are canonical 
spectral sequences induced by different monogenic decompositions of A, then 
the extension of the identity map of A into itself is a Hopf algebra homo- 
morphism of spectral sequences, and since it induces isomorphisms on ’C?, 9(A) 
and ‘C’® levels, it is then a Hopf algebra isomorphism of spectral sequences. 

THEOREM 4.9. Suppose {Y"} is a canonical spectral sequence, {XT} 1s 
a spectral sequence of algebras, X*,,,18 a Hopf algebra, and {ft}: {Xt} {¥*"} 
is an algebra homomorphism of spectral sequences such that f'y, and Q (f%x,0) 
are monomorphism, f°», is a map of Hopf algebras and X” =0. Then 


(a) {XT} is isomorphic as algebra spectral sequence to a canonical 
spectral sequence 
(b) Fox and O(f*o4) are monomorphisms 


(c) sf {Xr} is a spectral sequence of Hopf algebras and {ft} is a Hopf 
algebra homomorphism of spectral sequences, then {X"} is iso- 
morphic as Hopf algebra spectral sequence to a canonical spectral 
sequence. 7 | 


Proof. By Theorem 4.3 there is a Hopf algebra D and a homomorphism 


(f?4,08 9) ; ; 
g: D-> Y’, such that X*, ,@® D—_—_—__—__> Y?,,, is a Hopf algebra iso- 


morphism. By Lemma 4.8 there is an extension 
{(fg)"} 2 {C7 (74,08 D)} > {F°}. 


-{(fg)"} is a Hopf algebra isomorphism of spectral sequences. But there is 
an isomorphism 


{hr}: {Cr (X40) } @ {Cr (D) } > {C (X°, 8 D)} 


as Hopf algebra spectral sequences. 

Thus, we have the sequence of maps 

f} {kr} ry 

{£} — {¥} ——> (0° (£%5,0)} 8 (C*(D) } ———> {0 (X0) } 
in which {kt} and {l} are Hopf algebra maps and 1*, ,°k*,.°f%,,9 is the 
identity. 

The conclusions (a) and (c) are then immediate from Theorem 4.1; 
(b) is clear since Q (identity) is the identity on Q. 
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V. Homology of iterated loop spaces. 


Definition 5.1. A spectrum S == {Xj fı} (see [18]) is a sequence of 
spaces {X;},4—0,1,2,---, and maps fi: X,> QX Our spaces are assumed 
to have base points and the maps are base point preserving. Also in this 
definition we take only loops of length one. The suspension below is the 
reduced suspension. 

By the well-known natural isomorphism p:{X,QY}— {sX,¥}, ({4, B} 
== set of maps from A to B), the last is equivalent to being given maps 
gi: SX4—> Xa, Where g= p(f;). 


Example 1. Let X be any topological space and let S (X) be the spectrum 
defined by the sequence of spaces {sX}, +==0,1,2,- - - with maps g;: s(stX) 
—> st X, g,== identity. 


Definition 5.2. The homology groups H,(S) are defined by: 
Hq(S) — Lim Hna (Xi), Hose(Xs) > Hester (Zin) 


(ea gı 
is the composite Hnaul( ăi) —— Harter (8X4) — Hmn (En), where o is the 
suspension isomorphism. 
The homotopy groups a(S) are defined by: 


ma (8) = Lim mnu (Z), B ee ae 


o di 
is the composite manul Xi) —— maus (8X4) —> Tmur Xi), where o is the 
suspension homomorphism. 
Hrample 2. If S(X) is as in Example 1, then 
H,(8(X)) = Hy(X), n> 0, 
Hy(S(X)) —H,(X) (reduced homology group) 
an(S(X)) = n-th stable homotopy group. 


Definition 5.3. The associated spectrum Q(S) to the spectrum S is 
defined by the sequence of spaces {stOQ*X,}, t= 0,1,2, >, and maps 


si OF, ° g ($X) > sSHIQH Y ua. 


Ezample 3. Let S(X) be as in Example 1, then Q(S(X)) is defined 
by the sequence {Nis} and maps SOY: Oii — sO 141, where 
fi: SX — QX, fr—p (gs). The map f; may be considered as an inclusion, 
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and then Ff; oisiX —> Qt js an inclusion. Consequently, we may define 
Q(X) = Limos XY. Then Q(X) satsfies = 
H,(Q(X)) =H. (Q0 (8 (X)) 
Ta(Q(X)) =r(8(X)) - 
Q (8X) = Q(X). 
Also, one may consder the spectrum 8’ defined by {Q(s*X)} with maps 
gr: Q(stX) — QQ (sX) =Q (sX), g's the identity. Then 


Ha (Q(8’)) = Ha(Q(X)) =H (Q (8 (X))). 


Example 4. Suppose that X is a space and we are given a map f: 
X -> OFX. Then we may form a aoe S defined by the sequence: 
X, OFX, oF 7X,- - -,OX,X,OF4X,---, with every k-th map being f: 
A> 2(OF1X), the other maps being identities. 

If further, f is a homotopy equivalence (or at least induces TEET 
of the homology groups), then 


Ha (Q (8)) = Ha (Z) 


(Remark. This holds true of Bott’s infinite Lie groups U (œ) and SO().) 


Let S and Q(8) be as in Definitions 5.1 and 5.3. Then H,(Q(S)) 
= Lim Hay (sX) = Lim H,(0'x ), where in the last limit the maps are 
induced by OfF;: QX; > Qt (AXi). 

Since the inclusion of the subspace of loops of length one into the Moore 
loop space is natural and induces isomorphisms on homotopy and homology 
groups, we may substitute the Moore loop space in the last limit. Then 
Off, is a map of H**-spaces. This enables us to introduce homology operations 
Q®),, for arbitrarily largej, in H,(Q(S) ;Z,). | 


Definition 5.4. For xE H (Q (8) Aai define Q®);(x) == Lim QO; (x), 
where x= Lim x € H,(Q+X;), + sufficiently large so that QO (x:) defined. 


This rich structure in A,(Q(8);Z,) will enable us to compute 
H,(Q(8(X));Z,) = H,(@(X),Z,) for any connected space X. We will 
show that it is the free graded algebra generated by all ‘allowable words’ in the 


homology operations, acting an a vector basis of H*,(X;Z,) C H,(Q(X);Z,). 
Explicitly, 


Definition 5.5. A word mod p, p odd, is a formal product of Bocksteins 


ô+, and extended p-th powers Qjip-1), j > 0. A word w acting on a class a 
of dimr is allowable if: 
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1. w is empty 


2. w==Qjp1)w’, w allowable, and one of the following holds 
(a) w empty, j and r same parity 
(b) w begins with Qupap J&t, j and i same parity 
(c) w begins with ®* Qiii j <t, 7 and i same parity 
3. w= 0*,w’, w allowable, w begins with Q4(p-1). 


For any graded vector space V, we designate by #°(V) the free’.com- 
mutative, associative, graded algebra generated by all allowable words ‘ acting’ - 
on a basis of V+. 

We will show that there exists a natural inclusion 

pa: Hy (X; Zp) >H, (Q(X) ; Zp). 


Since all operations are defined in this last homology algebra, ġẹą extends to a 
homomorphism °: F° (H(X ;Z))>H(Q(Z; Zp). Then it will remain 
to be shown that ¢”, is an isomorphism. 


Definition 5.6. A map @: S—>S of spectra, S = {Xy fh S = {Xp fa} 
is a sequence of maps gy: X> X'p, such that (Q, dmi) ofp fod; In 
terms of the maps g;—p "fi, gimp 'f;, this condition is a to 
pir? g= 9'4° (8qi). 


Lumma 5.1. The map $: S(X)—>Q(S(X)) defined by 
di: SX —> S X, p= sipi (SA), A: X X the identity; 
induces a monomorphism py: Ha (S (X)) >H, (QS (X))). i 
Proof. The map 
ga PE au VE A ai 
X — > VX —— 8X, pi == P (O'SA), 
is the identity. In fact, 
Yao py = pè (Osi) © sip *(s'A) = pF (Qis o (sh) 
sax pip”! (sth o st) me si) == identity. 
Consequently, *,: Ha ($X) > Ha (SQX) is a monomorphism for every i. 


It follows that ¢, is 8 monomorphism. 


Remark. We had H,(X) s H,(S8(X)) and H,(Q(X)) = A, (Q(S(X))) 
and it is clear that the map ¢,: H,(X) > A,(Q(X)) is the monomorphism 
induced by the topological inclusion X -> Q(X), defined by the sequence of 
inclusions p™* (stà): X > OtstX, 
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Lemma 6.2. Let X be connected. For p an odd prime, H,(Ms*X ;Z,), 
1<kSt, ts isomorphic in dimensions < 31—2k, to the free commutative 
assoctative graded algebra generated by: 


(1) The allowable words in the extended p-th powers and the Bockstetn, 
acting on a vector basis (xı) of H*,(st**X;Z,) C Hy (O*s'X 5 Zp); and 


(2) The classes Yr-ı(2y Tm), t < m, where (2) ts ordered by dimension 
(arbitrary order for elements of the same dimension) ; ; and Yra (2y 1), dim a 
same parity as k. 


Remark.. Ji ve Hy(st*X;Z,) and dim Qupo (T) < 3t— 2k, then 
j(p—1) < k, and the operation is defined. In fact, since r = i— k+ 1, we 
have 

81— 2k > pr+ j(p—1) Z m— pk + 7(p—1) 
or 


k >j(p—1) + (p—3) (t1—k) +p > 3 (p—1). 


Hence all allowable words in the operations within the dimension restriction 
are defined. 


Proof. -For k= 2, this is contained in the result of Browder [3]. (He 
obtains the complete algebra H,(0%stX ; Zp), but his argument is quite long; 
we give a short argument in the proposition below for he weaker result required 
here.) 


We now proceed by induction using the partial comparison theorem (4.1). 
That is, we can map the canonical spectral sequence into the spectral sequence 
for the acyclic fibre space O¥1s*X C PO*tsiX — O¥stX for terms of base degree 
< 3i— 2k; since for k <i, Ht, (st*X;Z,) C H,(O*s'X¥ ; Zp) is transgressive, 
and hence the same is.true for all operations on such classes. Thus, the base 
is transgressively generated in dimensions < 31— 2k, and since Q*stX is an 
H**,-space, the hypothesis of Theorem (4.4) is fulfilled (see Theorem 4.7). 
It follows that H,(Q*s*X¥;Z,) is isomorphic to the fibre of the canonical 
spectral sequence in: dimensions < 3t — 2k —? — 3t — 2 (k + 1). 

Explicitly, Hą(Q*"stX ; Zp) is generated by the transgressive images of 
the generators of H,(OQ*s*X ; Zp), the transgressive images of the p-th powers 
of the generators of H,(O*s‘XY ; Zp), and the Bocksteins of the latter. The 
words acting on a basis of H*,(s**X;Z,) transgress into (+) the corres- 
ponding words acting on the corresponding basis of 


Ht, (st 1X ; Zp) C Hy (O*181X ; Zp) 5 
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i.e., w(a;) transgresses into w’(r(z;)) where each Qyip-1) in w(a;) is replaced 
in w(r(a)) by (+)Qus1)@1), and Bocksteins transgress into Bocksteins. 
Also, ((2z;))?" transgresses into Q/,w’(rz;), and in addition we get the 
generators ô+ Qfw (rzi). The words w’(r(a:)), Qf, (w’ra1)), 0% )Q1, (w (rz) ) 
give all allowable words (under the given restriction) in H, (O*stX;Z,). 
Finally, each yra (Zy tm) transgresses into W.(72,7%m). (Notes that the p-th 
power of Yr-(Tuy Zm) is too large a dimension to enter the given range.) 


This completes the induction and establishes the Lemma. 


Proposition 5.1. Let X be connected. For p an odd prime, 
HH, (Q*8*X 5Z5), +222, ts isomorphic in dimensions x 31—4, to the free 
commutative assoctatwe graded algebra generated by: 


(1) The allowable words in the extended p-th power Qp and the Bock- 
stein, acting on a vector basis (x) of H*,(st*X;Z,) C Hy (O%8tX ; Zp) ; and 


(2) The classes Y(T tm), 1 < m, (xı) order by dimension; and y,(ty 71), 
dim 2; even. 


Proof. H,(Qst‘X;Z,) is well known (Cartan Seminar, 1954-55) to be 
the free associative (non-commutative) algebra generated by a basis (4) of 
H*, (st?X ; Zp) C H4 (OstX ; Zp). Any such algebra may be written addttiwely 
as a tensor product of polynomial algebras with new generators the ‘basic 
products, (b,), r==1,2,--.+, of the original generators (see Hilton or 
Browder [3] for details). If (y:) is the original basis ordered by dimension, 
then the basic products are y,,42.° © > 5; [Yu Ym], alll <m; [yx Lym, Yn]], ete. 
Here [Yy Ym] = Ym — (—1) dm v: dm ayy == Wo (Yn Ym). For any b, of odd 
dimension we may further write the polynomial algebra P(6,) = H(b,) © P(b?,) 
(additive isomorphism), #(6,) the exterior algebra on b.. The H, (OstX ; Zp) 
will be additively isomorphic to the tensor product of exterior algebras 
generated by odd dim classes and polynomial algebras generated by even 
dimensional clases. Further, all these generators are transgressive. In fact, 
all y; are transgressive and hence [Tuy Tm] == Yo(Ty Tm) 18 transgressive, etc. 
Also fo (6,, br) — 26?,, if b, odd dimensional, and hence b°, is transgressive. 

Since OstX is an H-space, the differential in the spectral sequence of the 
fibration Q?stX C POst*X > OstX is a derivation. Also 


E? ce H, (QstX ; Zp) Q Hy (07st ; Zp) 


as algebras (in particular, any class in H,(Qe+X;Z,) commutes with any 
class in H, (0*stX ; Zp). 
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For dimensions < 31-2, H,(NstX ; Zp) is additively isomorphic to the 
tensor product of exterior algebras and polynomial algebras generated by the 
classes (y1); Yo(¥ Ym), L< mM; and yo(Yy Y1); dimy: odd. Further, since 
dim y; = 4, all p-th powers of the above classes are of dimension = 3+. It 
follows that we may again map in our canonical spectral sequence (additively) 
for base degree < 31—32. That is the images of the canonical sequence C (bg) 
for each basic product above are multiplied together in the given order in F. 
Since the differential commutes with the map on each Cr(bg) and the differ- 
ential is a derivation in HT, the map on @C(bg) is a spectral sequence map 
(even though it is not an algebra map). Moreover the map is an algebra 
map on the fibre. The conclusion now follows by Theorem Er 


Remark. We have considered only p an odd prime. For p==2, the 
problem is much simpler because the operation Q®, already exists in 
H (Q°stX; Za), and hence all 2/ powers of transgressive classes in H,(Qs*X; Z3) 
again transgress. Similarly, the needed operations in the higher loop spaces 
exist. Consequently, one may apply the ordinary comparison theorem (and 
the canonical spectral sequence) to obtain the complete algebras H,(Q*s*X ; Za) 
k=S1. Since this result is already given in Browder [3], we do not repeat 
it here. 

Returning to Lemma 5.2, we see that for k==1, it states that 
H,(0Q43*X ; Zp) is isomorphic in dimensions < t to the free commutative asso- 
ciative graded algebra generated by the allowable words acting on a vector 
basis of H*,(X;Z,)C A, (Qtst*¥;Z,). (Note that dimy,,(2, Em) > +.) 
It follows that O'p*(s#,): Ofst¥ — Q" induces a homomorphism 
Qip (StA) y: H, (iX ; Zp) > H, (2X ; Z), r<t. Taking the direct 
limit we get: 


THEOREM 5.1. H,(Q(X);Z,) is isomorphic to the free commutative 
assoctatwe graded algebra generated by the allowable words in the extended 
p-th powers and the Bockstein acting on a vector basis of H*,(X ; Zp) 
C Hy (Q(X) 5 Zp). 


Remark. This result holds for p == 2 as well as p an odd prime, as follows 
directly from the results of Browder discussed above. 


COROLLARY. H,(Q(sX);Z,) ts isomorphic as a Hopf algebra to the 
tensor product of monogenic Hopf algebras, these are exterior or polynomial 
algebras according as the generator is odd or even; the generators being the 

, allowable words in the extended p-th powers and the Bockstein, acting on a 
vector basis of H*y (8X ; Zp) C Hy (Q (8X) ;Z,). 


6 
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Proof. This follows from the fact that all classes in H,(sX5Z,) are 
primitive (in fact transgressive in H,(Q(sX);Z,)) and consequently the 
same is true of the words acting on these classes. 


THROREM 5.2. Let S” be a sphere of dimension n, n odd. Then 
Hy, (249, Zp), k <n, ts the tensor product as a Hopf algebra of monogenic 
algebras; exterior algebras for odd dim generators, polynomtal algebras for 
even dim generators. Further there is one generator for each allowable word. 
in the extended p-th powers Qjp), ] < k, and the Bockstetn ‘acting’ on the 
generator of Hy~(OS";Z,). (Note that we do not claim that these operations 
are actually defined in 0*S".) 


Proof. Consider the map O98" 0FQ(S") =Q(S**). We have 
H,(Q(S**) ;Z,) is transgressively generated for k <n—1, and primitively 
generated for k < n. Further the map 08*— Q(8**) induces a monomorphism 
H,, (Q8" ;2Z,) > H,(Q@(8"**) ;Z,) since it takes generator into generator and 
both are free. Since H,(089*;Z,) is a polynomial algebra, the only indecom- 
posable element is the generator, so that this map is also a monomorphism on 
the space I of indecomposable elements. By Theorem (4.9), it follows 
inductively, that 


(1) 0>~H,(09";Z,) > H,(Q(8"*;Z,) exact, k< n 
(2) 0-1 (H,y(Q*S*; Zp) > 1(H,(Q(8"*;Z,)) exact, k<n 
(8) #H,(Q*S";Z,) is transgressively generated, k <n—-1. 


From (1) and (2) we conclude that H,(Q*8"; Zp) is primitively generated 
and free, k< n. From (3) we see that the acyclic fibre space over OFS”, 
k < n— 1, has a canonical spectral sequence. Consequently, we can compute 
the number of generators in each successive loop space inductively. But it 
is easy to check that the number of generators must be the same as the number 
of allowable words and have the same dimensions. 


COROLLARY. Hy (0*S";Z,), k <n, n even, p an odd prime, ts the tensor 
product as Hopf algebras of polynomial and exterior monogenic algebras. 
In fact, as Hopf algebras: 


H, (O*8"; Zp) = Hy (Q4 8"-1; Zp) Q H, (#82; Zp). 


Proof. The generator of men (9°) defines a map S***—> §*, from which 
we get a map of S™ X 09?*-1-5 QS”, by multiplying the inclusion S*-t-—> 09" 
by the induced map Q892"-1—> Q9”. This induces an isomorphism 


mih EI XK QREN) ce ay (QS*) 
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in suitable C-theories (Serre [13]) and consequently the isomorphism of the 
Corollary. 


THEOREM 5.3. Let X be a homotopy commutative H-space, which is 
n-connected. If H,(Q*X;Z,) is primtitwely generated and all primitive ele- 
ments transgress, kx n—1; then Piu, = 0 for i> (q—n)/2, ug € H(X; Zp), 
Pt the Steenrod reduced power. 


Proof. The proof is by induction on q. If ug is an element of lowest (non- 
zero) dimension in H*—H*(X,Z,). Then ug is primitive, and likewise 
Ptu, is primitive. Since H, is primitively generated, the p-th power of every 
element in H* is zero, and a non-zero primitive element of H* is indecom- 
posable i.e. 

0 —> P* -> Q* 
is exact. 


Since every primitive element in H,(OQ#X,Z,) is the image of a primitive 
element in H, (QX, Zp), for k < n— 1, Q(H*(Q*X,Z,)) is mapped mono- 
morphically into Q (H* (9% X, Zp) ) by the suspension homomorphism. Also 
Q(H*(Q"+X,Z,)) is mapped monomorphically into H*(Q*X,Z,), since 
H,(Q""X, Zp) is transgressively generated. Hence if s”Piu, == 0, then P*u, 
= 0. But s*P4u, = Pts =O if +> (g—n)/2. 

Now assume the theorem is true for all elements of dim less that g. 
Then if tg == v` Wwgr 0 <T <q, Pit = 2, Piv Ptiy,,. Now by the induc- 


tion assumption 


Piv, 0 implies 1 < (r—n)/2 
Pig, 0 implies t— j < (q—r—n)/2 
and P4y,- Piw, 0 implies t < (q—n)/2 4 (—n)/2 < (q—n)/2. 


It follows that the assertion holds for any decomposable element. On the 
other hand, even if ug is indecomposable we claim that P*u, is primitive; and 
hence, zero by the same argument as in the first two paragraphs. To see 
that P'ug is primitive, suppose p*ug==Uu 8091+ 18u, -+ terms of the form 
VO wer, 0<r <q (¢* the diagonal homomorphism in H*). Again by the 
Cartan formula, and the argument above applied to v, © war, P#(v, @ we) == 0 
if 4> (q—n)/2. Hence Ptu, is primitive if i œ> (q—n)/2, and Piu = 0. 


The theorem now follows by induction. 


COROLLARY 1. In H*(Q(s"X;Z,), P'ug—=0 for i> (q—n)/2, X an 
arbitrary connected space. 


84 ELDON DYER AND R. K. LASHOP. 


COROLLARY 2. In H* (Q'S; Zp); Ptug—0 for i> (q—n) /2. 


Proof. For n+ 1-1 odd, this follows from the fact that H,(0Q49"*"" ; Zp) 
maps monomorphically onto H,(Q***(S***) ; Zp) and hence the cohomology map 
coming back is onto. For even spheres it follows by Corollary to Theorem 5. 2. 


Remark. The above result may be sharpened slightly to give: In 
A* (018+; Zp), Puge=0 fort > (¢q—n)/2. The following is a brief outline 
of the argument: 

All stable cohomology operations on y*n € H"(Q's**?; Zp) are trivial since 
this is true in H*(S*";Z,). Hence the same is true of y*, € H*(Q(S*) ; Zp). 
On the other hand, all homology operations on y» € H,(Q(S*) ; Zp) transgress 
to H,(Q(S°);Z,) (see Lemma 5.3 below); and hence as in the proof of 
Theorem 5.3, the result follows from the primitive cohomology classes and 
then for all classes by the Cartan formula. Hence as in Corollary 2, the result 
holds for H*(Q'S"*?;Z,). . 

We wish to prove that certam cohomology operations are not zero in 
H* (OF8";Z,). For this we need the: 


Lemma 6.3. Let X be a k-th loop space and suppose se H,(X3Z,). 


Then there extst a map Ie QX the connected component of the 
T 
identity loop, n= Zy. If p(ax): 8(J*r/r) > X is the corresponding map, 


then (pow) 4 (8@ip1) = Q(z), t-+p—1<k, where np- € Hald”r/r) is 
tet (enp); tn: WE-Ð/r > Jr / r. 


Proof. Since X is an H*-1,-space, we can define an H*+ p structure on 
the space of paths PX by: 


G1 (w, Ža, A -,Ēp) (t) = 0> (w, Z,(t),° " "„Ē(t)), 


&,€ PX, 0- the defining map for X, wE Jy. This map restricted to QX 
gives an H**-structure to QX which is the same as that given by the H*- 
structure on QX defined previously (1.4). For any loop w € QX, 


t 


X w? aiiis wPo 
a: JEn Jha X w OX — QX -- 


is equivariant, and the image of J*r will be in the identity component of 2X. 
On the other hand, since z€ H,(X;Z,) is spherical, it is represented by a 
loop w, and we define a as above for this w. 

Now let X* be the simply connected covering space of X, then the map 
,: Jx X XP?— X induces a unique lifted map tp: Jr X (X*)? > XF, 
such that 
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6 wm 
Ja X (PX)? ——— PX ———> PX 


lie a a 
§* w 


Ter X (X*) — ¥# > ¥* 


ð p 
Jka KX XP — X commutes. 


The loop w: [0,r] —> X defines a singular 1-cube in XY, which we again denote 
by z,2(t) = w(tr), OStS1. Let Z be the singular 1-cube in PX defined 
by £(t) (s) —=w(ts), OSt1,0<sssr. Then & projects on x by the end 
point map A: PX > X. 

Consider e; ® Z? ; this projects onto a,®a?, We know from Section (IIT), 
that there exists a chain ĉ in W™ @C(PX)? of the form 


QP +--+ enpa D (82) BG, 


all terms except the first involving ðZ, and such that 8€—=-b enp- O (OFP. 
Now Z == w— č, so that the projection of the terms involving #r are terms 
involving éz==0, and hence (1 @A?),(é) =-4,@2%. For then, 6,(é@) is a 
chain in PX whose @ is in QX ; hence 6*6,(é@) is degenerate in X*; i.e. is a 
cycle, and pA* (ë) == Að, (2) = 04 (2) = Qi (7). 

On the other hand, we claim that 64 (enp 8 (92)?) = 6, (êupı Q wP) in 
QX. Once this is shown, we have Wy ?Ū, (enpi D w?) = Qy (npa), and our 
result will follow from the commutativity of the above diagram. 


To show this last, note that the map #%*, as defined inductively for a — 


k-th loop space satisfies the additional property. 
OF-*, (W 5 Tas ° ' , Zp) m GEL (0 ; 6," * *,8,Ty,° * aik), 


where z€ X, j= 1,: * :, p, are such that p—r of them are the base point e, 
the rest being 2%,,- - °,%, written in their given order; i. e., h <t <e Li 
This property then also holds of #%,: J*r X (QX)? -> QX. For chains 
we claim we may then assume 


iw: - Qs) = A(wOl®: - -919m - -Q,), 


where %€ C (QX), j==1,:-+-,p, p—r of them are the unit element i, the 
rest being i't * t,d, written in their given order. It follows immediately 


ie 
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from this that all terms in the expansion of 64 (é¢ip-1@ (w—1!)?) involving 
the same number of /’s are equal; and hence 


Bg (enpa B (w—1)?) — Gy (epa O WP) — Gy (eup 8P), mod p. 


But as remarked in (II.2), (enpa QP) = 0, since i+ p—1>0. 

It remains to show that @ has the desired property. To see this, for any 
space F, take the explicit %,-equivariant chain map œ: C(Y)?—>C(¥Y?) 
defined as follows: Let g: C(Y)—-S(X) be the natural chain equivalence 
[5], f: S(Y)*—> 8(¥*) the explicit Hilenberg-Zilber map as given in [6], 
and h: C(Y?)— S(X?) be the natural chain equivalence inverse to g. Then . 
since f is %,-equivariant, the same is true of ` 


. p h 
Q: TAE TPE TES —> C (Y?) 
Then the map 4: WU @C(Y)?> J*r @C(Y?) satisfies the conditions 
of Theorem (2.1), and hence for Y ==Q,X we may take f= ĝo (t@¢). 
That @ has the above property follows from the fact that ¢ is %,-equivariant 
and is such that ¢(e@ Xr) C C(e X XP"), by the naturality of its com- 
ponent maps. | | 


COROLLARY 1. Let yn+€ Hy~(0%9";Z,) be a generator. There extsts 
a map p®* (ar): st *(J*tg/or) > OFS* such that 


pr (cr) g (SFin) pa) = Qiya), <M —1— (n—k) (p—~1). 


COROLLARY 2. Let Q(8°) — Limos. H,(Q(S8°) ;Z,) ts the free asso- 
—~> 
crative commutative graded algebra with generators in 1-1 correspondence to 
all allowable words ‘acting’ on the unit element 1€ H,(Q(s°);Z,). (Note 
that we do not say H,(Q(s°);Zp) is generated by these words acting on 1, 
as all such operations are trivial.) 


Proof. Q(8°) =0,Q(8") = 0(Q(8")*), Q(S*)* — simply connected cover- 
ing space of Q(S*). m,(Q(S*)) =Z, and hence by a well-known spectral 
sequence arguments we have the exact sequence of H,(Q(8*)*;Z,) modules: 


0—> Hy(Q(S*)* ; Zp) > HCC); Zp) > Hy(K(Z, 1); Zp) @ Hy (Q(S*)* ; Z,) 
>Q. 
Tt follows that H,(Q(S*)*; Zp) is isomorphic to the subalgebra of H,(Q(S*); Zp) 


generated by all the non-empty allowable words acting on H,(S8';Z,)’ 
C H,(Q(S") ; Zp), but not the class y, itself (y, == generator of H,(S*;Z,)). 
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Now the Lemma implies that all words of the form Qjip1)y1 transgress, 
_ even though y: no longer exists in H,(Q(S*)*;Z,). Since all other allowable 
words are operations on these words, Hy(Q(S8')*;2Z,) is transgressively 
generated. The Corollary now follows immediately. 


As g consequence of Corollary 1 of Lemma 5.8, we show that there are 
a number of non-trivial ways in which the Steenrod Algebra can act on the 
cohomology of iterated loop spaces of spheres. 


THEOREM 5.4. In H* (Q'S; Zp), if tis an even integer, tZ n and 
(¢{—n) (p—1) <1, for which there is an integer 7 such that (t/2(p—1),}) 
s20 mod p and (t+ 27) (p—1) <n-+1]—1, then, letting q=n + t(p—1), 
there is a class ug € HI (Q19™!; Zp) such that PI (ug) 40. In particular, tf 2] 
is an even multiple of (p—-1), 239 <n +1—1 and 0S 2j7—n(p—1) <1, 
then PI (uwe) 540. 


Proof. By the cited Corollary there exists a map 
p = p** (ar) + gn (J*+t17,/Z5) —> Ot gat 


such that py (8"eun(p1)) = Qi(ya), in mod p homology, provided +<} and 
t+n(p—1)<n+l—1. Then if ¢ is even and tn, 
px (8"6t¢p-2)) = Qm n) (yn) FO. 
Let ve H (J Zp/Zp; Zp) denote the dual of (e). Then v@/2)@) ig the 
dual of ltp- An easy computation shows that 
Pi (vtd) — (4/2 (p—1), j) vO, (4/2 4+ j)(p—1) <a tI—1. 

Thus, P/(s*yt/?@-1)) == (¢/2(p—1,7) stv/#)GD, In H*(0191;Z,), letting 
tig be non-zero ON Y(t-n) (p-1) (yn), We have Pi(u,) 40; provided 

(1) g=n+t(p—1), 

(2) tis even andt=n, 

(3) (¢/2(p—1),1) #20 mod p, 

(4) (t—n)(p—1) <1, and 

(5) (¢+2))(p—1) <a4I—1. | 
Letting j =1/2(p—1), (3) is satisfied, (1) becomes g==n-+ 2j, and (2), 
(4) and (5) are equivalent to 


2jg<n+l—l, and 0<2j—n(p—1) <1. 
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Remark. Comparing Theorem 5.4 with Corollary 2 of Theorem 5.3 and 
the remark following it, we see that is is the best possible result. 
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ON GALOIS THEORY OF FIELDS WITH OPERATORS.* 


By A. BIAŁYNICKI-BIRUTA. 


0. Introduction. By a field with operators we mean a (commutative) 
field together with a family of automorphisms and derivations of the field 
containing the zero derivation do and the identity automorphism . (the last 
assumption is of purely technical character). As examples of fields with 
operators, we mention: (1) every differential field in the sense of Kolchin 
(p. 754 in [6]) together with d, and : is a field with operators in our sense, 
(2) if G is a connected algebraic group defined over a field F then the field 
F(G) of rational functions on G defined over F together with all automor- 
phisms of F(G) induced by left translations of G by F-rationals points g € G 
and with the zero derivation d, is a field with operators, (8) if G, F, F(G@) 
have the same meaning as in (2) then F(G@) together with the Lie algebra 
of all left invariant derivations of #(G) and with the identity automorphism ı 
is a field with operators. 

The main purpose of the present paper is to develop a Galois theory for 
fields with operators. The Galois theory of differential fields was originated 
and developed by Kolchin [4], [5], [6], and [7]. Theorems of Galois theory 
type are also known in the case where considered-fields with operators are as 
in examples (2) ([1], [2]) and (3) ([2]). In all these cases we deal with 
a field with operators F and an extension € of F such that one can give a 
structure of an algebraic group to the group @ of all automorphisms of € 
which leave the elements of # fixed. Then there exists the usual one—one 
Galois correspondence between a family of algebraic subgroups of G and a 
family of subfields of € containing F. In best cases this is a correspondence 
between the family of all algebraic subgroups of G (defined over a certain 
field) and the family of all subfields of € (invariant with respect to the 
operators of €) containing #. In this paper we shall also proceed along this 
way. 

Section 1 contains definitions and notation used in this paper. In 
Section 2, we prove two useful lemmas on fields of constants of fields 
with operators. In Section 8, we give a definition of a strongly normal 
extension of a field with operators and we prove a theorem which links 
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the concept of strongly normal extensions with the theory of principal homo- 
geneous spaces ([12]). It also shows that, in the case of strongly normal 
extension, the group of automorphisms over the ground field can be considered 
as an algebraic group. In Section 4, we prove a theorem on extension of 
isomorphisms and we show that, for strongly normal extensions, we have the 
usual one—one correspondence between the family of all connected algebraic - 
subgroups of the group of automorphisms and the family of all subfields of a 
certain type of the extension (namely the family of all subfields F, of the 
extension € such that € is a regular extension, in the usual sense, of F, and 
which contains #). Moreover, we prove that for differential fields (i. e., fields 
of characteristic 0 together with the identity automorphism and a family of 
derivations containing the zero derivation; we do not make any assumption 
on cardinality or commutativity of the family) we have the Galois corres- 
pondence between the family of all algebraic subgroups of the group of auto- 
morphisms and the family of all subfields of the extension containing the 
ground field. In Section 5, we give a definition of a Picard-Vessiot element 
and Picard-Vessiot extension. We show that Picard-Vessiot elements corres- 
pond to regular functions defined on a principal homogeneous space with 
respect to the group of automorphisms. Finally we give an application of 
this last result to the theory of ordinary differential fields. 

This paper is greatly influenced by work of E. R. Kolchin ([6], [7], and 
with S. Lang [8]). This concerns not only the general line of this paper 
(suggested mainly by [8]) but also most of the given proofs of theorems and 
lemmas. 


1. Notation and terminology. Let R be a commutative ring. Then 
we say that § is an operator of R if ê is either an automorphism or a derivation 
of R. d, ands will denote zero derivation and the identity automorphism 
of R, respectively. If R is an integral domain, then every operator ô of R 
can be uniquely extended to an operator of the field (R) of fractions of R. 
The extension will be also denoted by 8. Notice that the extensions of d, and e 
are the zero derivation and the identity automorphisms of (R). 

Let F be a subfield of two rings R, and Re and let 8, and 8, be operators 
of R, and Ra, respectively, such that 6,(#) C F, 8&(F) C F and å, 5. coincide 
on F. Then 8, @ ô denotes the operator of R, Qr Ra defined by 


>, ô: (a) B 3a (b:) if 8,8; are automorphisms 
4 
(5; Or ôe) (Zag bi) = 2 (8, (u) © by + a, ® ôa (bi) ) if 81,8, are derivations 


do in the remaining cases. 
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If P is a subring of R and a is a mapping of R into & then a|P denotes 
the mapping of P into R defined by (a|P)(a) —«a(a), for every a€ P. IEC 
is a set of mappings of R into R then C|P denotes the set of all mappings 
of the form «|P, where g€ C. 

Let {8a}ae,4 be a set of operators of A containing the zero derivation do 
and the identity automorphism . of R. Then the pair (R, {8},.,) is called 
a ring with operators. 

In the case where R is an integral domain (a field) we shall also say 
that (2, {8a}.4) is an integral domain (a field) with operators. Rings (fields) 
with operators will be denoted by R, P(E, F, Fa, F,°) and the rings (fields) 
corresponding to R, P(E, F, Fa F1) will be denoted by F, P(E, F, F,, F°), 
respectively. 

The set {8a} of operators of Wœ == (R, {8c}) is denoted by O(f). 
G (R) denotes the set of all compositions of operators 5, where either §€ O( ff) 
or ô is an automorphism and $+ € O(f). 

We say that œ is an extension of P or that P is a subring of R if R 
is an extension of P and O(R)|P=0(9). 

By a homomorphism of R, = (Ai, {8a}ae4) into R: = (Re, {8g},¢3) We 
mean & pair (71,72) composed of a homomorphism r, of R, into Ra and a 
mapping ta of A into B such that 7, (8e(a)) == bra (rı (a) ), for every a € By, 
gE A. In the case where A = B, a homomorphism 7 of R, into Ra is called 
a homomorphism of R, into Ra if r(8e(a@)) —Sa(r(a)), for every a€ Ry. 
A homomorphism (7,72) is called an isomorphism if r, is an isomorphism 
and ra is one-one and onto. An isomorphism (rı, T) is called an automorphism 
if R, = R, and re is the identity map of A. If P is a subring of # then 
Y (i /P) denotes the group of all automorphisms of R that leave all elements 
of P fixed. 

We say that an element c€ R is a constant of œ if 8(c) —c8(1), for 
every 5€ O(8). If cis a constant of æ then 6(ca) = cO(a) for every 0€ G(R) 
andae E. Moreover, the set &,(F,) of all constants of R (F) is a subring 
(a subfield) of R(F) and it can be considered as a subring (a subfield) of 
Oe (F). 

Tf R =— (R, {8e}4-,4) is an integral domain with operators then <R> 
denotes ( (R), {8a}ae,). 

Let I be an ideal of R such that 8a(1) C I, for every a€ A. Then we 
say that J is an ideal of Æ. 8a! denotes the operator of R/I induced by ŝa 
and the ring with operators (R/I, {8a'}a¢4) will be denoted by R /I. 

Tf = (Rai, (8e}eca), Rom (Re, {82} gep) are two extensions of F and 
CCAXB then &10®r Ra denotes (R, Br Ra, {8a Sr 8g} ene co): We shall 
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omit the subscript O in R, or R, if either A = B and C is the diagonal of 
AXA or Ra= (Ra {do,t}) and C= A XB. 

Let FE be a field and let # be a subfield of #. Then H®y1 denotes the 
subring of H ®yH composed of all elements of the form a@1, where a€ E. 
18r E, 18r E Qr H, H Sy 1 Srl, ete., will have the analogous meaning. The 
isomorphisms of Æ onto #@1 and 1@# which send a into a@1, 18a, 
respectively will be called the canonical isomorphisms of # onto #@1 and 
18E. For every a€ F, we shall identify a and a & 1€ E ®pr E. The analogous 
notation will be used for a field with operations € and a subfield F of €. 

If Ri, Ra(Rı, Ra) are two subrings of €(#) then <81, Ray ((R1, Ra)) 
denotes the smallest subfield of €(#) containing R, and R, (R, and R,). 

€ is called a differential field if # is of characteristic 0 and 8 is either 
a derivation or the identity automorphism, for every 8€ O(€). € is called 
a partial differential field if € is a differential field with a finite number of 
operators and 8,5, == 8,5, for any 5,,8,€ O(€). A partial differential field is 
said to be an ordinary differential field if pe contains at most one non- 
trivial derivation. l 

Let G be a connected algebraic group defined over a field F, and let V 
-be a principal homogeneous space with respect to G defined over F D Fy. For 
any field F, D F, and g € G, G(F,) denotes the group of all F -rational points 
of G, F (g) denotes the field generated by g over F, and F (@) denotes the 
field of rational functions on G defined over F}. Similarly, for any F, D F 
and v€ V, Fi (v), #i(V) denote the field generated by v over F, and the field 
of rational functions on V defined over F., respectively. If g€ G, Fi D F then 
Gr, denotes the automorphism of F (g) (V) induced by the action of g on FV. 
We shall often omit the subscript F, of fy, G(Fı) denotes the group of all 
automorphisms of #,(V) of the form ĝr,„ where g€ G(F4). 


Eramples 1. (a) Let V be a principal homogeneous space with respect 
to a connected algebraic group G@, both defined over F. Then 


(P(T), {do} U {9}, gem) 
is a field with operators. 
(b) Let G be a connected algebraic group defined over F and let g be 
the Lie algebra of G. Then (F(G), {} U g) is a field with operators. 


(c) Every differential field F in the sense of Kolchin (see, e.g., [6] 
p. 754), ie, a field F of characteristic 0 together with a finite family of 
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derivations d;,°-:,d,, of F which commute in pairs, leads to a (uniquely 
determined) partial differential field (in the sense of this paper) 


(F, {u do, dy," j "s dm} ). 


In the sequel we shall identify differential fields in the sense of Kolchin 
and partial differential fields. 


2. Lemmas on fields of constants. 


Lemma 1. Let E be an extension of F. Then E, and F are linearly 
disjoint over F. and, for every subfield Fa of En <F, Fdo = <F 1 Fo: 


Proof. Let us suppose that E, and F are not linearly disjoint over F, 
and let a, dz,‘ °*,d be a minimal system of elements from €, that are 
linearly independent over F, but are dependent over F. Then there exist 
Cy = 1,62, °, Cn E F such that 


Gy + Cala F` > ++ Culin = 0. 


There exists t, 2 <1 n, such that c € P— F, and hence there exists 8€ O(E) 
such that 8(c;) s<q-8(1). Then 


B(di) + 8 (Cada) + + + 8 (Cnn) 
== 8(1) ay + 3(¢2)de +> - -+8(Cn)dy—=0 
and 


S(1)a, + 8(1) Cota +: > --+8(1) can, = 0. 
Therefore 


(è (ca) —-3(1)¢x)da-—- > -+ (8(¢n) —8(1) cn) an = 0. 


But 8(c;) —8(1)q540 and this contradicts the assumption of minimality of 
the system d,,:**,@,. Thus € and § are linearly disjoint over F.. 

Now let F, be a subfield of En Then <¥,F1>,.><F1,F,>. Hence it: 
suffices to prove that <F, Fido C <¥i, Foy. Let a€ <F, F,>, and let {fg} be an 
F linear basis of F. Then a can be represented in the form Y ag: fa/D bg: fa, 


B 8 
where ap, bg E<F 1 Fop. Therefore Sag-fg—= Dabs: fz. But ag,abg€ E, and 


; P 
and it follows from the first part of the lemma that the elements {fp} are 
linearly independent over E. Hence ap = abg and a = ap/bg if bg 40. Thus 
aE <fa, Foy since there exists 8 such that bg540. 
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COROLLARY 1. Let E be an extension of F such that E =<}, E>. If 
E is finitely generated over F then E, is finitely generated over Fo. 


Proof. Let a,: * *,@, be a finite set of generators of E over F. Then 
there exists a finite subset b,,---,5m of E, such that every a, 1S7 S&n, 
can be expressed in the form g(bi,---,bm), where g is a rational function 
with coefficients from F. We shall prove that b,,- - -, bm generate E, over Fo. 
Let {fg} be a linear basis of F over Ff, and let a€ E Then a can be repre- 
sented in the form 2 fe: ga (Or ; ‘>bm)/2 fo ha (ba - +, bm), where gg, hg 


are polynomials with coefficients from Fo. Hence 
2 afg- hg (ba; +, Dm) = 2 fe Jal buy: "+; Dm). 


But gg(bi1,- © °,5m), aha (bı, + +, dm) E Eo for every B, and it follows from 
Lemma 1 that {fg} are linearly independent over €,. Hence ahg(bi,- > -, Om) 
== ga (bu: ` +, bm) and 


a == 9g (bi ` `, Om) /hg (bs, ° ° "s Om) 


unless Ag(bi,:°',bm) = 0. Thus a€ #,(b1,:--+,b,) since there exists 8 
such that hg(b1,° °°, bm) £0. 


Lemma 2. Let Q, aa’ '’,nE E. Then the subspace of E” spanned by 
all vectors of the form (0@a,,° + -, 8an), where GE OC), ts different from E" 
tf and only tf a4, az, © *,@, are linearly dependent over Es. 


Proof. Suppose that a@,d@2,-::,4@, are linearly dependent over €E.. 
Then there exist Cı, Cz' ° *,Ca E Ea not all equal to zero and such that 
C10, + C202 +> > ++ Cy@,—0. Hence c,6(a,) +: > ©- Cn (an) = 0, for every 
0E @(€). Therefore the (E-) subspace of E” spanned by all vectors of the 
form (@(@,),6(a2),° © -,0(@,)) is different from Ẹ”. 

Conversely, suppose that the space generated by all vectors (8(@1),* <>, 6(@n)) 
is different from Æ”. We may assume that E" is spanned by 

(O(a1),° ` `s 0(an1)) 0E O(E). 


There exist elements ¢:,C2,° © ', Ca E H such that 


C0 (a1) +++ ++ Crab (an1) + 9(Gn) = 0, 
for every 6€ G(E). Hence 


8(¢:9(@1)) H: + +4 8(Gn-19 (an1) ) + (86) Gn = 0, 
for any 8€ O(€). 
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If § is a derivation then this gives 


0 = (8(¢,)A(a1) +: + ++ 8 (6x1) O(Gaa)) + (ca (80) (a) ++ - 
+ Caa (86) Gas + (80) (an) ) 
—8 (0) (a) +` ` -H8 (Cn1)0 (awa). 

Hence ôcı = Sca =: - -= Cna — 0 since we have supposed that the space 
spanned by (O(a), * *,0(an1)) is equal to E", 

If 8 is an automorphism then 

3(¢2) + (88) (as) ++ * +.8(¢m-) (88) (ana) + (88) (an) = 0. 

Let us substitute 6 — $6, Then we obtain 


8.(¢1) 6; (a) +i + 8( ty); (an) + 0i (an) = 0, 
for every 0, € Ø (€). 
On the other hand we have 


C bla) +: - "+ Cpr! 8, (an) + 81 (nq) =l. 


Hence (¢,—8(¢,))0:(a,) +: +--+ (Cn1—8(Cy1))0:(@n-1) 0 and so 
Cy-—8(c;) = 0 for j=—_1,°- -,n—1. 

Thus c€ €, for j-m1,---,n—1, and Qis’ ` °, Gns Gy are linearly 
dependent over &,. 


The following corollary follows easily from the above lemma. 


COROLLARY 2. Let R be an integral domain with operators and let I 
be a prime ideal of R. Let r be the canonical homomorphism of R onto 
Oe /I and let {a,, + -, ap} be a finite subset of R. If the elements a, - -dy 


are lineary dependent over < RY, then T(d,),* + *,7(@,) are linearly dependent 
over <R /Td>. | 


3. Strongly normal extensions. 


Definition 1. Let E be an extension of F. Then we say that € is a 
strongly normal extension of Ẹ if , 


(i) # is a regular extension of F 

(ii) # is finitely generated over F 
(iii) €,—<=F, and F, is algebraically closed 
(iv) <€ Br E> = <Er 1, <E Or E>). 
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Examples 2. (a) If F is algebraically closed then 


(F(V), {d} U {f} peau) 


(defined in Examples 1 (a)) is a strongly normal extension of (F, {do,}). 
(b) If F is algebraically closed and of characteristic 0 then 


(F(G), {3 Ug) 


(defined in Examples 1(b)) is a strongly normal extension of (F, {do,+}). 


(e) The following proposition gives another class of strongly normal 
extensions. 


PROPOSITION 1. Let a partial diferential field E be an extension of F. 
Then E is a strongly normal extension of F if and only if F is algebraically 
closed in E and E is a strongly normal extenston of F in the sense of [6]. 


Proof. Let E be a strongly normal-extension of ¥ in the sense of this 
paper. Then it follows from Definition 1 (i) that F is algebraically closed 
in E. Now, let F* be a universal extension of # containing €E. Then there 
exists an isomorphism « of <E@r€> into F* such that a(a@®1)—a, for 
everya€ E. Let 8 be an isomorphism of € into #* defined by B(a) — a(1 8 a), 
for any a€ E. Then 8(a) =a, for any a€ F, and £ is isolated. But 


<a(&), &> = <E Br E = <E, <E Sp © o>: 


Hence £8 is a strong isomorphism. Therefore every ¥-isomorphiam of € into 
F * is strong. 
Thus € is a strongly normal extension of F in the sense of [6]. | 
Now suppose that F is algebraically closed in # and that € is a strongly 
normal extension of # in the sense of [6]. Then conditions (i), (ii) and (iii) 
are satisfied evidently. Let #* and # have the same meaning as above. 
Then <E, 8(€)> = <E, <E, B(E)>.> since £ is strong. Hence 


LE Qr E> = CE, CE Dr > 


because <E Or E> = <E, B(E)>. ‘Thus condition (iv) is also satisfied. This 
completes the proof of Proposition 1. 


THEOREM 1. Let E be an extension of F such that Eo== F, and F. is 
algebraically closed. Then € is a strongly normal extension of F if and only 
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if there exists a connected algebraic group G defined over J, and a principal 
homogeneous space V for G defined over F, having the following properties: 


(a) F isa model of E over F 
(b) 8 (€/F) D G(F,). 


Conditions (a) and (b) determine G and V untquely up to an tsomor- 
phism. Moreover (E/F) —G(F,) and G ts a model of <Er E>, over 
F. for every such G. 


Proof. Suppose that € is a strongly normal extension of F. It follows 
from Corollary 1 that <E @p E>. is finitely generated over Fe Let W be any 
model of <E Br E>, over F,. This means that W is an algebraic variety 
defined over #, and that there exists a generic point w of W over F, such 
that F.(w) = <E®r &,. Then <E 8r E>, is canonically isomorphic to ¥,(W) 
and we shall identify <€@ré&, and ¥,(W) by means of this isomorphism. 


KE Or E Or E> = CE Sr CE Or l, <E Or Ed 
== <E Qr EBr 1; 1@rE@rO.> 
== <EQ 181, <E Br E581, 18r EWE. 
Thus it follows from Lemma 1 that 
<E Or E Sp CS =— <<E Qp HP Q I;i & <E Or os): 


Moreover <E Dr E>, @1 and 18 <E@xr E>, are linearly disjoint over their 
intersection Fo. Let a, 8, y be the canonical isomorphisms of <E Qr E>, onto 
KE @rE>.@1, 189 <Er E> and <E@r1 @r€d,, respectively. Then 


<E Br E Br >, = (acE Bp Eo Oy, BLE Br Edo) 
and the mappings 


<Er &o—> LEB 1 BEd, CEREO Oo 
Y 


m (ACE Or E) Oy, BLE Br EDD pry KE Br ED, Sy, KE Or ED.D 
g? 1 


determine a rational map $: W X W —> W defined over §,. 
One can easily check that if w., ws, ws are independent generic points of 
W over F, then 


(G1) ` F o(4( 01, W2), w) = F o(4( 101, Wa), 02) = F (101, W) 


(G2) 1(t(w1, We), Ws) om $ (W1, (We, w3) ). 


7 
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Therefore į is a normal law of composition on W and W with this lew 
is a pre-group. The pre-group W is birationally equivalent to an algebraic 
group Ge defined over F, (see Theorem p. 375 in [11]). 

Now, let « be the canonical isomorphism of Æ onto 1@ HCE Qr E 
(defined by e(a) == 1 &a, for every a€ E) and let V be any model of E 
over F. Then the mappings E ——> 18E C E 8r E= (E81, <E 8r Eo) 


€ 
determine a rational map j: @a X V—V defined over F, since H@1 and 
(F@1,<E@re>,) are linearly disjoint over F (=—F@1) and #£@1, 
(F @1,<E@r€>,) are canonically isomorphic to the fields of rational func- 
tions (defined over F') of V and Ga, respectively. 


Again one can check that 


(TG1’)- If v, g are independent generic points of V, G over F then 
F(v, g) = F(v,7(9,0)) =F(g,5(9,%)): 


(TG2) If gi, ga, v are independent generic points of Gy, G and F, 
respectively, taken over F, then ASCE J2), v) = j (9159 (Jas v)). 


Finally G, and V have the same dimension. Therefore Ge is simply pre- 
transitive on V. Hence by Proposition 3 in [12] F is birationally equivalent 
to a principal homogeneous space Vo for Gp, defined over F. 

. Now we shall prove that G)(#,) = 4 (E/F). Lemmas 3 and 4 will 
provide a proof of this equality. A more general setting of the lemmas is 
dictated by their further applications. 


Let €, be an extension of € such that E — <E, (E:).>, Le., 
E1 = <E Be, (Ei) o>- 


Then Æ, is canonically isomorphic to (F, (€:),)(Vo) (since E == F(V,)). 
Hence every element g € Go((€1),) induces an automorphism ĝqep. of Eu. 


Lumma 3. g§ is an automorphism of &. 


Proof. Let us identify € and ESDI C EQrE. It follows from the 
definition of 7 that there exists a point go E Ga (< E Br E>) such that §o(a) 
= §o(a@1) —1 8a, for every a€ E. Then g,| € is an isomorphism into 
<E Bp E> and go is generic for Œ over F. Therefore, for every generic point 
g E G((E1)0) of G over E, g | E is an isomorphism of € into €. Hence, 
for every such g, ĝ is an automorphism of €, since g | (€E), is the identity 
map and E, == <E, (€;).> == <9(#), (E1) (notice also that F and (€,), are 
linearly disjoint over €,). The case where g is arbitrary follows from the 


t 
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above and the fact that every element from G, can be represented as 91-92, 
where gı, ga ate generic points of Ch over E. 


© Lemmi 4. Let a be an isomorphism of E into E, such that a(a) == a, 
for every a€ F. Then there exists g € Go((Ex).) such that a = ğ | E. 


Proof. First, suppose that we have also an isomorphism £ of € into €, 
such that 6(a) =a, for every a€ F, and a(#), B(#) are linearly disjoint 
over F. We shall show that there exists an element h € Go((€;),) such that 
h(a) = Ba (a), for every a€ a(H). Indeed, let y:<E@rE>— <a(€), B(E)> 
be determined by y( Sa, @ bi) = Sa(a)-B(b:), for every a bi€ E and let 
go€ G be as in the ae of Ravina 8. Then y is an isomorphism and 
h= y(go) satisfies the desired conditions. 

Now consider <E, 8r E>. Then <E, Br E> = <E Q 1, KE, Or E>,» and it 
follows from the above result that there exist g1, ga E Go(<E1 Bp E>.) such that 
ğa 1) —1@a, §.(a(a) @1) —1 Sa, for every a€ E. Hence 


Ja §1(€@@1) = g (18a) = a (a) @1. 
Moreover 


F(go%g:) C (E91, 9:7 -,(H@1)) = (E@1,a(£) @1)C F81. 


Therefore #,(gs*g1) C (E1)¢ and grt’ gi € Go((€1),). Let g = grt: gı. 
Then g€ Go((€:).) anda==g|€. This completes the proof of Lemma 4. 

Taking E€, =— E in Lemmas 3 and 4 we obtain immediately that & (E/F) 
cm Gy (Fo). 

Now let us suppose that a conected algebraic group G and a principal 
homogeneous space V with respect to G satisfy conditions (a) and (b) of 
Theorem 1. We shall prove that € is a strongly normal extension of #. 
In fact, (a) implies that # is a regular extension of F and E is finitely 
generated over F. Moreover, we have supposed that €,—%, and Fe is 
algebraically closed. Therefore, it remains to show that 


<E Br E> = LEQ 1, <E@E. 


Let g be any generic point of G over E and let E(g) == <E Qg. Fo(g)>. Then 
E(g)o= F.(g) and E(g) is canonically isomorphic to F (g) (V). Hence g 
induces a mapping g of E(g) into E(g). g is an automorphism of E(g). 
Indeed, consider the subset H of G(#,(g)) composed of all elements A such 
that A is an automorphism-of €(g). Then H is E-closed in G(#,(g)), since 
heH if and only if he G(F,(g)) and 8(h(f)) =4(8(f)), for every fE E 
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and every operator 8€ O(€). On the other hand G(F.)C H because we have 
assumed that G(F,)C $ (E/F). Hence H=G(F.(g)), since G(F,) is 
dense in G and so g€ H. 

Now, Æ and g(£) are linearly disjoint over F (because g is generic for 
G over E). Therefore E(g) =<€,9(€)> is isomorphic to <€ r Ey. But 
E(g) = <E, Fo (g) = <E, E(g) o>. Thus <E 8r E> = <E Q 1, <E Or EDo». This 
completes the proof that € is a strongly normal extension of 4. We have 
proved also that Fe(g) is F,-isomorphic to <E 8 E>, and hence that @ is a 
model of <E Q EX, over Fo. 

Let us suppose again that G and V satisfy (a) and (b). Then we know 
that € is a strongly normal extension of F and we can define the algebraic 
group G, and the principal homogeneous space Vo with respect to Gy as in 
the first part of the proof. We shall prove that @ is isomorphic to Ge and 
V to V, and this will give uniqueness of G and V and the equality 
G(F,) = & (E/F), since we have proved that Go(F.) = & (E/F ). 

We shall identify Zand #@1C B@yE. Hence (E @r E) is canonically 
isomorphic to (F,<E@E>,)(V). There exists a generic point go of G over 
E such that ¥.(g.) == <E Q E>, and Go(a) = Jola Q 1) =1 8a, for every a€ F. 
Indeed, let g be any generic point of G over E and let E(g) =<E8 F.(g)>- 
Then, as we know, g is an automorphism of €(g). Let e be the mapping of 
` LEQr E> onto E(g) defined by e( X a8 bi) =F ag (bi). Then e is an iso- 
morphism and we can take go = «7% (9). i 


Now, let gı, g2 be two independent generic points of G over F. Let 
E(91, 92) = <E DF, Folga g)>. Then ğı, z, Gog. are automorphisms of 
E(91,92). Moreover E, ĝ&a(E), 9291(#) are linearly disjoint over F. There- 
fore the mapping 7 of <Er Er E> into E(g1ı, 92) defined by 


n( 2, %4@ B® c) =Z a ga (04) ` GaGa (c) 


is an isomorphism. Let @, Bı, yı be isomorphisms of <E Bpr E> into E(g1, 92) 
determined by 


a (a8 b) = ağı (b), Bı(a8 b) = § (a) - 9291 (b), 
| yi(@@b) =a; Gog. (5), 
for every a,b € E. Then (go) = 91, B:1(Go)—= 9a, ¥1(Yo) = 9291 and 
qa = a | <E Br &d¢, yB = B| <Er ©. qy =y [KE 8r Oo, 


where a, 8, y are the canonical mappings of <E Br E>, onto <Er E81, 
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1@<E Spr Ed, and <E@1@ED,, respectively. Hence g29:==1(91, 92), where 
t is the rational map of Gx G into G defined at the beginning of the proof 
(G is a model of <E BE, over F. and so we can apply the definition). Thus 
it follows from Theorem p. 375 in [11] that G is isomorphic to G, and we 
may assume that G= Ge Let v be a generic point of V over F such that 
F(v) == E and let go be as above. Let 7: GX V— F be the (external) law 
of composition of V with respect to G. Then 7 (go, v) == J. (v) and J,.(a@1) 
= 1 Qa, for every a€ E. Hence 7’ coincides with j (defined for Ge and V as 
at the beginning of the proof of Theorem 1) and so (by uniqueness of Vo, 
see Proposition 3 in [12]) V is isomorphic to Vy. This completes the proof 
of Theorem 1. 

If € is a strongly normal extension of # then the connected algebraic 
group G and the principal homogeneous space V with respect to G satisfying 
conditions (a) and (b) of Theorem 1 will be denoted by G(é, F) and V(é, F), 
respectively. We shall often write Gand V instead of G(E, F) and V(é, F), 
when it does not lead to any ambiguity. 


COROLLARY 8. If E is a strongly normal extension of F then for every 
a€ H—F there exists a€ &(E/F) such that a(a) a. 


Proof. For every a€ E —F, there exists g€ G(#,) such that g(a) a 
since E =F (V). Hence by Theorem 1 we obtain the corollary. 


Remark 1. One can easily see that in the case where € is a partial 
differential field 4 (E, #) is isomorphic to the algebraic group 4(#) defined 
by Kolchin in [6] and [7]. 


4. Galois theory of strongly normal extensions. 


Lemma 5. Let E be a strongly normal extension of F. Let I be a 
prime ideal of EQr E and let + be the canonical tsomorphism of EBr E onto 
Ep E/I. Then <r(EQr E) = cr (E@1), <r (EWE)S,>. 


Proof. If I[—€@y€ then the lemma is trivial. Suppose that 
THE@rE. Then r restricted to E@1 is an isomorphism. Let {eg} be 
an ,-linear basis of E. Then every element a€ E®QprE can be represented 
in the form Dag(es@1)/Sdg(eg@1), where ag, bg€<ESr&,, since 

B B 
KE Br E> = LEB 1, <Er E>. Hence X bg-a(eg@1) — > ag(eg®&i) and 
B 8 
so the elements {a(e8® 1), (eg @1)} are linearly dependent over <E 8r Eye 
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It follows from Corollary 2 that {r(a(eg@1)),7(eg@1)} are linearly depen- 
dent over <r(E Qr E)>o Therefore there exist elements a'g, b'g € <r (E Br €)>o 
not all equal to zero such that >) b’g-7(a) -r(eg@1) = er S 1). But 
it follows from Lemma 1 iar {r(eg@1)} are linearly independent over 
' <r(E@E)>, since {eg} are linearly independent over E, and r/E@1 is an 
isomorphism. Hence 2:08" r (a) -r(eg®8 1) 0 unless r(a) == 0. Therefore 


r(a) = ap r(e881)/2 b’g-r(eg@1) unless 7(a) =Q. 


Thus r(EBr E) C <r(E8 1), <7(E r E) Yo, and so 
<r (E @p E)> = cr (E@1), <T (E Dr E) >o. 


THEOREM 2. Let € be a strongly normal extension of F and let F, be 
a subfield of E containing F such that E ts a regular extenston of Fy. Then 
every isomorphism a of F, into € such that a(a) =a, for every a€ F, can 
be extended to an automorphism of E. Moreover E ts a strongly normal 
estension of Fa. 


Proof. Let a be an isomorphism as in the theorem. Let I be the ideal 
of E @p E generated by all elements of the form a'a(b) ®@c—a®b-c, where 
a,c€ H,b¢€ F,. Then J is a prime ideal (since # is a regular extension of F,) 
and 8(I) C I, for every 8€ O(E @y E). Hence I is a prime ideal of € @r€. 
Let + be the canonical homomorphism of E@r€ onto Ep E/I. Then r 
restricted to €@ 1 is an isomorphism and we shall identify E€ and r(E@1). 
It follows from Lemma 5 that <r(€ @r E€)> = <7 (ESI), <7 (E@rE)>,> and 
from Lemma 4 that there exists g € G(<r(€ @r €)>,) such that g(r(a@1)) 
== +(1@a), for every a€ K. Then | 


g(a- b) —G(r(ab @1)) =7(18 ab) =r (a(b) Qa) 
= r(a(b) @1)-7(1@a) =a(b)-ğ(a), 


for every a€ E, bE Fy. Now let he G(F,) be a specialization of g over F, 
then also h(ab) == a(b)h(a), for every a€ E, be F, Thus h(b) = a(b), 
for every b€ F. Hence hy, is an extension of a to an automorphism of €. 
| Now, we shall show that € is a strongly normal extension of F.. 
Conditions (i), (ii) and (iii) of Definition 1 are satisfied obviously. More- 
over the equality <E Sr, E> = <E Q 1, <E Ər, €>,> follows from Lemma 5. 
This completes the proof of the theorem. 


Let € be a strongly normal extension of F. Then F,(€E, F) denotes the 
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set of all subfields F, of E containing ¥ such that E is a regular extension 
of F,. F(E, ẸF) denotes the set of all subfields of € containing F. 


G.(€,F) (G(E, F)) denotes the set of all connected algebraic subgroups 
(of all algebraic subgroups) of G(#,) that are defined over Fo. 

Let, for any F € F(E, F), G©(F1) denotes the subgroup of all elements 
g€ G@(F,) such that g(a) =a, for every a€ Fy. Then G(#1) € G(€, F). 

Let, for any (uE G(E€, F), F(C) denotes the subfield of € composed 
of all elements ac E such that g(a)=—a, for every g¢G,. Then 
0(G,) €F(é,F). 


THEOREM 3. Let E be a strongly normal extension of F. Then, 
for every G,CE(E,F), G(H(G.)) =G, and for every FE F(E F), 
(OG(P,)) =— F. Moreover % and Œ establish the usual one-one Galors 
correspondence between E,(€,F) and G,(é, F). 


Proof. For every G E€ G(€, F), %(G1) is the field of rational functions on 
the space of G,-orbits on V (see Theorem 2 in [9]). Hence $(G(G:)) = G. 

In order to prove that for every F, € F(E, F), §(G(F1)) == F it suffices 
to notice that according to Theorem 2 € is a strongly normal extension of F 
and so (by Corollary 3) for every a € E— F, there exists a € $ (E/F) such 
that «(a) a. 

It remains to prove that, for every F. E F(E, F), G(F1) € Go(E, F) and 
for any G,€ Ga (E, F), %( G1) € Fo (6, F). 

Let ¥,€ F,(€, F). Then it follows from Theorems 2 and 1 that © (F) 
is connected and so @©(#,) € G(€, F). 

Conversely, if G, € Go (€, F) then E is a regular extension of (G) (see 
Theorem 2 in [9]) and so §(G,) € F(E, F). 


Lemma 6. Let € be a dtfferénttal field and let E be a strongly normal 
extension of F. Let F, be a subfield of E containing F. Then the algebraic 
closure F? of F, in E ts a subfield of E. Moreover every automorphism of 


F° over #, 13 an automorphism of F? over F, and F° ts a normal extension 
of Fy. 


Proof. First, we shall prove that 8(F,°) C F,°, for every 8€ O(E). If 
==: then this is obvious. Suppose that 6 is a derivation. Then ô| F, has 
a unique extension to a derivation 8° of F° into E (since # is of characteristic 
0) and (F°) C F,°. But it follows from the uniqueness of & that 
§° == § | F;° and that 8° commutes with every automorphism of F,° over F}. 
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Hence §(F,°) C F,° and F° is a subfield of €. Moreover every automorphism 
of F,° over F, is an automorphism of ¥,° over F.. 

Let a be any isomorphism of F,° into the algebraic closure F,° of F° 
which leaves the elements of F, fixed and let I be the ideal of E &r E generated 
by all elements of the form $ u8 b, where a,6,€ F? and È u: a(b) = 0. 
Then J is prime (since F,’ is deda closed in Æ). Moreover, s(1) CI, 
for every 5€ O(E@rE). In fact, 8—8, 98, for some &,¢€O(€). Every 
derivation & € O (F°) can ‘be extended in a unique way to a derivation of 
F,°; the extended derivation commutes with «œ and it will be also denoted by &. 
(#,° with these derivations and the identity automorphism as operators will 
be denoted by $,°.) Therefore, if a, b,€ F,° and 2%" a(b) —=( then 


Om 8/( Zm a(bi)) = E(P (as) albi) Fu a(t). 
for every derivation 8’ € O($,°). Hence 
5( 2% 8 dy) = 2 (8 (u) © 6, + a,@ i (b) €l. 


f 


_ Thus J is a prime ideal of E@yé. Let + be the canonical homomorphism of 
Er E onto ESrE/I. r restricted either to €@1 or to 1@E is an iso- 
morphism. We shall identify *(€@1) with € and (F° p F°) with 
¢F1°, a(F.°)> C F,° (according to the isomorphism which sends r(a® b) 
onto a:a(b)). It follows from Lemmas 4 and 5 that there exists an element 
gE G(<r(E Br E)>,) such that g(a) = G(r(a®1)) = 7(1 8a), for any a€ E. 
Then g | Fi°==a. Let he G(F,) be any specialization of g over F.. Then 
h(E) =h(r(E@1)) =E. On the other hand h| F,°—g| F,° since every 
element of g(#1°) is algebraic over F,°. Hence a(F,°) = ġ (F°) —A(F,°) 
CH, Thus a(F,°) == F,° and F,° is a normal extension of F,. This completes 
the proof of the lemma. 


THEOREM 4. Let € bea differential field and let € be a strongly normal 
extension of F. Then Ẹ and © establish the usual one-one Galois corres- 
pondence between F(E, F) and G(E, F). 


Proof. IE #,€ F(€,F), then %G(F,) —F,. In fact, let F,° he the 
algebraic closure of F, in E. Then for every a€ H—F,° there exists 
a€%(€/F;) such that a(a) 54a, since (by Theorem 2) € is a strongly 
normal extension of #,°. Let a€ F,°—F,. Then there exists an auto- 
morphism @ of F,” over F, such that a,(a) a since (by Lemma 6) Fy is 
a normal extension of F;. By the last part of Lemma 6, a, is an auto- 


FIELDS WITH OPERATORS. | 105 


morphism of F° over F, and hence it follows from Theorem 2 that a can 
be extended to an automorphism a€ 8(E/F1) such that a(a) ~a and so 
%(G(F1)) =F.. The rest of Theorem 4 follows from Theorem 3. 


5. Picard-Vessiot elements. 


Definition 2. Let € be a field with operators and let F be a subfield of E. 
Then we say that an element a € # is a Picard-Vessiot element (PV-element) 
‘over F if the F-vector space spanned by all elements (a), where 6€ O(€), 
is finite dimensional. The dimension of the vector space is called the degree 
of a over F. 


It follows from the above definition that 


(i) ifa b€ # are PV-elements over F then a + b,a'b are PV-elements 
over F | 


(ii) ifac Eisa PV-element over F then, for every 6€ O (E), O(a) is a 
PV-element over F. 


Therefore the subset of # composed of all PV-elements over F is a sub- 
ring of E. This subring will be denoted by R [E, F]. 


Lemma 7. Let E= (E, {8}), E == (E, [83}) be two fields with operators 
such that 8a8g = 8g8a for every a and B, and letae E. Then ais a PV-element 
of E over E’, (of degree n) if and only if a is a PV-element of € over €, 
(of degree n). 


Proof. Letac E be a PV-element of € over €’, and let 6,(a),- - -,9,(a), 
where &€ O (E), fort—1,2,- - -,n, be a basis of the &’,-vector space spanned 
by all elements of the form 6(a), where 90€ O (E). Let 01° + +, Oni €O(E’) 
and consider the (#-) subspace of H** generated by all vectors of the form 
(66'1(@),° © +, 0@ns1(@)), where 0E G@(E). This subspace is at most n-dimen- 
sional since it is spanned by vectors (661(a),-- -,0nu(a)), for i=l, 


2,° + *,m. In fact, O(a) can be represented in the form $ c6,(a) where 
2 
G E &’, and so i 


(06, (a), > "sOn (0) ) = (8:0 (a), > "sF nn0 (a) ) 
=È (Palo (a), + + Pwa (er (a) 


E 3 01 (040s (a), e aUan) ). 
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Therefore it follows from Lemma 2 that 6’,(a),- © +,%nii(a@) are linearly 
dependent over Es. Thus the €,-vector space spanned by elements of the form 
6&’(a), where # € (E), is at most n-dimensional and so a is a PV-element 
of € over E, of degree at most n. The rest of the lemma follows by symmetry. 


THEOREM 5. Let € be a strongly normal extension of F and let a€ E. 
Then the following conditions are equivalent: 


(1) ais a PV-element over F 

(2) the F,-vector space generated by &(E/F)a is finite dimensional 

(3) ais a regular function on YV (E, F). 

Proof. (1) => (2) Take € and €E = (F, {do} U & (E/F )), where do 
is the zero derivation, and apply Lemma 7. 

(2) => (3) Suppose that a is not regular and let V, be the algebraic 
subset of V composed of all points at which a is not defined. Then, for every 
point vo € G(F.)Vı, there exists a function from &(E/F)a which is not 
defined at vo On the other hand G(¥,)V; is dense in V. Therefore &(€/F)a 
is not of finite dimension over F, (notice that, for every finite dimensional #,- 
vector subspace of E (= (V)), all functions of the space are defined on an 
open non-empty subset of V). 

(3) => (2) Every regular function f(g,v) on GX V defined over F 
can be represented in the form X fi(g)&(v), where fy, & are regular functions 

$ 
defined over F on G and V, respectively (see Exposé 2, p. 22, in [10]). Ifa 
is a regular function on V and g is a generic point over E then g(a) can be ` 
coinsidered as a regular function on G X V. Therefore f(a) = Sfi(g)&(v), 
$ 
where fy & are regular and defined over F. Moreover, every regular function 
f on G defined over F can be represented as $, cf} where c;€ F and f; are 
j 


regular and defined over Ffo Hence g(a) = > fi(g)e;(v), where fi are 
regular on G and defined over F, and e; are regular on F and defined-over F, 


for t—=1,---,m. Thus, for every hE G(HF.), Ala) =S fi(h)es But 
1 


(F) =H (E/F) andfi(h) € Fait hE G(F,). Therefore B(E/F)-a is 
contained in the #,-vector space generated by e, 1=ixm. Thus the F,- 
space spanned by 9 (€/¢ )a is finite dimensional. 

This completes the proof of Theorem 5. 


Definition 3. Let € be a strongly normal extension of F. Then € is 
a PV-extension of F if E—<R[E, F]>. 
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The following Theorem follows easily from Theorem 5 ((1) => (8)) 
and Definition 3. 


THEOREN 6. Let € be a strongly normal extension of F. Then E ts 
a PV-extension of F tf and only if G(E, F) ts affine. 


Examples 3. (a) Let G be connected algebraic group defined over an 
algebraically closed field F. For any g € G(F), let gı denote the automorphism 
of F(G) defined by (gif) (h) =f (gh), for every fe F(G) and he G. Then 
(F(G), {do} U {91} gequy) is a strongly normal extension of (F, {do,.}) and 
& [€, F] coincides with the ring of representative functions of G (see p. 497 
in [3]). The extension is a PV-extension if and only if G@ is affine. 


(b) In the case where € is an ordinary differential field with derivation 


d then a is a PV-element over a subfield F of E if and only if a satisfies a 
linear homogeneous differential equation 


d'y + a,d**y +--+ +--+ any = 0, where a,€ F, 
for t==),"* n. 


(c) The following Proposition gives a wide class of examples of PV- 
extensions. 


PROPOSITION 2. Let € be a partial differential field and let € be a 
strongly normal extension of F. €E ts a PV-extension of F rf and only if € 
is a Picard-Vesstot extension of F in the classical sense of [5]. 

The above proposition follows from Theorem 6, Proposition 1, Remark 1 
of this paper and Theorem 2, p. 891, in [7]. 

Let € be an ordinary differential field with derivation d and let € be a 
PYV-extension of F, say E= F <e" + +, €n, Where e, ISS n, are Fo 
independent solutions of a homogeneous linear equation. 


d'y + amd ty ++ +++ lny m O, g E F, for t= 1, n. 


For bi’ © °, bm E E, let F {bi,: - -, bm} denote the subring of E generated 
by bi, © +, Om over F. 
As an application of Theorem 5, we prove that 


R [EF] a F {e 7 "5 Cn W (e: : "sen h 


where W(e,:- -,¢,) is the Wronskian of e,: * +,e@,. We do not know any 
direct proof of this statement. 
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The inclusion ¥{e,°- *,és}C R[E, F] is trivial. Moreover, 
d(W(e1,° © *,@n)) =— aW (61,° * *, @n) 
and so d(W (er, ` °,é@n)*) =@iW(é,°°+,6,) 7%. Thus W (e, > -,@,)* W 
also a PV-element over F and hence 
F {61,° °°, On, W(e1,° © +, en) 7} C REEF]. 


In order to prove the opposite inclusion, first suppose that F is alge- 
braically closed. Then we may assume that V (E, F) =G (E, F) (=G) and 


" 
F(G) =E. For any g€ G(Fo), J(e) = È cy (g) 64 where cy(g) € Fo for 
i j=], --.n. Then cy are coordinate functions of an isomorphic rational 
matrix representation of G. Let e be the identity element of @ and let 
(bi) 44-1,» be a matrix of order n that in the i-th row and j-th column has 
by, for any system by € H,1,7—-1,:°-+,n. Then 


( (dtte) (g) )apeay--n* ((d*6;) (6) ) Trn = (C4 (9) ); 
for any gE G(¥,). Hence 


(d40;) 5 perm? (d8) (8) ) agers (Ca) genes 
and so 


F{- + +, 6y,° © +, det (cy) } C F {61° © +, 8n W(61,° °°, en) Fe 
But F{- - -,cy° © +, det(cy)*} = R [E, F] (e.g. by Lemma 10.1 in [3]) 
and Theorem 5 ((1) => (3)). Hence 
GE, F] C Fe’ esen Wher sen) 


In the general case, let Ẹ be the algebraic closure of F and let 
— Fle: --+,6,>. Then 


RE, P] = F{en' + +, en W (e1 + +, On) *}- 
F and E are linearly disjoint over # since F is algebraically closed in Æ. 
Hence 
RE, F] = R [E, P] N E= F {en «+, 6n W (61° On) APNE 
= F {6 © tyn W(e1," © +, On) T} 
and this completes the proof. | 
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SIMULTANEOUS QUADRATIC FORMS.* 


By B. J. Bog, D. J. Lewis, and T. G. MURPHY. Pa 


1. In this note we give an alternative proof of a theorem of Demyanov 
that two quadratic forms + in n variables over a p-adic field have a common 
p-adic zero provided n is at least nine (see [2]). Our proof is considerably 
simpler than Demyanov’s—our main advantage arises from considering the 
pencil generated by the pair of forms, rather than considering the forms one 
at a time. There are two technical simplifications: the geometric crux, 
Lemma 2, is isolated from the rest of the argument; and the forms are reduced 
in a convenient way by minimising a function (see Lemma 3). We use the 
completeness of the p-adic field in Lemma 7% to show that it is sufficient to 
prove the theorem for ‘general’ pairs of forms. 


2. For the moment, we work over a general field k. In this section, 
all forms will have coefficients in k, and when we refer to a zero we will 
mean a non-trivial zero with coordinates in k. We will say that a zero of a 
form, or of a pair of forms, is non-singular if the corresponding point is a 
non-singular point of the corresponding algebraic variety; that is to say, its 
tangent linear space is well-defined. In particular, % is a non-singular zero 


of f = f (T1, 2s,° © *, 24) if the vector if (96) /te— (TD... rey 2) ) is 
not the zero vector, and 9% is a non-singular zero of the pair f, g if the vectors 
f(%) /dz, g(9%)/bx are not proportional. 

If f is a form and T is a linear transformation, fr(z) is the form f (Ter); 


denote the number of variables appearing explicitly in f by y(f); then the 
order o(f) is defined by 


o(f) — min y (fr); 


where the minimum is taken over all non-singular linear transformations T, 
defined over k. We say a form is degenerate if o(f) <n. We define the 
order of a pair of forms and a degenerate pair of forms, similarly. 


* Received September 1, 1961. 
1 Form means homogeneous polynomial, 
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Of the lemmas which follow, Lemmas 1 and 8 are elementary and well- 
known. Lemma 2 is equally elementary but seems to be much less well-known ; 
though Demyanov never states it explicitly, it is the crux of his proof of the 
theorem. It is the only step in our proof which may not easily be extended 
to cover the case of more than two forms. 


Lemma 1. If a quadratic form has non-singular zeros in k, they cannot | 
all le in a proper linear subspace. A quadratic form can only have a singular 
zero if it w degenerate. 


Proof. Let 9% be a non-singular point on a quadric and let m be a 
linear space through %. Take any point Y with coordinates in k not in r 
and not in the tangent hyperplane at 96 (this is possible even if k has only 
two elements). Then the line Y meets the quadric in another non-singular 
point not inr. 


As for the last bit, a quadric with a singular point is a cone. 


Lemma 2. Iff, g ts a non-degenerate pair of quadratic forms which have 
a common zero but no non-singular common zero, then there is a form of the 
pencil pf —Ag which has only singular zeros. 


Proof. After a linear transformation we may assume that e, == (1, 0,---,0) 
is a common zero of f and g. Since it is singular, the polar forms f(¢,|2) 
and g(é¢,|”) are linearly dependent, so taking a suitable linear combination 
h—=pf—aAg we can make h(e|z) identically zero, thus x, does not occur 
inh. One of A, a is non-zero, say à; then by the hypothesis that the pair f, g 
is not degenerate zı must appear in f, so after a linear transformation we 
may take 

f = Tata F F (Ta + +, hn) 


h= h (Ta, * +, €a). 


Since A340, every common zero of f and g is a common zero of f and h and 
conversely. 

If A had a non-singular zero in k, then by Lemma 1 it would have one 
with 0. But then (—/f’/@2,@,2s,° * ` 2n) would be a non-singular 
common zero of f and g, contrary to hypothesis. 


LEMMA 3. There is a polynomial 3(f,g) in the coefficients of f and g 
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which is a combinant of the pencil, in the sense that tf a, b, c, d are elements 
of k and T is a linear transformation then 


d (afr + bgr, cfr + dgr) = (ad —bce)**™ (det T) 9 3 (F, g). 


In fact, let F, G be the symmetric matrices associated with the forms f, g, 
and let P(A) be the characteristic polynomial, 


P(A) = det | F—aG|; 
then we may take &(f,g) as the discriminant of P(A), 
3 (f, g) — (det @)*- TI (ar — A)? 
where À © *,A, are the roots of P(A) =0. 


3. We now suppose that k is a p-adic field with ring of integers o, local 
prime x, prime ideal p= vxo, and finite residue class field k*¥==o/p. If a is 
in o, denote its canonical image in k* by a*. This homomorphism can be 
extended to a homomorphism of Olti * *,%] onto k*[a,,- > Ta]; 80 for 
instance, if f is a form with integer coefficients then f* denotes the residue 
class of f mod p; we say a vector % over k is primitive if it has integer coordi- 
nates and %* is not the zero vector. Let v(a) denote the greatest power of p 
that divides a. 

~ Before proceeding in the next section to the statement and proof of 
Demyanov’s theorem, we quote or prove a number of easy lemmas. 


Lemma 4. Every quadratic form f* over the finite field k* in at least 
three variables has a non-trivial zero in k*; tf o(f*) 23 then f? has a non- 
singular zero in k*. 


Lemma 5. If f", g* are a pair of quadratic forms over k* in at least 
five variables then they have a non-trivial common zero in k*. 


Both of these lemmas are particular cases of Chevalley’s theorem on the 
solution of equations over finite fields (see [1], or up-to-date books on 
elementary number theory); to prove the last bit of Lemma 4 we express f* 
in terms of the minimum number of variables and use Lemma 1. 
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Leama 6. If f and g are quadratic forms over o and tf f*, g* have a 
non-singular common zero in k* then f, g have a primitive common zero in k. 


Proof. This is essentially Hensel’s Lemma. Let 9 be the non-singular 
common zero in k* of f*, g*; we will prove by induction on r that we can 
solve the simultaneous congruences 


f(z) ==9(z)=0 (mod 9’) (#,) 
wes 9° (modp). 


Suppose that 96° is a solution of (£,); consider WO +r Y, where Y is 
integral and only matters modp. Then 


, 


f( Bs Hrt) =f (8) (980) Y) (mod p*) 


where f(z|y) is the polar form Syr bf/dzy. So to solve (Em1) it is enough 
k=1 
to find Y so that 


mfG) +BY) =g (GH) gB] Y)=0 (mod p). 


Regarding these as linear equations for Y over k*, they are soluble since the 
vectors Of*(950)) /dx, dg*(9M)/éa are linearly independent. For each r, 
let So be a solution of (#,) then any limit point a of the set {9%} is a 
primitive common zero of f and g. 


Lemma 7. Let f,f@,-+- be a sequence of forms over k converging 
to the form f, and for each 7 let GO be a primitive zero of f. Then there 
1s a subsequence such that the vectors WH» converge to a primitive Go of f. 


This is clear: since the primitive vectors form a compact set, the 964s 
have at least one limit point, and this can only be a zero of f. 


4. We are now in a position to prove 


TuEonEM 1. (Demyanov) Let f,g be a pair of quadratic forms in n= 9 
variables over a p-adic field k; then they have a primitive common sero in k. 


Proof. We may assume without loss of generality that the coefficients 
of f, g are Integers hence 2(f,g) is an integer. In the first three steps, we 
will suppose they are such that à (f, g) defined in Lemma 8 is non-zero. 


8 
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Step 1. Consider all pairs f, g’ where f’, g’ are integer forms which can 
generate one of the pencils ufs — àgs, S being any non-singular linear trans- 
formation over k; then f, g’ are equivalent to f,g in the sense that there is a 
1-1 correspondence between the common zeros of 7’,g’ and the common zeros 
of f,g. There is a pair for which v| X(f’,9’)] is minimal; without loss of 
generality we may suppose that f,g is such a pair from the start. 


Step 2. We claim that (i) o(f*,9*) = 5; 
(ii) if A* is in the pencil p*f* —A*g* then o(h*) = 3. 


Indeed, if (i) were false, then there is a unimodular transformation U 
such that fo*, go* involve at most the variables z,,--+,v. Let k be the 
transformation that multiplies %,---,7 by m and leaves the other n—4 
variables alone; then 3 “fpr, a gyR are a pair of integer forms equivalent to 
f,g. But . 


LA (a*for, 7 gor) | 
—= — 2n(n—1)+ 16(n —1) + >[ M(fo, go)] < LAG, 9), 


contradicting the minimality of »[&(f,g)]. 


Similarly if (ii) were false, suppose that h* = p*f* — A*g* with o(h*)S 2 
and say A*>40. After a unimodular transformation U we may suppose that 
hy* involves at most zı, £}. This time, take R as the transformation that 
multiplies Tı, %2 by m and leaves the others alone; then fyr, mhur are a pair 
of integer forms equivalent to f,g and 


v| à (fur, rthye) | | 
—=—n(n—1) + 8(n—1) +2[ 28 (fo, efo —àgo)] <r[A(f,g)], 


again a contradiction. 


Step 3. Given (i) and (ii), it is easy to complete the proof. In fact, by 
(i) and Lemma 4, f*, g* have a common zero in k*. If one of these zeros is 
non-singular, then by Lemma 6 we have a primitive common zero of f and g. 
Otherwise, by Lemma 2, there is a form A* in the pencil of f*, g* which has 
only singular zeros; and, by Lemma 4, this contradicts (ii). 


Step 4. Finally, we must deal with pairs f, g for which A (f, g) vanishes. 
We can find a sequence f, gO of pairs with &(f, gM) non-zero which con- 
verge p-adically to f, g as J —>œ. If we wish to be unnecessarily explicit, we 
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can take FOe=F4 rT and GO = G -4-77 D where I is the unit matrix and 
D a diagonal matrix with all its diagonal elements different; for 


Alfaz, g + ad dz?) 


is a polynomial in a which is not identically zero (the coefficient of the highest 
power of a being à (X, 2°, X, daz?) £0) and therefore does not vanish for 
sufficiently small values of a, e.g. a — 7’, J large. By the general case of the 
theorem, each pair f, g have a primitive zero, WO) say. Applying Lemma 
7, the O have a convergent subsequence tending to a primitive vector © 
which is a common zero for f and g. 
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ON THE PURITY OF THE BRANCH LOCUS.** 


By MAURICE AUSLANDER. 


Let F be a regular local ring with field of quotients K, let L be a finite 
separable field extension of K and S the localization of the integral closure 
of R in L at some maximal ideal. If m and Mt are the maximal ideals of R 
and S respectively, we have that Yt D m and S/W is a finite dimensional field 
extension of R/m. The purity of the branch locus states that if every minimal 
prime ideal in S is unramified over R, then S is unramified over A (see 
Section 1 for the definition of unramified). In the geometric context this 
theorem is due to O. Zariski [11]. M. Nagata in [9] gave a proof of the 
theorem as stated above based on Chow’s local Bertini theorem [7]. It is our 
purpose to give another proof of this theorem based upon the following module 
theoretic fact established in this note: If R is a regular local ring and M is a 
reflexive module such that Homp(M, M) is isomorphic to a direct sum of 
copies of M, then M is a free A-module. 


1. Reduction to theorem on modules. In this section we assume that 
all local rings are integrally closed, noetherian domains. Let R be a local 
ring with field of quotients K. We shall say that a local ring SD R is an 
R-algebra if: a) The field of quotients L of S is a finite dimensional separable 
extension of K contained in an algebraic closure of K;b) S is the localization 
at some maximal ideal of the integral closure of R in L. It follows imme- 
diately that the maximal ideal WM of S contains the maximal ideal m of Æ 
and that §/M is a finite dimensional field extension of R/m. We shall say 
that 8 is an unramified R-algebra if mS =M and S/M is a separable field 
extension of #/tm. | | 

Let P be a prime ideal in § and let b—S3 HR. Then p is a prime ideal 
in R and Sy is an &,-algebra. It is well known (see [8] for instance) that 
‘if S is an unramified R-algebra, then Sq is an unramified Ry-algebra for all 
prime ideals H in S. The problem of the “purity of the branch locus” is to 
investigate when a local ring R has the property that given any R-algebra 8 
whose minimal prime ideals are unramified (i.e., given any minimal prime 


* Received October 3, 1961. 


* This work was done while the author was supported by a Senior Post-doctoral 
N.8. F. Fellowship. 
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ideal $8 in 8, the R,-algebra Sg is unramified), then S is unramified. We 
shall say that purity holds for R if R has this property for A-algebras. It is 
our purpose in this section to show that if a certain module theoretic state- 
ment holds for certain unramified R-algebras, then purity holds for R. (See 
Proposition 1.2). 

Let S be an f-algebra with field of quotients L and let M be the galois 
closure of L in an algebraic closure of K chosen once and for all. Let T be 
an S-algebra whose field of quotients is M. Let G be the galois group of M 
over K and let Gyr be the inertial group of T, i.e., the subgroup of G con- 
sisting of those elements g € G such that g(T) =T. If Mz is the fixed field 
of Gy and U =T N M, then it is well known (see [1] for instance), that 


a) U is an unramified A-algebra with the same residue field as Æ 

b) T is a finite U-algebra (i.e., T is a finitely generated U-module) 

c) the composite SU or 8 and U in T is an unramified S-algebra and 
a finitely generated U-module. 


Now suppose every minimal prime ideal in S is unramified over R. 
Then since SU is an unramified S-algebra, every minimal prime ideal of SU 
is unramified over 8. Therefore every minimal prime ideal of SU is un- 
ramified over £ (by transitivity of unramified extensions). Thus every 
minimal prime ideal of SU is unramified over U. Consequently if the K- 
algebra S has the property that every minimal prime ideal is unramified over 
R, then the finite U-algebra SU has the same property with respect to U. 
Suppose this property of SU over U implies that SU is unramified over U. 
Then SU is unramified over R (since U is unramified over #). Since 
SU DSDE and SU is an unramified A-algebra while S is an A-algebra 
(remember, integrally closed), it follows that § is an unramified R-algebra 
(see [6] and [8]). Consequently purity holds for Æ if purity holds for U 
with respect to finite U-algebras. 

Now M is a galois extension of Ky, the field of quotients of U, with 
group G,;. Since M is the least galois extension of L, it is immediate that 
M is the least galois extension of LK; (the composite of L and Kr) which is 
the field of quotients of SU. Therefore T is the composite of the automorphic 
images of SU. Therefore if every minimal prime ideal in SU is unramified 
over U, every minimal prime ideal in T is also unramified over U, since the 
composite of unramified extensions is unramified. Suppose this property of 
T with respect to U forced T to be an unramified U-algebra. Then since 
T D SU DU and SU is a U-algebra, we have that SU is an unramified U- 
algebra. Thus if purity holds with respect to finite U-algebras whose fields 
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of quotients are galois extensions, it holds with respect to all finite U-algebras. 
We summarize the results of this discussion as follows: 


PROPOSITION 1.1. Let R be a local ring. If for each unramtfied R- 
algebra U with the same residue field as R, purity holds with respect to all 
finite U-algebras whose fields of quotients are galois extensions of the fields 
of quotients of U, then purity holds for R without any restrictions. 


Thus we lose no generality by only considering finite R-algebras S such 
that the field of quotients L of S is a galois extension of K with galois group 
G. We define the “twisted” group ring or trivial crossed product S(G) 
as follows: its additive structure is that of a free left S-module with the ele- 
ments of G as basis with multiplication defined by (8,9,)(8292) = 81(g1(S2))9192- 
‘There is a natural ring homomorphism 8: S(@)-—> Homr(S,S) given by 
8(sg) (z) == sg(x). It is clear that S(@)C L(G) (where L(G) is defined 
similarly) and that ê extends uniquely to a similar homomorphism L(G) 
—> Homgz (L, L) which by classical galois theory is an isomorphism. Thus 
§: (G) > Home(S, 8) is a monomorphism, which becomes an isomorphism 
when tensored over R with K. Suppose now that every minimal prime ideal 
in 8 is unramified over A, or, what is the same thing, every minimal prime 
ideal in Æ is unramified over S. Now if p is a minimal prime ideal in œ, 
then 5,: Sy(@) — Homa, (Sp, Sp) is an isomorphism since 5y is an unramified 
R,-algebra, which is a finitely generated, free #,-module (see [5, prop. A.1]), 
Thus Ry 8 8 (G) > R, @ Homr(S, 8) is an isomorphism for all minimal prime 
ideals in p. Also, since § is integrally closed, we know that 9 is a reflexive 
R-module, i.e., the natural map h: S— Homr(Home(S,#),R) given by 
h(s) (f) f(s) is an isomorphism (see [4, Theorem 1.5]). Therefore 8(@) 
is R-reflexive since © (G) is isomorphic to a direct sum of copies of S. Since 
S(G@) and Home(S, 5S) span the same vector space and are isomorphic localized 
at the minimal primes, they are isomorphic (see [3, Proposition 3.4]). Thus 
we have that if the minimal primes of S are unramified, then Homer(S, 8) is 
isomorphic to a direct sum of copies of 8. 

Suppose now Æ has the property that a reflexive module whose endo- 
morphism ring is isomorphic (as an A-module) to a direct sum of copies of 
the module must be a free R-module. Then we could conclude that if all the 
minimal prime ideals of § are unramified, then S is R-free. But then S is 
unramified because a finite R-algebra which is a free R-algebra is unramified 
if its minimal primes are unramified (see [3]). 


Thus we have established the following: 
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PROPOSITION 1.2. Let R be a local ring such that every unramified R- 
algebra U with the same residue class field as R has the property that a refleatve 
U-module M is free if and only tf Homy(M, M) is isomorphic to a direct sum 
of copies of M. Then purity holds in R. 


Suppose now that F is a regular local ring. Since every unramified R- 
algebra is also regular, to prove that purity holds for regular local rings it 
suffices, in view of Proposition 1.2. to prove 


THEOREM 1.3. If Ris aregular local ring and M is a reflexive R-module 
such that Homg( M, M) ts tsomorphic to a direct sum of copies of M, then 
M is R-free. 

The rest of the paper is devoted to proving this theorem, as a result of 
which we obtain 


THEOREM 1.4. Purtty holds for all regular local rings. 


2. Proof of theorem on modules. Before proceeding to the proof of 
Theorem 1.3, we give a summary of some of the homological facts about 
finitely generated modules over local rings used in the proof. (We shall 
always assume all modules are finitely generated). 

If & is a local ring and M is a finitely generated A-module, then a 
sequence of non-units Tı,’ © +,%q in # is called an M-sequence if z; is not a 
zero divisor in M (z, + +,a.)M for +—1,:--,d. It can be shown that 
all M-sequences have length less than or equal to dim Æ and that all maximal 
Ad{-sequences have the same length which is called the codimension of M 
(notation: codim M). The primary decomposition theory of modules shows 
easily that an M-sequence zı - -,2%q is maximal if and only if the maximal 
ideal m in Æ belongs to zero in the module M/(21,- © +, £a) M. Again applying 
the primary decomposition theory it follows readily that an m-primary ideal a 
always contains a maximal A-sequence. Now it is shown in [10] that the 
annihilator of a module Af contains an A-sequence of length d if and only if 
Hxt*(4l,2) —=0 for1<d. Thus it follows that if M is a module of finite 
length (i.e., the annihilator of M is m-primary) then Exsti'(M, R) —0 for 
t < codim È. 


= LEMMA 2.1. Letf: A— B bea homomorphism of the R-modules A and 
B. If f induces an isomorphism fp: Ay —> By for all non-mazimal prime 
ideals p in R, then f*: Extt (B, R) > Extt (A,R) is an isomorphism for 
i < (codim £) — 1. 


Proof. We have the exact sequences 0 —> K —> A 1—0 and 0I- B 
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—+ C —> 0 where K = Kerf, I =—Imf and C—Cokerf. Since A,—> By is an 
isomorphism for all non-maximal ideals p in R, we know that K and C have 
finite length. From the usual exact sequences associated with the functor 
Ext( ,R) and the fact that Extt (K, R) = 0 == Extt (C, R) for i < codim &, 
we deduce that Eztit (I, R) ~ Extt (4, k) for i< codim R, and Extt (B, f) 
x Ext (I, C) for i < (codim R) — 1, which gives the desored result. E 

The next proposition essentially outlines the method we shall follow in 
proving Theorem 1.8. Before stating the proposition we need a few definitions. : 
We will call the R-module Hom(M, R) the dual of M and denote it by M*. 
We always have a natural map ¢: M—>M** given by $(m)(f) =/f(m). 
We shall say that M is reflexive if M = M**. It is well known that if M is 
R-projective, i.e., a free R-module, then M is reflexive. 


PROPOSITION 2.2. Let ð be a set of pairs (R,M) where R is a local 
ring and M is a reflexive R-module, and suppose 3 satisfies the following 
conditions: | 

a) If (R,M) isin £, then (Ry, Mp) ts in 3 for each prime ideal p in R. 

b) If (R,M) ism ð and codim R S83, then M is R-free. 

c) If (R, M) in & has the properties that codim R > 8 and M, is Ry- 
free for all non-maximal prime ideals p in R, then there is a non-unii z in 
R which is not a zero divisor for R and such that (R, M**) isin 3 where 
R= R/(@) and M = M/rM. 

Then for each pair (E, M) in 2, we have that M ts R-free. 


Proof. Suppose the proposition is false. Let (R,M) in 3 be a pair for 
which the proposition is false and such that E has the smallest dimension of 
all local rings occurring in pairs in 3 for which the proposition is false. . 
Let z be a non-unit which is not a zero divisor for R and such that (B, M**) 
isin 3. Since z is a non-unit which is not a zero divisor in R we know that 
1 + dim Ř = dim R. Therefore M** is R-free. The fact that dim Rk, < dim E 
for each non-maximal prime ideal p in A, gives us that M, is Fy-free. There- 
fore Mg is Rj-free for all non-maximal prime ideals § in &. Thus it follows 
from Lemma 2.1, that Extta( M, B) = Exttg(4**, E) for i < (codim &) — 1. 
Now since M is by assumption not free, it follows that codim R = 4 and there- 
fore codim &= 3. Thus we have that Ext's(M,R) = Ext‘'g(@**,R) for 
11. Since M** is R-free we have that 0 = Exttg(M**, R) = Hxtte( M, B). 

Now the fact that x is not a zero divisor in # and M is reflexive, means 
that z is not a zero divisor in M. Therefore by a standard change of rings 
argument we have that Ext'n(M, È) ~ ExttR( M, B) for all i, which gives us 
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T 
that Exttr(M, Ē) =—0. From the exact sequence 0 —> R—> R> R0 we 
deduce the exact sequence 


n 
0 -> M* —> M*— Home(M, B) > Extr (M, B) 


T 
—> Ext, (M, R) > Extr (M, R). 


Since all the modules are finitely generated R-modules and Exttr(M, B) —0, 
we have by Nakayama’s lemma that Exttge( M, R) —0. Also we have observed 
already that Exttz(#, È) ~ ExttR( M **, B) for 11, and thus M* == H **+* 
is a free R-module. Since Homp,(M, B) = M*, we have that M*/cM* = M* 
and therefore has homological dimension 1 over R. Thus M* is R-free. But 
this contradicts the fact that (R, M) was chosen so that M was not free. This 
contradiction proves the proposition. 

The rest of this note is devoted to showing that if 3 is the set of all 
pairs (#,M) where # is a regular local ring and M is a reflexive module 
such that Hom(M, M) is a direct sum of copies of M, then d satisfies the 
hypothesis of Proposition 2.2, which will give us the desired theorem. 

The fact that ð satisfies a) follows from the formal fact that 
Ry r Hom (M, M) = Homy, (Mp, Wp) and the fact that if E is regular so is 
fy for all prime ideals p. 

We next pass to showing that ð satisfies condition b) which can be stated 
as follows: if # is a regular local ring whose dimension is less than or equal 
to 3 and M is a reflexive R-module such that Hom(M, M) is isomorphic to 
a direct sum of copies of M, then M is R-free. Since for a regular local ring 
of dimension less than or equal to 2, all reflexive modules are free (see [4] 
for instance), we can assume that dim R ==3 and My, is A,-free for all non- 
maximal prime ideals p in Æ. Also, since M is reflexive, and codim R ==3, 
we have that codim = 2. Since codim M+ hd M = dim È, we have that 
the hd M =1. 

Now if 9 is an arbitrary local ring and A is an S-module of finite homo- 
logical dimension, we define the rank of A (notation: rank A), as follows: let 
0-4; :° > X17 XA A—>0 be exact with the X, finitely generated 
free S-modules. Then if we denote by r(X,) the number of elements in a 
free basis of X, we define rank A == >'(—1)*r(X,). Since S}(—1)*r(X%) 
= >} (—1)*dim,(Tor’,(A,%)) where k is the residue class field of S, the 
number >)(—-1)*r(X,) does not depend on the particular finite resolution 
chosen. Thus rank Ap =- rank A for any prime ideal p in S. Now ifp is a 
minimal prime ideal in S, then Ay is S,-free since codim Sp==0 and hdg,Ay 
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<o. Thus 0— (X:)p >: °> (Xo)p > 4p — 0 is an exact sequence of free 
free §,-modules and therefore it follows that r(4y) = X{(— 1)*r(X4)p = rank A. 


t 
Thus the rank A = 0. It is now easy to see that if Hom(A, 4) = $ A, where 
i=1 


each 4; = A, then t= rank A. Because this assumption is certainly true if 
A is free, and the general situation can be reduced to the case of A being 
free by tensoring with Sp where p is a minimal prime ideal in 8. 

Therefore returning to our original situation of # a regular local ring 
of dimension 3, M a reflexive R-module such that Hom(M, M) is isomorphic 
to a direct sum of copies of M, we have seen that M, is Ry-free for all non- 


t 
maximal prime ideals p, that the hd M = 1 and that Hom(M, M) = $,M,; where 


{= 
each M; © M and t= rank M. The fact that M is E-free is now an immediate 
consequence of the following more general proposition. 


PROPOSITION 2.3. Let R be a local ring of codimension = 3, Let M be 
a reflecive module such that 


a) M, ts Ry-free for all non-maaimal prime ideals 

b) hdM 5&1 

c) the modules Ext (Hom(M, M), R) and Ext (M,R) which are of 
finite length have the property that 


L(Ext(Hom(M, M), R)) S (rank M)L(Eztt(M,R)). 
Then M tis a free R-module. 


Proof. We always have a natural homomorphism 
6: M* O M—Hom(M, M) 


given by ¢(f@m) (z) =f(z)m which has the property that it is an isomor- 
phism if and only if M is R-free (see [4, Proposition A.1] for instance). 
Therefore since the codim R = 3, we have, applying Lemma 2.1, that 


| ‘Ext? (M@*@ M, R) = Ext*(Hom(M, M), R). 


Also since M, is Hy-free for all non-maximal prime ideals p, we have that 
Ry @ Ext (M, R) = 0 = BR, @ Ext'(Hom(M, M), R) for all non-maximal prime 
ideals p in R and thus Ext (M, E) and Ext'(Hom(M,M),#) have finite 
length. Thus we have that L(Ext*(M*®@ M, R)) = L(Ext'(Hom(M, M), R)). 
We now concentrate our attention on Ext (M 8 M*, R). 

Let 0—> X, -> X, > M— 0 be exact with the X; free. Then 


(*) 0 M* > X,* >-X,* > Ext (M, R) -> 0 
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is exact with the Y*, free. Since the hd M 5 1, we know that 
‘Tor®,(M, Ext (M,B)) =0 


for ¿> 1. Thus we know that Tor®,(M,M*)—0 for 1>0 by the usual 
dimension shift type argument. Thus we have that 


0+ X,® M* > X, 8 M*-— NM ® M* 50 


is exact. Therefore Hom(X, 8 M*, R)—> Hom(X, © M*) > Ext (M Q M*, R) 
is exact. But by the usual associativity formulas we have that 


Hom (X,@ M*, R) = Hom (X, M**). 


Observing that M — M** and making the necessary substitutions, we have the 
exact sequence Hom (X, M) > Hom(X,, M) > Ext (M 8 M*, R). But the 
Coker (Hom (X,, M) > Hom (Xo, M) ) = Ext (M, M). Thus we have an exact 
sequence 0 —> Ext! (M, M) — Ext (M &® M*, R). Therefore if we show that 
assuming that the hd M == 1 implies that 


L(Ext (M, M)) > (rank M)L (Ext (M, R)), 
we will be done, since 
L(Ext (Hom (M, M), R)) = L(Ext: (M Q M*, R) ) = L(Bxtt (M, M) ). 


Tensoring the exact sequence (*) with M we have the exact sequence 
X OM > X * OM — Ext (U,R)@M—>0. Now we have natural maps 
Bi: X*@M— Hom(X, M) defined by B:(f@m) (2) —f(r4)m which are 
easily seen to be isomorphisms since the X, are finitely generated projective 
R-modules. Therefore we have the exact sequence Hom(X), M) > Hom(X,, M) 
-> Ext (M,R) S M—0. But the Coker(Hom(X,,M)— Hom(Xi, M)) 
== Ext (M, M). Therefore we have that Ext! (M,R) OM ~ Ext (M, M). 

Assume hd M ==1. Then Ext?(M,R) 340 (see [4]), and is of finite 
length. Let C = Ext (M, R). Then from the exact sequence 0 —> Tor®,(C, M) 
»~08X,-~ COX, CBM — 0 we conclude that 


L(C@M) =L(X,@C) —L(X,@C) + L(Tor®,(C, M)) 
== (rank Mf) L(C) + L(Tor®,(C, M)). 


? This is a special case of a longer exact sequence associated with a standerd spectral 
sequence. 

*This is a special case of the following more general theorem: let A be a left 
noetherian ring (not necessarily commutative) and A a left (finitely generated) A- 
module such that the hd,d =j<.- Then for each left A-module O we have that 
Ext! (A, 0) sy Ext! (A,A) @, 0 where Ext/(A,A) is considered a right A-module by 
the right operations of A on itself. The proof is essentially the same as that given 
above. Similarly one can also show that Tor’(B,4) = Hom(Ext/(A,A),B) for all 
right A-modules B. 
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But since C 540 and has finite length and hd M = 1, we know by [2, Proposi- 
tion 1.1] that Tor®,(C, M) 40. Thus . 


L (Ext! (M, M)) =D (Ext) (M, 2) M) > (rank M) (Ext? (MM, £)), 
which completes the proof. 


We now show that the set 3 consisting of all pairs (R, M) with E regular 
and M a reflexive R-module such that Hom(M, M) is isomorphic to a direct 
sum of copies of M satisfies condition c) of Proposition 2. 2. 

Let (R,M) be in 3 such that dim R > 3 and M, is R,-free for all non- 
maximal prime ideals p in R. Let s be in m— m? where m is the maximal 
aces of R. Since M is reflexive, the element x is not a zero divisor in M. 


From the exact sequence > — M->M-»>0 (where M — M/zM) we 
deduce the exact sequence 


T 
0— Hom (M, M) —> Hom (M, M) > Homg (M, M ) > Ext (M, M). 
Thus we get an exact sequence of Ë == #/(2x)-modules 
0> > H> Homg( M, #)>T>0 


where $, Æ, is a direct sum of modules isomorphic to Æ and T has finite length 
(since Mp is H,-free for all pẹ&m, we know that Hxt*(M, M) has finite 
length). Also we know that Æ is a regular local ring of dimension greater 
than or equal to 3. Therefore by Lemma 2.1 we have that 


Homg( M, M)* ~ >) M*, (direct sum) 


since Tp == 0 for all non-maximal prime ideals p in &. Thus Homg( H, M )** 
== >, M**, But since Ř is regular and thus integrally closed, we have by 
[4, Proposition 4.6], that Homg(M, M )** == Homg( Æ +*+, M**). Therefore 
(B, #**) isin 3 which shows that æ satisfies all the conditions of Proposition 
2.2. Therefore if E is a regular local ring and M is a reflexive R-module 
such that Hom (JM, M) is isomorphic with a direct sum of copies of M, then 
M is free, which establishes Theorem 1.3. 


Remark. The procedure outlined in Proposition 2.2 for proving that a 
module over a regular local ring is free was employed [4] to show that if a 
reflexive module has a free module as endomorphism ring, then the module is 
free. In that case the set 3 was taken to be all pairs (R, M) with R a regular 
local ring and M a reflexive module such that Hom(M, M) is a free R-module. 
Tt should be observed that Proposition 2.3 of this. paper shows that this 8 
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satisfies condition b) of Proposition 2.2. Since condition a) is clearly satisfied, 
it remains only to show that c) is satisfied, for which we refer the reader 
to [4]. 

It would be interesting to know if Theorem 1.3 of this paper and the 
above-stated theorem in [4] are valid if instead of assuming that E is regular, 
we assume instead that the homological dimension of M is finite. Again 
condition a) of Proposition 2.2 is trivial and condition b) is shown to hold 
by Proposition 2.3. The only difficulty in showing that condition c) holds is 
that it is not clear that Æ** (in the notation of Proposition 2.2) has finite 
homological dimension. 
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ON THE NUMBER OF LATTICE POINTS IN A CONVEX SET.** 


By C. 8. HERZ. 


0. Statement of results. Let C be a compact subset of euclidean space 
E», We denote by A(C) the number of lattice points in C and by V(C) 
the volume of C. Our aim is to estimate A(C) —A(C)—V(C). In this 
paper we obtain crude bounds for A which depend only on euclidean invariants 
by means of a short and elementary deduction from some facts of Fourier 
analysis. The results are stated in a form suitable for application when C 
is a suitably well-behaved convex body. 

The main idea involves consideration of the Fourier transform of the 
characteristic function of C, i.e. the function ¢ defined by 


(1) (0, t) -=f exp (2mrit- 2) dx 


Under appropriate hypotheses on the set C we shall have (C, t) = 0 (| t |+) 
as | ¿|->œ where y=n/2. This motivates the introduction of a quantity p 
defined. by 


(2) p” (C) = ey sup, | t |7] 6 (C, t) |, 


c, being some convenient normalizing constant. It is evident from the 
definition that p is a euclidean invariant. Moreover p is homogeneous of 
degree 1, that is to say, if h > 0 and hC is the homothetic dilation of C we 
have p(hC)=hp(C). This last fact follows directly from the obvious 
identity: $ (AC, t) == hte (C, ht). 

The point of the preceding paragraph is that an inequality of the form 


(2) | p(0,t)| 5 cnp” (0) | t | 


is available with p a euclidean invariant homogeneous of degree 1; to be sure, 
we may have p(C) ==- æ for some C, but that is not relevant to the imme-' 
diate conclusion which is 


* Received October 20; 1961. 
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Tuzorem 1. Suppose C ts a convex compact subset of E™* If V(C) 21 
then 


(3) | A(C) | S kap" (C) 
where k, depends only on n and a, == (n+ 1) (n+ 2). 


What we want to emphasize is that (3) is a consequence of (2’). In 
order that the theorem be useful we have either to provide a more explicit 
description of p(C) or list conditions under which p(C) is finite. The decisive 
role is played by the boundary, 0, of O, and Theorem 1 becomes more 
enlightening after two remarks. 


Remark A (Herz, [3]). If O is of differentiadility class CO, 
m= [v+2],? and has strictly posttive gaussian curvature, then p(C) 18 
finite. 


Remark B (van der Corput, [1]). In case n=1 we may take p(C) 
to be the maximum radius of curvature of C. 


The statements embodied in the two remarks are both easily proved by 
straightforward integration by parts in well-chosen coordinate systems. Never- 
theless, even Remark A has rather striking consequences. For dilations of a 
fixed convex body we have the trivial estimate: A(AC) =O(h*) as hoo. 
We may conclude from Theorem 1 that if the hypotheses of Remark A hold 
then A(hC) —=O(h =). Now, while it seems highly likely that with 
further differentiability assumptions on C one can obtain O(h*%*) where 
e > 0, the estimates have been improved only slightly ® even for balls centered 
at the origin when n=1 or 2; and the improvements have come at the 
expense of considerable refinement of technique involving careful estimation 
of trigonometric sims. (When n==1, van der Corput, [2], has shown 
that if C is of class C® then A(hC) == O(h2/**) with «>.0.) Thus Theorem 
1 in conjunction with Remark A can be regarded as a reasonably satisfactory 
result as far as dilations of a fixed set are concerned. The general statement, 
however, suffers from the fact that p is not specified in geometric terms when 
n>i1. In case n= 1, the coupling of Remark B with Theorem 1 leads to a 
best possible result, cf. [4], which we should like to imitate in higher dimen- 


sions. Theorem 1 itself already suggests the form we should seek to obtain. 
* The square brackets denote “ greatest integer in.” i 
>The best results to date are due to Hua, Quarterly Journ. 13 (1942), pp. 18-29, 
and to Vinogradov, Izvestia Academia Nauk 19 (1955), pp. 3-10, who have extended 
the permissible upper bounds on « in the cases n = 1 and n = 2 respectively to e < 1/60 
and e < 1/8. 
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If the body C is obtained from a body B as a result of an affine transformation 
A then we easily see from (2) that 


. pP (0) Sa" | det A | p” (B) 


where a is the smallest eigenvalue of |A|. From this, we can derive the 
result that when C is an ellipsoid, p*(C) <b,K-(C), where K(C) is the 
minimum of the gaussian curvature of Q. Theorem 1 now gives rise to 


COROLLARY. Let C be an ellipsoid in E™. If V(C) =1 then 
| A (0) | S knk (C) 


where K(C) is the minimum of the gaussian curvature of Ù. 

The corollary would appear to be a perfect generalization of van der 
Corput’s Theorem, i.e. Theorem 1 in case n==1 and Remark B. Unfor- 
tunately, it seems doubtful that this generalization is valid for general convex 
bodies. The higher derivatives of surface quantities do seem to play a role 
when n> 1. Something can be salvaged, however. The asymptotic formula 
of [3, Theorem 3] shows that the inequality (2’) can be replaced by 


(4) | (0, t)| S71 K4(C)| t|- + L(0)| |7- 


where £ is a euclidean invariant homogeneous of degree y— 1 which is finite 
under the hypotheses of Remark A with y+ 2 replaced by v+ 4. A slightly 
more sophisticated version of the reasoning leading from (2’) to Theorem 1. 
leads from (4) to Theorem 2 below. Our methods of proof, however, seem 
to require a hypothesis that C is sufficiently thick which we state in terms 
of a condition involving the diameter 8(C). 


THEOREM 2. Let C be a convex subset of He, If V2(C) =s?(C) = 1 
then 


(5) | A(C)| SKK (0) +E(0) 


where k’, depends only on n and E is a euclidean invariant homogeneous of 
degree (n—1)a, which ts finite whenever C ts of diferentiability class 00, 
m= [|v+4], and has positive minimum gaussian curvature, K(C). The 
assertion that / is homogeneous of degree (n—1)a, is valid only for n> 2; 
when n =}? it should be replaced by H(hC) =O (logh) as ho; only the 
cases n > 1 are of interest here. 

In estimate (5) the term containing the gaussian curvature is homo- 
geneous of degree nan. The theorem is supposed to suggest that if C is “big” 
then the error term is negligible in comparison with the principal term. 
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1. The first method of estimation. Let C be an arbitrary compact set 
in #*?, If D is another compact set, the convolution of the characteristic 
function of C+ D (vector sum of sets) and the characteristic function of 
— D is non-negative and has the value V(D) at each point of O. The Fourier 
transform of this convolution is the product ¢(C + D,t)¢(D,t) where the 
bar denotes complex conjugate. Utilizing the Poisson summation formula, 
we conclude that 


(6) V(D)a(C) S2XGg(C + D,t)g (D, t) 


where the sum is extended over all lattice points ¢. Since (D,0) == V(D) 
and ¢(C-+ D,0) —V(C-+ D), formula (6) can be rewritten as 


(6) AC) SV(C+D)—V(C) + 2’ (C+D, t) V7 (D) o(D, t) 


where >” denotes a sum over all lattice points except the origin. 

Now suppose that C is a convex body and that D == AC, the homiothetic 
image of C by a factor h>0. On account of the convexity, C + D—gC 
where g==1-+h. Direct substitution in (6’) yields 


(7) A(C) S (g= —1) V (C) + 2 (g0, t) V= (RC) p (AC, t), 
where h > Q0 and g =1 +h. 
The point of bothering to write down (7) is that we also have 


(Y) A(O) S— (1g) V(C) + Db (gC, t) V+ (0)¢ (RG, t), 


where 0 < h < 1 and g = 1-—h. This formula is obtained by reasoning that, 
in the case of a compact convex body, the convolution of the characteristic 
functions of (1——h)C and AC vanishes outside of C and is bounded above by 
V(hC). Thenceforth the deduction is strictly analogous to that leading to (7). 

Here we are only seeking a crude estimate,—one in which the oscillatory 
nature of (C, t) is not utilized. We are thus content to replace an estimate 
like (6) with 


A(C) SV(C+D)—V(C) +d’ | 4(C+ D,t)| | V*(D)o(D, #) |. 


In doing this we make the bound independent of translations of C, i.e. 
we have a simultaneous upper bound on A(C+-2) for all z. For all £, 
| V-*(D)¢(D,t)| 1; this will be a reasonably good estimate for small t, 
say |t|< 7. In the complementary range, |t| >T, we use the Schwarz 
inequality on the sum. The net result is to replace (6’) by 


A(C) S V(C + D)—V(C) + &(C + D,T) | 


8) + ¥(C + D, T)V-(D)W(D, 
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where © and W are defined by 


(9) (0T) = 5 |4(0,1)| 

and | 

(10) ¥7(0,T) = & | (0,4) |’. 
[>T 


2. Proof of Theorem 1. Estimate (2) implies the inequalities and _ 


(11) ®(C, T) = const. Pp (C) T” 
and 
(12) +(0, T) S const. p (C) Ta, 


The reasoning which led to (8) may be applied to (7) and (7) to yield, for 
0<h<1,T>1 


(13) | A(C)| S const. hY (C) + const. p” (C) T” 
+ const. h-™-*p??(C)V-4#(C)T-. 

The optimal choices are h == V-*/®+) and T = p™ D., With these we have 

| A(C)| <S const. Vad (C) + const. p* (C) and thence (3) via an isoperi- 

metric inequality: V S const. p™!. This last inequality is an elementary 

deduction from three facts: inequality (2), |¢(C,¢)| = V(C), and V(C) 

= {| ¢(C,t)|? dt. We have to have V(C) = 1 in order to ensure that h=1. 


3. Proof of Theorem 2. If D is any convex compact set such that 0 
is the only lattice point interior to D— D, in particular if (D) <1, then 
according to [8, Theorem 2] we have 


A EPISODIS 448 (D)T 


where A, is a dimensional constant and S(D) is the surface area of D. A 
direct consequence of this is 


(14) W(D,T) < AS (D) T. 
If we make use of (4) the resulting estimates are 


(15) (C, T) < const. K-4(C) T* + const. L(C)T™ 
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(T”- should be replaced by log T when n==2) and 
(16) (C,T) S const. K-4(C) T- +- const. L(C) TA. 


Now, assuming that h < 51(C), we can use (14), (15), and (16) to estimate 
(7) and (7). The end result is 


| A(C)| S const. AY (C) 
(17) + K-4(C) S {const. T? -+ const. h-?494V4T-4} 
+-L(C) {const. T” + const. h”A917-1T-). 


It is appropriate to choose T = 8V/(+) and h == V-*/(™*®) whence (5) follows 
in short order. 


4. An alternative method of estimation. The idea used in Section 1 
to establish (6) can be replaced by a slightly different approach which we 
shall sketch here. It is obvious that CC O -+ D-+ 2 whenever te— D; so 
we have 


(18) (GC) Sinfye pA(C-+D+2). 
A trivial rewriting furnishes the inequality 
(18) A(C) SV(C-+.D) —V(C) + inte pA(C+D +2). 


The idea now is to observe that A(C-+ 2) cannot be too large at each point 
of a sufficiently large set. To see this write A == A, -+-A, where 


A,(C +2) K a t)exp(2rit: s) 
and 
A:(C +r) ~ F, (C, thexp(2rit- 2). 
[¢[>7 


We obviously have that 


(19) |A (C + 2)| = @(6, T) 
and 
(20) f | Aa(0 + z) |? de = 43 (C, T). 


The integration in v is over a fundamental period. At this place we use the 
reasoning of the Tchebychey inequality: Given «> 0, in each subset of the 
fundamental period which is of measure at least e there must be a point z 
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where | A,(C-+2)|Se##(C,7). Suppose now that — D is contained in a 
fundamental period which is certainly true if 8(D) 1. We shall then have 
for some ze— D 


(21) As(C+D+2)<VA(D)¥(C+D,7). 

The estimate (19), for C-+-D instead of C, and (21) combine to furnish 
(22) A(C)SV(C+D)—V(C) 4+ 8(C-+D,T) + VAD) (C+D, T). 
This inequality should -be compared with (8). 

The reasoning can now be continued as before using (11) and (12) or 
(15) and (16). We take D = hC and h= V-73) as before, but now choose 
T = Vrhi, The estimates obtained this way are slightly better than 
those of the previous method, but here we require §(D) 1 as in the proof 


of Theorem 2. The method of this section leads to a proof of Theorem 2 with 
(5) replaced by the stronger inequality 


(23) | A(C) | SK 4(0) VE (O) + WL (C) YVC) 
where 28, ==n?(n+-1)*(n-+2)7 and = n(n — 2) (n+1)7(n4+ 2)7. 


CORNELL UNIVERSITY. 


REFERENCES. 


ott i 


[1] J. G. van der Corput, “ Uber Gitterpunkte in der Ebene,” Mathematische Annalen, 
voL 81 (1920), pp. 1-20. 

[2] , “Neue Zahlentheoret ische Abschatzungen,”’ HMathematisohe Annalen, vol. 
89 (1923), pp. 216-254. 

[3] 0. S. Herz, “ Fourier transforms related to convex sets,” Annals of Mathematios, 
vol. 75 (1962), pp. 81-92. 

[4] V. Jarnik, “Uber die Gitterpunkte auf konvexen Kurven,” Mathematisohe Zeit- 
sohrift, vol. 24 (1926), pp. 500-518, 





Addendum (added in proof). 


The author has just learned, in conversation with Dr. H. J. Reiter, of 
the interesting work of Edmund Hlawka, “ Integrale auf konvexen Körpern,” 
which appeared in -Monatshefte fiir Mathematik, vol. 54 (1950), pp. 1-86, 
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81-99. He wishes to acknowledge Hlawka’s priority for some of the results 
stated here. 

Theorem 1, coupled with Remark A, is substantially contained in Satz 9 
on page 25 of the first part of Hlawka’s paper. The methods of proof differ. 

Remark A and formula (4) above are stated to be consequences of [3, 
Theorem 3|. That theorem, insofar as it deals with the Fourier transform 
of the volume element of a convex set occurs, with stronger smoothness hypo- 
potheses, as Satz 1 on page 82 of the second part of Hlawka’s paper. The 
weaker hypotheses in [8] are an improvement of little interest, it would seem ; 
and, in addition, the part of [3, Theorem 3] concerning the Fourier trans- 
form of the surface element is implicit in Hiawka’s work. Therefore, the 
main theorem of [3] should be viewed as a minor emendation of Hlawka’s 
theorem. 


APPROXIMATION BY SOLUTIONS OF PARTIAL DIFFERENTIAL 
EQUATIONS.* 


By Ferrx E. BROWDEB. 


Introduction. Let G be an open subset of E”, G, an open subset of G 
with compact closure in G. Suppose that A is a partial operator on G. 
We consider families of solutions S of du=0 in G, 8; of Au, =Q in G. 
If we give a norm on S;, we may ask the question: When can every u, in Sı 
be approximated with arbitrary precision in the given norm by functions 
u in S? As a special case of this question, let A be the Cauchy-Riemann 
operator in the plane E°, S the family of holomorphic functions in the plane, 
S, the family of holomorphic functions in the open subset G, continuous 
in G,, and the norm the uniform norm on G,. We obtain then the classical 
setting for the uniform approximation theorems associated with the names 
of Walsh, Lavrentiev, and Mergelyan ([12]). 

In the present paper, we construct a general framework for dealing with 
this question for various classes of differential operators and normed function 
spaces. In particular, in Section 3 we obtain a generalization of the Walsh 
theorem for general linear elliptic operators for which uniqueness in the 
Cauchy problem holds. A generalized Runge’s theorem for such equations 
has been established by Lax [9] and Malgrange [11]. Some generalizations 
of Mergelyan’s Theorem were given previously by the writer in [3] as a part 
of a general body of related approximation theorems, but not the proof of 
the Walsh Theorem in the general case. The analytical apparatus of the 
present paper is stronger than that of [3] and rests essentially upon Lemma 8 
below. In Section 6, we give an extension of our approximation theory to 
hyperbolic operators, using the results of Leray [11], and to operators of 
principal normal type having strongly pseudo-convex level surfaces, using the 
definitions and results of Hérmander [8]. 

Sections 1 and 2 present a general formulation and solution of the 
approximation problem under abstract hypotheses. Section 3 applies these 
results to the proof of the generalized Walsh theorem. Section 4 considers a 
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related result concerning approximation by linear combinations of funda- 
mental solutions with poles in a prescribed exterior domain. Section 5 con- 
siders approximations by solutions of Au == 0 with prescribed boundary values 
on a portion of the boundary of the larger domain, generalizing some weaker 
results of H. Beckert [1] for second-order equations. Section 6 gives the 
extension to the treatment of non-elliptic operators. 

The writer should like to thank S. Agmon for suggesting the question 
treated in Section 4, and A. P. Calderon for describing to the writer his 
proof of Lemma 9. 


Section 1. Let G be an open subset of Euclidean n-space E”. The 
points of E” will be denoted by z= (a,° * -, 2a), D; will denote the elemen- 


tary differential operator ine for 1S} Sn, and |z| = V$ z? the Euclidean 
4 
length in E". For each n-vector a == (a, > *,&n) of non-negative integers, 
we set | e| =} a; and 
jai 
n 
D® == TI Dr. 
jai 


Let A be a linear differential operator of order r with coefficients defined 
on G. Then A may be written in the form 


A= J, t(s) DY, 
laSr 


where the coefficients a(x) are assumed to be continuous complex-valued 
functions defined on G. We define the formal adjoint differential operator A’ 
for A by the prescription 


A'u = >, D* (dau) = X, a’eD%u, 
|a|Sr |a]=Sr 


where the coefficients a'a in the second expression on the right are distributions 
obtained by expanding the derivatives in the middle expression by the Leibniz 
formula. 

Let G, be an open subset of G having compact closure in G. Suppose 
that we are given a locally convex linear topological vector space F’, over the 
complex field C, of distributions (or possibly functions) on G@ such that F 
contains C”,(G), the space of infinitely differentiable functions with compact 
support in G, while the imbedding maps of C”,(G@) into F and of F into 
D’(G), the space of distributions on G, are both continuous. Let F* be the 
dual space of F, (f,f*) the pairing between an element f of F and f* of the 
dual space F*. (We remark that F* is defined to be the space of continuous 
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conjugate-linear functionals on F, rather than the linear functionals on F, 
so that (f,f*) —f*(f) is a sesqui-linear form, i.e. linear in f and conjugate 
linear in f*.) 

We shall assume that C*,(G) is contained and weak* dense in F*, that 
F* is contained in D’(G), and that the pairing (f,f*) between F and F* 
is an extension by continuity of the pairing between f as a distribution on G 
- and f* restricted to lie in C®,(@). Similarly we may consider a space F, 
of distributions on G, and its dual space F,* and again denote the pairing 
between these two spaces by (fa, faf). Between these pairs of spaces, we 
require the following relation: 

(a), The restriction of F to the subset G, of G (i.e. the set of f| a, for 
f in F) is contained m F and dense in Fı. The restriction map of F into 
Fy, ts continuous. 


In terms of the spaces F and F, we may formulate our approximation 
problem in the following terms: 


Let 
S= {f: fE F, Af =0 on G}, 


8i= {fi: fi€ F Af; =0 On G}. 


Consider the closure of the set S]a, in Fy, i.e. the closure of the set of 
fla, for f in 8. 


When ts thts closure (which is always contained in §,) equal to 81? 


To make this formulation more precise, we must make more definite the 
meaning of the equation Af ==0 in G for an element f of F. To do this, 
we shall make the following regularity assumption upon the coeficients of 
the differential operator A’: 


For each py in C®,(@), Ay must he in F*, 
(It suffices for example to assume that all the coefficients d'a of A’ lie in F* 
themselves.) Under this assumption, which we shall make without explicit 


mention throughout our discussion, we may define the maximal operator T 
of A in F by 


D(T) ={f: f€ F, There exists g in F such that (f,A’t) = (g,¥) for 
all y in C°,(@)}, 
Uf =g. 
With the definition of the maximal operator T of A in F, and the parallel 
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definition of the maximal operator of A in F, on the open subset Gi, we set 
S= N (T), the nullspace of T, and 8,—N(T,), the nullspace of T. 

Let us denote by J the operator which maps F into F, by mapping each f 
in F into fle, Its adjoint map Jı —J* maps F,* injectively in F* by setting 


A) = (flan fi*). 


Jı, considered as acting on the elements of #’,* as distributions, sets them 
equal to zero outside of G. Hence J,(f,*) for each f,* has its support in the 
closure of G. 

We can characterize the closure of 9|¢, in F,, i.e. of J(8), by charac- 
terizing its annihilator U == (J (8))+ in F,*. An element f,* of F,* will 
belong to U uff (J (f), f1*) == 0 for all f in S, or equivalently iff(f,/,(f1*) ) =0 
for all fin 8. Thus U—J,7(S1). Let us now assume that 


(a)"9 The maximal operator T of A in F is densely defined in F. 

Then we may define the adjoint operator T* of T by 

D(T*) = {f*: There exists g* in F* such that (T7f,f*) == (f,g*) for 

all f in D(T’)}, 
THe mm g®, 

In terms of T*, we can formulate our first non-trivial assumption upon T, 
namely: 

(a), The range of T* is closed in F*. 

If (a), holds, it follows easily from the Hahn-Banach theorem that 


Sl me (N(T))l—FR(T*). Thus U =J,1(R(T*)), and for each f,* in U, 
Jf? =T*h* for some h*¥ in D(T*). 


We now formulate our second basic assumption: 
(a)2 R(J,) R(T?) =J,(R(T;*)). 


Using these assumptions, we obtain the following simple proposition 
which we state in a general form without reference to maximal operators 
for use in a later section: 


PROPOSITION 1. Let G be an open subset of H*, G, an open subset with 
compact closure in G, F a locally convex linear space of distributions on G 
with F and F* as above, F a locally convex linear space of distributions on Gh 
such that the restriction map J of F into F, ts continuous and has a dense 
image. Let J, be the injection mapping of F,* into F* given by J,—J*. 


138 FELIX E. BROWDER. 


Suppose that T is a densely defined linear mapping in F, T, ts a densely 
defined linear mapping in F, such that J(N(T)) C N(T;). 


Suppose that: 
(a)i: The range R(T*) ts closed in F*. 
(ale: B(T*) NO R(J,) =J (k(T:*)). 
Then J(N(T)) is dense in N (T). 


Proof of Proposition 1. As above, let U = (J (T))+. We have already 
remarked that U=—=J,2(R(T*)). Since J(N(T)) is assumed to be con- 
tained in N (Tı), in order to show that J(N(T)) is dense in N (T), it 
suffices to show that U C N(T,)+. Suppose then that f,* is an element of U. 
Then J,/1* lies in R(J,)N R(T*) and =J/,(T,*g,*) for some gi* in D(T,*). 
Since the image of J is dense in F, J*==J, is an injective map. Thus 
fi* = T,*9,* € R(T,*) C N(7;)4, and the proof of Proposition 1 is complete. 

Given Proposition 1, our problem is now the verification of the conditions 
(a), (a@)x, and (&)2 under more concrete hypotheses. 

Suppose again that, as before, T and T, are the maximal operators of a 
given linear differential operator A in F and F., respectively. Let us examine 
some conditions which suffice for the validity of (a)’o, (8) and (a@)s. 

The case of (a)’, is the simplest. It suffices to assume the following: 


(b)o If R(G) —C,(#")|o, R(G) is contained and dense in F, while 
multiplication by each coeficient aa of A carries F into itself. 


(Indeed, since D% for any «œ carries R(G) into #(G) which is contained 
in F, it follows that R(G) is contained in the domain of T and D(T) is 
thereby dense.) 

To treat (a)1, we consider first the case when G is precompact and obtain 
more general hypotheses by an iterative approximation. For some kinds of 
function spaces F on pre-compact sets G, there holds the following sufficient 
condition for the validity of (a),: 


(b), F= is a Frechet space, and there exists a linear subset W of F* 
having a locally convex topology which turns W into a Frechet space such 
that the injection mapping of W into F* is compact while D(T*) ts contained 
in W. 


Lemma 1. Let T* and F* satisfy the condition (b)i. Then the range 
of T* ts closed in F*, 


Proof of Lemma 1. Let G(T*) be the graph of T* in F* X F*. Since 
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T* is closed, G(7*) is a closed subspace of the Frechet spaces F* X #* and 
hence itself a Frechet space. Let P denote the mapping of G(7™) into F* 
given by 
P({f*, T*f*]) = f*. 

Since D(7*) is contained in W, the range of P, which coincides with D(T*), 
les in W. P is obviously a continuous linear mapping of G(7™) into F*. 
Since the injection mapping of W into F* being compact is a fortiori con- 
tinuous, P is a closed mapping from G(7™*) into W. On the other hand, 
G(T*) and W are both Frechet spaces and the closed graph theorem holds 
for mapping between Frechet spaces, so that P is a continuous mapping of 
G(T*) into W. Since the map P of G(7™) is the composition of the con- 
tinuous map P of G(T*) into W with the compact injection map of W into F*, 
it follows that P as a map of G(T*) into F* is compact. 

The conclusion of the Lemma now follows from Lemma 1 of Section 1 
of [3] which declares that any mapping T* for which the mapping of the 
graph upon the first factor is compact, has a closed range. Thus R(7*) is 
closed, and the proof of Lemma 1 is complete. 

To apply Lemma 1, we must consider hypotheses of a more concrete 
character from which the criterion (b), will follow. It is convenient for us 
therefore to introduce at this point various classes of function spaces F and 
F* which we shall utilize in the application to approximation theorems for 
particular types of differential operators. We list below some of these spaces 
with the appropriate norms or semi-norms which define their topology: 


(1) Or(@) —{f: Df exists and is continuous in G for | «| = 7}, 
Or(G) = {f: fe Cr(G), For |a| <r, Df is uniformly bounded 


and continuous on G}, 


ll f llor cay — 2: SP sea! Def (x) |. 


Cr(G@) is a Banach space with respect to the norm || f llor. Cr(G) is a 
a Frechet space with respect to the topology defined by the semi-norms 
| f lor(é,) where G, runs through the open subsets having compact closure in G. 


(2) LetlSp<o. 
[e(G@) = {f:|f |? is summable with respect to the Lebesque n-measure 
dz on G}, 


If l= f 1f 2e}, 
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L” (G) = {f: f is essentially bounded with respect to dz on G} 
| f fraca = ess. SUP.5 eg] (2) |, 


L” (G) = {f: fE Lr (G) for every open subset G, with compact closure 
in G 


Le (G) is a Banach space with respect to the norm | f lze). 


L¥iye(G) is a Frechet space with respect to the topology defined by the 
family of semi-norms || f |z»(¢, for G, with compact closure in G. 


(3) Whe(G) = {f: Dfe L(G) for |a] S37}, IAS p<+o), 
IF lo = { È || DF [Pee 
jals 
Wi?,.(G) = {f: f€ Wir(G) for G, having compact closure in G}. 
Ws?(G@) is a Banach space with respect to |[f,, while W/?,..(@) is a 
Frechet space with respect to the family of semi-norms || f | wrta. 
(4) Let O<h<1L 
OMG) = (f: Fe (G), PT) — FAW < of) for jal Si, 
T, yE Gh. 
I f lora = I f lorca + mf C(f), 
Olio (G) =m {f: fE Ch*(G,) for every G, with compact closure in G}. 


Ci*(G@) is a Banach space with respect to || f llosca), while C4*,.(G) is 
a Frechet space with respect to the family of semi-norms || f loia, @ having 
compact closure in G. 


We now remark the following consequences of the Sobolev Imbedding 
theorem (e.g. Lemma 5 of [2]): 


Luma 2. Let G be a precompact open subset of E” for which there 
exists a finite open covering {Nx} having the following property: For each k, 
there eaxtsts a IApschite continuous function &(x2) from NN G to the unit 
sphere S in E” and a posttwe constant h such that the cone 


Cx(%) = {yi y =r + ré, 0 <r ch, |E—&(2)| <h, | E| = 1} 


is entirely contained in G for every cin N,MG. (A condition of this type 
without prescription for the Lipschitz continuity of the axis is called a Sobolev 
cone condition. ) 
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Then: 
For i2 p— (j—k) wt, OSk <j, 1<p<o, 
Wie(G) C Wer (G). 


If r+ > p?— (j— kn, the inbedding map of Wh?(G) into W»"(G@) 
ts compact. 


(ii) For pt— (j—k)n* <0, Wi9(G) C C#(G). Moreover, if 
0<A<1, and 
p> < (G—k—h)n 


then Wi?(G) C CI*(G). In both cases, the imbedding mapping ts compact. 
(iii) The imbedding map of Wi?(G) into Wi (G) ts compact. The 
imbedding map of Ch*(G) into Ci™*(G) ts compact. 


The conclusion of (iii) is obviously a specialization of (i) and (ii). 


It follows from Lemma 2 in particular that if our space F’* is one of 
the spaces defined above, say in particular Lr(G), then in order to verify 
that (b), holds on a domain @ which satisfies the condition of Lemma 2, 
it suffices to show that D(7T*) lies in W*?(G) for p+ <r- n>, or more 
generally that D(T*) lies in Wi?(G@) for j and p such that pt < r’ -+ jn. 
In particular, we may take p =r, which always satisfies the inequalities, and 
we have the following: If D(T*) C Wi(G) for a domain G satisfying the 
condition of Lemma 2,4> 0, T* an operator in L(G) with G precompact, 
then T* has a closed range in L*(@). 

To pass from precompact domains G to general domains, we need an 
iterative approximation argument which we make precise in the following 
general formulation : 


Lemma 3. Let G be an open set in E”, Gy an increasing sequence of 
open sets exhausting G such that each G, has compact closure in Gas. Let 
F be a Frechet space of functions on G, Fn a Banach space of functions on Gn 
such that the restriction map of F,, to the subdomain Ga, for each n, is a 
contraction operator carrying F, into Faa. Suppose that F |a, == Fy and that 
the topology on F is induced by the famtly of semi-norms | fle, |en whtle 
fe D'(G) belongs to Fifffle,€ Fn for all n. 


Suppose that A is a differential operator on G satisfying (b)o on G and 
on each of the Gy, T the maximal operator of A in F, T, the maximal operator 
of Ain Fn on Gy. Suppose that N (Twn) |a, is dense in N(T,) in the norm 
of F, for each n= 1. Then N(T) la, is dense in N (Tı) in the norm of Fy. 


142 FELIX E. BROWDER. 


Proof of Lemma 3. Let f, be an element of N (T), e>0. We wish to 
show that there exist f in N(T) with |fi—fla l| Se We construct by 
induction starting with f, a sequence {fa} with fa E€ N (Ta), n 21, such that 
lfs—faule, <62”. This construction is possible since N (Tr) |e, 18 
dense in N (Ta) for n Z= 1 by the hypothesis. From the iterative construction 
and the fact that the restriction mapping of each Fẹ on its predecessors is a 
contraction map, we find that for ;=n 


| Pisa Gn — Jil on lEn = | file, —fy Ilr, <7 EP 


Thus for n=) < k, we have 


Il filles — felan lz, Se2U, 


and hence {f;|¢,37 =} is a Cauchy sequence in F, for n= 1. By the com- 
pleteness of F'n, f;|¢, converges to an element gn of Fa, and we see at once that 
Gnu |c,™ Ja. The element f of F which we are looking for is obtained by 
setting f |a= gn. The distribution f thus obtained must lie in F since each 
gn lies in Fn and is unambiguously defined since the values of ga are concordant 
under restriction. Moreover since 


Il fillaa—fi | Se 
for j=21, it follows by taking the limit on 7 that 


lg — h len = fla — fll S e 


Finally, each f;|o,, 7 >n, satisfies the equation Au = 0 in G,, and lies 
in N(T,). Hence so does their limit g,. Thus Af ==0 in G, for all n, i.e. 
Af = 0 in G, so that fE N(T}) and the proof is complete. l 

Let us remark in connection with the application of Lemma 3 that the 
conditions of the first paragraph of the hypothesis of Lemma 8 concerning 
the spaces F and the F', will be satisfied for any of the following: 


(1) FeeOt(G), F,=C'(G,). 

(2) F= Pig (G), Fa L(G). 

(3) Fm WiPe (G), Fa — Wi?(G,). 

(4) F Chol O), Fa = OI (Ga). 

The crucial topological hypothesis that we shall utilize upon the relation ` 
between GŒ and its subset G is the property that G—-G, has no compact 
components. The following lemma, therefore, is necessary as an auxiliary tool 


for Lemma 3 to reduce our approximation arguments to the case of pre- 
compact sets G. 
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Lemma 4. Let G bean open subset of E", G, an open subset with compact 
closure in G such that G— G, has no compact components. Then there easts 
an increasing sequence {Gr} of open subsets of G starting with G, such that 
G is the umon of the Gy, each Ge has compact closure in Gks, and for each k, 
Gr — G, has no compact components. 


Proof of Lemma 4. Let {@’,} be an arbitrary increasing sequence of 
open subsets of G which together exhuast G and such that G’, has compact 
closure in Gra. We shall construct the sequence {G} by induction so that 
for each k, Gy contains Cr, Gy has compact closure in Gres Ger — Gy has no 
compact components, and in addition G == G has no compact components. 
Suppose that {G,,-- -, @,} have already been constructed, and let us consider 
the problem of continuing the construction to obtain Gk». 


Let V be a smoothly bounded set with compact closure which contains 
Œre and the closure of Ge. (By smoothly bounded, we mean more precisely 
that V is bounded by a finuite number of polytopes.) To obtain Gi, we 
need only choose a set V, which has compact closure in G, which contains F, 
and such that V,— Gy and G— F, have no compact components. For such a 
V1, we take the union of V with all the compact components of G—V. Since 
each component of G-——- F, must be contained in a component of G—V and 
indeed must equal one of the non-compact components of G— V, it follows 
that G—V, has no compact components. The closure of V, is certainly 
compact, being the union of a finite family of compact sets. We need only 
show then that V, — G;, has no compact components and that V, is open. 


Let us show first that V, is open. Since V is smoothly bounded (in the 
special sense mentioned above), each point of the boundary of V has a 
neighborhood which intersects only a finite number of components of G—YV. 
Since the boundary of each compact component of G—V is contained in 
the boundary of V, it follows that there are only a finite number of compact 
components of G— V and that they have a positive distance from the union 
of the other components of @—V. Hence V, is open. 

To show that V, — G, has no compact components, let C be any compact 
component of V;—-G,. Since Gy has compact closure in Vy, we may choose 
a neighborhood V of C U Gy such that V, is contained in V,. C is a com- 
ponent of V,— G,, which is a compact set, and hence C is the intersection of 
a sequence of open and closed sets of F, — Gy. We assert that C is a com- 
ponent of @—G,. Let {U,} be a sequence of open and closed sets of V, — Qy 
whose intersection equals ©. Since each U, is closed in the compact set 
Ve— Gy, it is closed in @—G,. On the other hand, U, N bdry(V.2) is a 
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family of compact sets having null intersection, so that we may find a finite 
intersection of sets U, which is contained in V,—G. Since we may then 
assume, replacing U, by their intersections with this finite family, that each 
U, is contained in V,-— G, and being open in V,— Qe it must be open in the 
smaller set Vz,—-G,. But V.— Gk is open in G—G,, so that U, is open 
in @G—G,. Hence C is the intersection of a family of sets U, open and closed 
in G—G, and hence C is a compact component of G—G,. There are no 
such components by the inductive hypothesis, and the proof of Lemma 4 is 
complete. 


Section 2. As we have remarked in Proposition 1, the proof of the 
density of N (T) in N(T,) on restriction to the open subset G, follows from 
the two conditions: 


(a), &(T*) ts closed in F*. 
(a) R(T*) NR(J1) =JiR(T1*)). 
A deeper investigation of hypotheses under which these conditions hold 


demands therefore a more detailed consideration of the structure of the 
operators T* and T,*. 


Durinirion. Let T'o be the operator in F* with D(T’o) =C°,(G), 
Poo = A’ for we D(T oo). 


Because of our assumption that A’y lies in F* for each y in C”, (G), the 
operator Tos is well-defined. 


Lemma 5. T* is the closure of the operator T'ẹ as an operator with 
domain and range in F*. 


Proof of Lemma 5. By a familiar argument on annihilators in linear 
spaces it suffices to show that for a pair of elements f and g of F such that 


(F, Toy) = (9:4), all y in C*,(@) 


f will lie in D(T) and Tf—=g, and conversely. But this is precisely the 
definition of the maximal operator T. Q.E.D. 


The operator T* thus identified with the realization of the differential 
operator A’ acting on a ‘minimal’ family of functions satisfying the largest 


possible family of boundary conditions in @ is called the minimal operator of 
A’ in F*, 


Lemma 6. J,(D(T,*)) C D(T*). For f,* in D(T,*), 
L*(F,*) =J (Ti*f:*). 
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Proof of Lemma 6. Consider the graphs G(T,*) and G(T*). The 


mapping J, J, carries the dense subset @G(T’oo¢,) of G(T1*) into 
G(T’o0) C G(T*), where Tooc, is the operator analogous to Tes defined for 
F*, and G rather than F* and G. J, X J, is continuous. Hence it carries 
G(T,*), the closure of G(T"oo,¢,), iato G(T*). The assertions of Lemma 6 
are precisely equivalent to the last aseertion. Q.E.D. ) 


Proposition 2. Let G, G, and G, be three open subsets of E” with G 
having compact closure in G, GŒ! having compact closure in G,. Let F,, F 
and F, be three spaces on G, G, and G, respectively, with the pairs (F,, F) 
and (F,F,) satisfying the conditions of our preceding discussion, F,*, F*, 
and F,* their dual spaces. Let A be a linear differential operator on Ga, A’ 
tts formal adjoint, with A satisfying (b), on G. Suppose that (b), holds 
on G and that the following conditions are satisfied: 


(c),. Every h* in D(T,*) which has tts support in the closure of G 
and which satisfies the equation A’h* == 0 on G,-—G, must have its support 
in the closure of G. | 


(c)2 Every h* in D(T,*) which has its support in the closure of Gh 
lites m Jo(D(T,*)), where d: is the natural injection of F,* into F,*. 


Then if T is the maaimal operator of A in F on G, T, the maximal 
operator of A in F, on G,, we have N (T) |a, dense in N(T1) in the F,-topology. 


Proof of Proposition 2. Since (b), holds on G, it suffices by Proposition 1 
to verify that R(T*) O R(J,) =J, (R(T:*)). By Lemma 6, J,(R(7,*)) 
C R(T*) N R(Jı). Hence it suffices to prove the opposite inclusion. 

Suppose then that f*€ R(T*) MR(J,). Then f* has its support in the 
closure of G,, and there exists g* in D(T*) such that T*g* —f*, Let h* 
be the injection of g* into F,*. Then by Lemma 6 for the pair of domains 
G and Gz, Ta*h* has its support in G, and h® has its support in G. By (c),, 
h* must have its support in G. By (c)s, A* == J (k*) with k*e D(T,*). 
Thus g* and J,(k*) have the same injection into F,*, so that g* == J, (k*). 
Hence f* = T*g* — T* (J,k") =J,(T,*k*) must lie in J,(R(T,*)) and the 
proof of Proposition 2 is complete. 

Let us now reformulate Proposition 2 slightly to make it more directly 
applicable to approximation problems for solutions of differential equations. 


THEOREM 1. Let G, G, and G, be three open sets in E”, G, compact 
in G, G compact in G, Let F,, F, and F, be three locally convex linear 
spaces on Gi, G, and Gs, respectively, as above with dual spaces F',*, F*, and 


10 


a Spee, sate, me a m — m = — 
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F,*. Suppose that the restriction map ts a continuous linear map of F on a 
dense subset of F, and of F, on a dense subset of F. Let A bea linear partial 
differential operator of order r on G, with formal adjoint A’ such that A’ has 
coeficients in F:*, R(G.) ts dense in Fa, and multiplication by the coeffictents 
of A carry R(G:) into Fa. Suppose further that: 


(i) The domain of the minimal operator of A’ in F* on G liesma 
linear subset W of F* which ts a Banach space with respect to a norm such 
that the mjeciton mapping of W into F* is compact. 


(ii) If u ts a distribution in F*, which lies in the domain of the 
minimal operator of A’ in F*, and tf A'u =Q on Qe — G, then u € Ct(G, — G). 

(iii) If wé€Cr(G,—G,) with A’u=0 on G,—G, and tf u=0 of 
G,— G, then u must be identically zero in Q — G. 


(iv) Every u in F*, which has its support in G, and is in the domain 
of the minimal operator of A’ in Fo, ts the injection into G, of an element 
of the domain of the minimal operator of A’ in Œ. 


Then the solutions S in F of the equation Au =Q in G upon restriction 
to the open subset G, are dense in the F -topology in the solutions 8, in Py 
of the equation Au, —0 in G. 


Proof of Theorem 1. (ii) and (ii) together obviously imply (e)a, (i) 
is equivalent to (b), (iv) is equivalent to (c)s, so that Theorem 1 follows 
immediately from Proposition 2. 


Section 3. We turn now to the principal topic of the present paper, 
the proof of an approximation theorem in uniform norm of the Walsh- 
Mergelyan type for solutions of a general linear elliptic equation. 

Let A be a linear elliptic operator of order r on the domain @ of Et 
of the form \ 

A= > a(z) D" 
|a[Sr 


with coefficients aa lying in (*(@). Let A’ be the formal adjoint of A, 

A’ == ©, a@eD%, with coefficients a’ which again lie in (1(G@). We shall 
|a|r 

assume that A’ satisfies the condition of uniqueness for the Cauchy problem 

in the small on G, i.e. 


(U). If we Cr(G’) for a connected open subset G’ of G with A'u =0 
on Œ and if u vanishes on a non-vacuous open subset of G’, u must vanish 
sdentically on Œ. 
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We remark that (U), is satisfied by operators A’ with analytic coefficients 
and, by a theorem of Calderon [6], (U), holds for operator, A’ with real 
coefficients having. distinct complex characteristics. 

We consider the specialization of the approximation problem of Sections 
1 and 2, where the space F is C°(@) and the space F, on the open subset G, 
on which the approximation is to take place, is C°(G,), the Banach space of 
continuous functions on the closure of G,. As is well known from the repre- 
sentation theorem of F. Riesz and its variants, the dual spaces of these two 
linear spaces are F* == M,(@) and #*,—M(G,) where M,(G) is the space 
of finite Radon measures on G with compact support in G@ while M(G,) is the 
space of finite Radon measure on G,. In order to deal with the minimal 
operators of A’ in these two spaces, we remark that by the Sobolev Imbedding 
Theorem in its local form, every distribution lying in W*?,.(@) must lie 
also in C° (G) provided that p > n, and the imbedding mapping of W+?,..(@) 
into C°(G@) is a continuous linear map (as follows also by the closed graph 
theorem from the first assertion). In addition, the image of the imbedding 
mapping is dense. 

Let us introduce a representation of the dual space (W**,.(G))* by 
distributions having compact support in G with the distribution pairing going 
over into the pairing between the dual spaces. Thus if g = p(p—1)-, we set 


We (G) = {u: uE E (G), |(g u)| S Ou ly lms for all y in C°(G@)}. 
| u [wraca = inf Cu. 


Then from the results of the preceding paragraph, it follows that M,(G) 
== (C°(G))* is contained in W+4,(@) and the imbedding mapping of M,(@) 
into W-'¢,(G@) is bounded under the assumption 1<q<n(n—-1)*. The 
minimal operator T* of A’ in M,(G), which is the closure in M,(@) of the 
operator A’ restricted to C*,(G), must therefore be contained in the minimal 
operator of A’ in W-*4,(G@). By the results of Section 2 of [3] specifically 
Theorem (2.7) ), the ‘domain of the minimal operator of A’ in W%,(G) is 
contained in Wr-'@,(G@). We have therefore proved: 


Lexma 7. Let A be a linear elliptic operator of order r such that A 
and A’ have coeficients in C1(G). Then the domain of the minimal operator 
T* of A’ in M,(G), the space of Radon measures with compact support in G, 
is contained in Wr-t4,(G) for any.q with 1 <q<n(n—1)-. 


To obtain our uniform approximation theorem, we must impose a regu- 
larity condition upon the domain G, on which the approximation is to take 
place. 
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DEFINITION 2. Let G, be an open subset of E”. Then G, is satd to be 
firmly regular tf there exists an open covering {Nz} of the boundary of G, 
such that for each k, there exists a positive constant hy and & in E" with 
| éx | — 1, for which the punctured cone 


C'a {y: y =r Fré 0 <r <h, |E— é| <h, | é| —1} 
lies in G for any poini z of N,N G. 


For a precompact G,, the definition of firm regularity is obviously a 
strengthening of the Sobolev cone condition. In particular, for any pre- 
compact, firmly regular G, W42(G,) is compact in L¢(G,) for any 7>0, 
g>1. We have moreover the following important property of firmly regular 
open sets: 


Lemma 8. Let G be an open subset of E", G, a firmly regular open set 
with compact closure in G, A’ a diferential operator of order r with coefficrents 
in C1(G). Then: 


(a) Let ue Wrt4(G) with support in G, such that A'u € M(G,)C M.G). 
Then there exists a sequence {p} in C,(G,) such that pa —> u in Wes A(G), 
A’ (Ya) > A’(u) in the weak* topology on M(G,). 


(b) Letuc Wr+9(G) with support in G, such that A'u € LG) C ILG). 
Then there extsts a sequence {ya} in C",(G,) such that pa—> u in W™a( G), 
A’ (Yy) > A'u in IA(G). 


Proof of Lemma 8. We first form an infinitely differentiable partition of 
unity {y4} corresponding to the covering of G, by the family {N+} together 
with a single interior open set in G,. The function u— $, up, where Ug == ngu. 


To approximate w in the sense of Lemma 8, it suffices w approximate each 
of the functions u,. Each up lies in Wrta( G) and A’ (up) == ypu + Vk, where 
vy lies in £9(G,). Hence A’u, has the same properties as A’u in both (a) 
and (b). Thus, replacing u by ur, we may assume that u either has compact 
. support in the interior of G, or else in one of the neighborhoods N+ of the 
definition of firm regularity. We shall consider only the latter case explicitly, 
since the former can be dealt with by a simpler version of the same argument. 

Suppose then that u has its support in Ny N G,. By Definition 2, there 
exists a constant A; > 0 and a unit vector éx such that all points y of the form 


y=r+ ré, 0<r<h, |fé—f| <h [Ef —1, 
lie i in G, for z in Nk N G. We form a function j, depending implicitly upon 
k, such that j € C*,(H"), j (x) has its support in the set 


{2: 1S |z| S2, | &—a/|a|| <h}, and fj(£)dz ma 1. 
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For e> 0, set je(£} =e "J (e's). From the properties of j, it follows 
that je also lies in C°,(£"), {je(%) da = 1, while the support of Je is contained 
in the set 

Ce= {ei S |e) S 2%, 14,—2/|2|| <h}. 
Consider 
ve(Z) = fje(o—y)ux(y) dy, (0<e <A). 


The support of ve lies in Oe + Ny G1, which for each positive e is a compact 
subset of G,. The function ve is infinitely differentiable and hence lies in 
C”.(G,). To complete the argument, it suffices to show that Ve—> tUr, 
A’v,.— A’u,x in the senses sought in parts (a) and (b) of Lemma 7. 

Since ux lies in Wr-e(@) and has its support in G,, it follows by a 
standard argument that v, will converge to us in Wr?9(G,). The principal 
point to be dealt with is the convergence of A’v,. For this purpose, we let Je 
denote the convolution operator with kernel je and consider 


Te = A’ve— J, (A Uy) == A’ ty, — d AU. 


Since by standard arguments, J,(A’u,) will converge to A’u, in the senses 
sought in (a) and (b) as e— 0, in order to complete the proof of the Lemma, 
it suffices to show that 7,0 in L4(G,). 


The function re is the sum of a finite number of terms of the form 
a(t) DJ aty — dJ (a (x) Deux), | a | Sr, 


with a(x) € C+(G,). Since the differentiation operators commute with J, in 
thois case we may absorb (r— 1) of the derivatives into the function ux, and 
using the assumption that uz lies in W-14(G,), it suffices to consider terms of 
the form 


se(v) —a(2) DiJ e(a (2) Dro) 


for v in L(G) and show that s, converges to zero in La( G). However, this 
follows from a well-known argument of Friedrichs [7] and the proof of the 
Lemma is complete. 


A simple variant of the proof of Lemma 4 yields: 


Lemma 4’, Let G be an open subset of E”, G, a firmly regular open 
subset with compact closure in G such that G— G has no compact components. 
Then there exists an increasing sequence {Gy} of open subsets of G beginning 
with G, such that each Gy 18 firmly regular, G is the unton of the Gx, each Gy 
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has compact closure in Gyn, and for each k, Grs — @k has no compact 
components. 


Using Lemmas 7 and 8 together with Lemma 4’, we obtain: 


THEOREM 2. Let G be an open subset of E”, G, a firmly regular open 
subset with compact closure in G. Suppose that A ts a linear elliptic 
differential operator on G with coefficients in O(G) such that tts formal 
adjoint A’ has tts coeficients in C1(G). Suppose that G— G has no compact 
components and that A’ satisfies the condition (U), for uniqueness in the 
Cauchy problem in the small on G. Let S be the family of solutions u in 
Cr(G) of the equation Au =0 in G, S, the family of functions u, in 
C°(G,) NCr(G,) which satisfy the equation Au, =—0 in G,. Then the restric- 
tions of the functions of 8 to G, are dense in 8, in the norm of C°(G,), 4.8. 
given a solution u, in C°(G,) DC (G) of the equation Au, ==0 in G, for 
every e> 0, there exists u in C'(G) with Au =—=0 in G such that 


SUP eq,| U(%) — th (z)| <e. 


Proof of Theorem 2. By Lemma 4, there exists a sequence of firmly 
regular open sets {Ga} exhausting G, starting with G,, and such that 
Gr — Gy has no compact components and G, is a compact subset of Grn. 
By Lemma 3, it suffices to show the uniform approximability of ug in C°(G;) 
with Au, = 0 in Gy by tri. in C°(Geu) with Aux. =—0 on Gi. It suffices 
as well to approximate instead by ur, in O°( Gris) with Aure ==0 on Gris. 
Thus we may restrict ourself to a situation of the type considered in Proposi- 
tion 2, where we have three open sets G,, G, and G: with G, and G firmly 
regular, G having compact closure in G, G having compact closure in G, 
G, — G having no compact components, and show that if A is a linear elliptic 
differential operator on G, with A and A’ having coefficients in C1(G,) and 
A’ satisfying (U),, then the solutions u of Au ==0 in C°(G,) are dense in 
C°(G,). (The fact that under our regularity hypotheses on the coefficients 
of A and A’, the solutions of Au =Q in C°(G,) lie in O" (G) follows from 
Theorem (2.7) of [8].) 

To obtain this last result, we apply Theorem 1, and need therefore to 
verify the hypotheses of Theorem 1 for F; == C°(G,), F=C°(@), F, == (G), 

2* = M,(G.), F* =: M(G), F.*—M(G,). By Lemma 7, the domain of the 
minimal operator T* of A’ in F* lies in W'-?4,(G,) C Wr-a( G), which by 
the firm regularity of G is a compact subset of Af(G). Thus assumption (i) 
holds. Since A’ is elliptic and both A and A’ have coefficients in C'(G.), 
it follows from Theorem (2.7) of [8] that every solution u of A’u—=0 in 
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Ga— G lying in Wa (G) must le in C'(G,). Therefore, assumption (ii) 
holds. Assumption (iti) is seen by a standard argument to be equivalent to 
(Uj, under the assumption that G.— G, has no compact components. The 
only assumption which remains for verification is thereby assumption (iv). 

To verify (iv), let us suppose that u lies in M,(G,) has its support in 
G,, and lies in the domain of the minimal operator of A’ in M,(G;). By 
Lemma 7, u must lie in Wr-*2,(G,) for q < n(n—1)>. Applying Lemma 8, 
we know therefore that there exists a sequence {y,} in C*,(G,) such that 
Ya —>u in L(G), A'ya —> A'u in the weak* topology in M(G,). Hence the 
element [w,A’u] lies in the weak* closure of the graph of the minimal 
operator 7',* of A’ in F,*. However, 7,* being an adjoint operator, has a 
graph which is weak* closed. Thus u€ D(T:*), (iv) is proved, and the proof 
of Theorem 2 is complete. 


Section 4. In connection with Theorem 2, S. Agmon has conjectured 
in a conversation with the writer that a related result which is a slight variant 
of Theorem 2 should hold under stronger hypotheses. We establish this result 
below in Theorem 3, and give a simpler variant of the preceding proof under 
the stronger hypotheses of Theorem 3. 

Let A be a linear elliptic differential operator on an open set G of E” 
with coefficients in C@(l"). Then if both A and A’ satisfy the condition 
(U), of uniqueness in the Cauchy problem in the small, Malgrange has shown 
in the last section of [11] that there exists a bi-regular elementary solution 
e(z,y) for A on G, i.e. such that e(z,y) is in O” in both variables off the 
diagonal and satisfies the equations 4Ase(z, y) = ,, A’,é(z,y) = 8p (A 
corresponding result under weaker regularity conditions on the coefficients has 
been obtained by the writer in Section 3 of [3], but we shall not refer to the 
latter result to avoid a complicated statement of the hypotheses). 


TrEoreM 3. Let A be a linear elliptic differential operator on an open 
subset G of Er with coefficients in C” (E*) such that both A and A’ satisfy | 
the condition (U), of uniqueness in the Cauchy problem in the large, e(2,¥) 
any bi-regular fundamental solution for A on G in the sense given above. 
Let G, be a firmly regular open subset with compact closure in G, G, an open 
subset with compact closure in G such that G, and G, do not intersect. Suppose 
that G-—-G, has no compact components. Then every solution u, of the 
equation Au, = 0 on G, with u, lying in O” (G) N C°(G,) can be uniformly 
approsimated on G, by a finite linear combination of functions of the form 
6(x, Yr) with yE Gs. 
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Proof of Theorem 8. Consider the closure in C°(G@,) of the finite linear 
combinations of functions e(z, yz), Yx E Gs. Al these functions when restricted 
to G, lie in the space &, of solutions of the equation Au, = 0 with u, E€ C” (G) 
M 0°(G,), and S, is a closed subspace of C°(G,). To show the density of 
these linear combinations, it suffices to show that any measure m in M(G@,) 
which annihilates all these linear combinations must also annihilate §S,. 

Let f be any function in C°(G,). The function v(x) on G, given by 


v(e) = fea y) f(y) dy 


can be uniformly approximated on G, by a finite linear combination of 
e(z, Yx), Wee G. Hence 


f v(z)dm(ax) =0. 
Gy 
Using Fubini’s theorem, this last integral can be written 


Sf (y) {felz y) dm (a) }dy = 0. 
Thus the continuous function 


w(y) = fe(z,y)dm(z) 


on. G, annihilates all continuous f and must vanish identically on Gs. But 
w(y) is a solution on G— G, of the equation A’w=—=0, and its vanishing on 
the non-trivial open subset G, of G—G,, the uniqueness in the Cauchy 
problem in the small for A’, and the fact that G@—G, has no compact com- 
ponents together imply that w(y) vanishes identically on G—G,. Hence w 
has its support in G. 

On all of G, however, w is a distribution solution of the equation A’w == m. 
By Lemma 7, w must lie in Wr*4(G,) for g<n(n—1)7. By Lemma 8, 
there exists a sequence {W,} in O",(G,) such that y—w in Wr*9(G,), 
A’,—> m in the weak” topology on 4£(G,). Let u, be any function in s. 
Then 


J. u,(z)dm(a) —lim, f ui(z)A’W,(4)de = lim, Í. (Au) (2)y,(2)da = 0, 
and m annihilates §,. Thus the proof of Theorem 3 is complete. 


Section 5. We may generalize Theorem 2 in a different direction by 
considering approximating functions u which are not only solutions of Au == 0 
on G but satisfy homogeneous regular elliptic boundary conditions on a proper 
part of the boundary of G. The discussion of the most general results of this 
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type is given in a forthcoming paper of the writer ([15]) which studies the 
analytic properties of solutions of general elliptic boundary value problems in 
great detail. We shall content ourselves here with the simplest case, that 
of null Dirichlet boundary conidtions on a proper part of the boundary. 
The discussion of this case suffices to indicate the general principles of the 


argument. 


THEOREM 4. Let G be a bounded open subset of E” contained as a 
proper part of another bounded open set G’. Suppose that the boundary T 
of G is a manifold of class C°™ in E*, and let G, be a firmly regular open 
subset with compact closure in G such that Œ — Q, has no compact, com- 
ponents, To a proper open subset of which ts bounded by a finite number of 
(1 —2)-dimenstonal manifolds of class C?™ in T and such that T, lies on the 
boundary of Œ. Let A be a unsformly elliptic, regularly elliptic differentral 
operator of order 2m on @ with coeficients in C*(G’) and such that A’ has 
coeficients in C1(G’). Suppose that A’ satisfies the condition (U), for 
uniqueness in the Cauchy problem in the small on Œ. 


Let 8 be the family of solutions u in C?™(4)NC™ (GUT) of the 
equation Au ==0 in G with null Dirichlet data of order m on To, 8, the 
family of solutions u, in C?™(G,) N C°(G,) of du,—0 in G. Then every us 
wn 8, 13 uniformly approximable on G by functions u in S. 


Proof of Theorem 4. Since the line of argument parallels the preceding 
proofs of Theorems 1 and 2 and is given in a more general context in [5], 
we shall indicate the proof of Theorem 4 in a very brief form. .We begin 
with the remark that § is the nullspace of the operator T in W*?(G@), (p >n), 
whose domain consists of all v in W?™19,,.(@UT,) with null Dirichlet data 
on T, and such that Aw lies in W?(G). The adjoint T* of T, by the results 
of [2], is the operator in W-?“(@) whose domain consists of all v in W2"-49((?), 
g=p(p-—-1)-, which satisfy null Dirichlet boundary conditions on T, and 
null Cauchy boundary conditions on T— Te. Furthermore, because the 
domain of T* lies in W?"-1.2(G) and G is a Sobolev domain, it follows from 
Lemma 1 that the range of T* is closed in Wa (G). 

Let m be a Radon measure on G, which annihilates S. Considering m 
as an element of M,(G@), m lies in W-™9(G@) and annihilates the nullspace 
of T. Since T* has a closed range, m must lie in the range of 7*. Hence 
there exists v in W*"-*4(@) which satisfies null Cauchy boundary conditions 
on T— T, such that A’u==m. Extending v to be a null on G— @’, we see 
that v is an element of W?"-+4(G’) which vanishes on G’—G and is a dis- 
tribution solution of A’v == 0 on G’—G,. By the regularity theory of elliptic 
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operators, (Theorem (2.7) of [3]), » must lie in C?"(G’—G,). On the 
other hand, by the condition (U), of uniqueness in the Cauchy problem in 
the small for A’ on @, it follows that v must be null outside of G,. Hence 
v is an element of W2"-4@(G) with A’vc€ Af(G,) and such that v has its 
support in G,. Since G, is firmly regular, it follows from Lemma 8 that 
there exists a sequence {y,} in C",(G,) such that A'Y, —> A’v—m in the 
weak* topology in Af(G,). Thus for all u in 8, 


S u,()dm/(2) —=lim, f aC )(A'Yo)(2) de — i, f , At) eMa(a)da— 0, 


and the proof of Theorem 4 is complete. 


Section 6. We turn in the present section to the treatment of approxi- 
mation theorems in the spaces W/*(G,). For elliptic operators, we have 
already given a discussion of results of this type in [3], but we shall strengthen 
the discussion given there to such an extent as to be able to treat general classes 
of non-elliptic operators, specifically hyperbolic operators and principal normal 
operators having pseudo-convex functions in the sense of Hoérmander [8]. 
Let us remark that in this passage to non-elliptic operators we no longer © 
obtain uniform approximation theorems for solutions of Au ==0 for u lying 
in C°(G,), but by the Sobolev Imbedding theorem, we do have uniform 
approximation for solutions u, of Au, ==0 for u, lying in W%?(G,) with 
j>n/2. 

Let G be a firmly regular open set in E”. Let 7 be a non-negative integer, 
p a real number with l<p<o, Whr(G) the space defined in Section 1 
consisting of all u in L(G) whose distribution derivatives of order <j also 
lie in L°(G). We wish to represent the conjugate space (W4?(G))* of Wi7(G) 
as a space whose elements are distributions with the functionals being given 
by the distribution pairing. That this is possible follows from the following 
Lemma: 


Lemma 9 (Calderon). Let G be a firmly regular precompact open subset 
of L720, 1l<p<co. Then: 

(a) The restriction mapping K of Whe(H*) into Wir(G), with 
Ru== ula, is onto and there exists a bounded linear mapping J of Wi?(G) 
into Wi( Hm) such that K is the tdentsty map of Wia (G). 

(b) R(Q), the restrictions to G of the functions of C”,(E"), ts dense 
in Wh?(G). 

(c) Let W-4a(H) be the conjugate space of Wi(H") realized as a 
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space of distributions in E”, (q=p(p—1)*). Then the mapping K* maps 
(Wi8(G)*) snjectively on a linear subset of distributions having their support 
in à. 


Remark. If W?,(G@) is the closed subspace of W?(G) which is the 
closure in the latter space of the subset (C°,(G), we define W'2(@) 
(¢==p(p-—-1)-+) as the conjugate space of W/*,(G@) realized in the obvious 
way as a family of distributions on G. In the case in which G coincides with 
En, Wi» ( E”) coincides with W/9(H*) and we obtain the space W/<(E) 
considered in Lemma 9. 


Proof of Lemma 9. We begin by constructing a finite covering of G by 
open sets {Nx} such that all but one are neighborhoods of boundary points 
satisfying the cone condition in the definition of the firm regularity of G and 
the last is an open set with compact closure in G. If {m} is an infinitely 
differentiable partition of unity corresponding to the covering {Nx}, then in 
order to extend an element u of Wi?(G) to an element of W%?(#"), (or more 
precisely, in order to define Ku), it suffices to extend each of the functions 
uUp==ngu, (or again more precisely, to set Ku— > Kun). We remark that 
part (a) of Lemma 9 implies (b) and (c), so that by the preceding construc- 
tion, we can restrict ourselves to the proof of (a) for functions u which either 
have compact support in a fixed compact subset of the interior of G or in a 
neighborhood of the boundary satisfying the Sobolev cone condition for a 
cone with fixed axis. Such functions having compact support in G can be 
extended in a norm-preserving way by setting them zero outside of G, it suffices 
to consider only the case where the support of u lies in a suitable neighborhood 
of a boundary point. | 

Let u be a function in W4?(G) vanishing outside a compact subset of a 
neighborhood WN such that for every point 2 of N N G, the cone Cs given by 


Cs = {y: y—mr+t0St<ch,|é|—1,|é—h] <h} 


lies in G for fixed h and £ with h >O, |é |==1. We choose a non-negative 
0” function h(é) on the unit sphere having compact support in the set 
{€: | €—& | <h} and another function k(t) €C*(R’) with k(t) 1 for 
td), k(t) 0 for t= h— do dy > 0. 

Suppose first that u lies in C/ on some open set containing Ce in interior. 
Fixing € on the unit sphere 8"? with | é— £ | < h, we integrate by parts to 
obtain the following equation: 
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i. KH Fy ule + He)dt— (1) fire (HOY 
(6.1) LG d uated = (—1)(—G—1) lula) Eo 


fF OH Ie+ iD). 


If we equate the first and third terms of equation (6.1) and ae for 
u(x), expanding the derivatives with respect to ¢ and setting 


J 
s(t) =— [j —1) 1 [k(t 
we obtain 
u(z) = f Ou Z Cot (D'u) (2+8) at 

(6.2) l | 
+f sult teat. 

The kernel s(ż) in equation (6.2) lies in O° and vanishes outside of 
da St<h—d,. Multiplying eq. (6.2) by h(€)dw(é), (where dw(é) is the 


(w—1)-dimensional area element on S**) and integrating over S** (as we 
can do since k has its support in {é:| é— é| < h}), we obtain 


Couls) = f Í FOMA E Caé*(D*u)(a + tEdtdwlé) 
(6.3) = 
£ f f s(t)h(é)u(a + t€)dtdw(é), (Co = f Meade 70). 


If we introduce the n-variable y as variable of integration in eq. (6.3) 
with dy == t*"didw(é), y = t, and set 


8(y) =F y Daly y |) ly |" 
(6. 4) 


Kaly) = -K y Diy R] y |) Caky, Cla | = j, &=9/|y |), 
we find that for rE NNG 


un(a) = | S(v)u(a+a)de+ F f Kaly)(u) (e+ y)ay 


Since the functions § and the K« have their support in the cone {y|y == té, 
OS th, | é| = 1, | é— é | < h}, the convolutions in equation (6.5) are well 


- defined for zE NNG. 
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We now extend the representation of u by eq. (6.5), which is essentially 
due to Sobolev [12] and which we therefore shall call the Sobolev represen- 
tation, to all functions u in W/?(G) having compact supports in VN G. 
If we wish to establish eq. (6.5) almost everywhere in z in N N G, it sufiices 
to show that it holds a.e. in z for æ lying in a compact subset K of NNG. 
For z€ K, however, and y in the support of 8 or Kg, uls +y) and (D%){z+-y) 
have their support in a fixed compact subset K, of G containing K. We may 
approximate u on a neighborhood @ of K, in G in WhP(@’) by a sequence 
{u:} of functions in C” (@). For each of the uw, the Sobolev representation 
(6.5) is valid for all v in K. Both sides of (6.5) are continuous mappings 
of W4?(G’) into L?(K), however, and by continuity it follows that eq. (6.5) 
must hold a.e. in K for an arbitrary u in Wie(G). Hence eq. (6.5) holds 
a.e. in con NN G for all u in Wi?(G@) in the compact support in NN G. 

Having the Sobolev representation (6.5) for u, it has been remarked by 
Calderon that the extension of u to an element of W42(#*) follows very simply. 
We may assume without loss of generality that the support of u lies in a fixed 
compact subset K of NMG. Choose p€ C*,(#") having compact support 
in N and equal to 1 on K,, and set 


ulr), gE G 
(6.6) v(2) = | 0 ZEG l 
.6 
(D%u) (s), tE G 
na(s) = | 0 j,2eE€G, |a|—};. 


Then v, va lie in L?(#") and we verify immediately from eq. (6.5) that for 
almost all szin NNG 


u(2) =u (2) =p(2) f S(y)o@ty) 
(6.7) 


+ Zele) f Kaly)a(e +9) dy. 


However, by the Calderon-Zygmund singular integral theorem, eq. (6.7) 
defines a function wu, lying in Wir(E*) because pE C*,(H") and each Ka is 
C> on the unit sphere S** and has a singularity of the form ka(éy)| y |. 
Moreover, t, as given by eq. (6.7) coincides with u a.e. in G. We let wu, be 
the required extension of u and Lemma 9 is proved. 

In the approximation arguments of this Section, we shall take our spaces 
F as Wi» (G), and for firmly regular @, we shall have F* C W-#4,(H") with 

q= p(p—1). 

: To give a concise statement of our aprroximation theorems for non-elliptic 
differential operators, we shall employ the following definition : 
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DEFINITION. Let A bea partial differential operator of order r with O° 
coeficients on an open set G of E”, G, and G, open subsets of G with G, 
compact in Gz, Ga compact in G. Then the pair (G, Gi) ts said to be an 
approximation pair with respect to A on G if the following two conditions 
hold: 


_ (1) Tf ue €'(@) has support in G, and A’u has tts support in G, then 
we C?(G—G,). 


(2) IfuweC?(G—G,) u has its support in G, and A’u has its support 
in G1, then u must have tts support in Gy. 


An obvious remark is that we can combine (1) and (2) of the definition 
simply in the one condition: 


(1Y If uc€ &’'(G) has its support in G, with A’u having its support 
in G,, then u must have its support in G. 


We have separated this last condition into two parts in order to emphasize 
the fact that in the applications, the two parts are likely to be verified 
separately. In the terminology of Hérmander [8], condition (1) is the con- 
dition on the continuation of singularities while condition (2) is of the type 
of the uniqueness of the Cauchy problem in the small with respect to some 
class of non-characteristic surfaces. 


Lemma 10. For p==2, a paw of open subsets (G, G2) ts an approxi- 
mation pair for the differential operator A in either of the following cases: 


(i) A is hyperbolic and there extsis a finite collection of continuous 
families of space-ltke hypersurfaces {9 0 St 1}, which together sweep 
out G— Gi. 


(ii) A’ 4s an operator of princtpal normal type (in the sense of 
Hérmander [8]) and there eatsis a finite number of families of surfaces {8;} 
continuous in t which sweep out G—G,, where 8; is the level surface of a 
function y(x) which is strongly pseudo-convex with respect to A’. 


The proof of Lemma 10 follows from the proof of conditions (1) and 
(2), as given by Leray [10] for hyperbolic equations and by Hérmander [8] 
for operators of principal normal type with strongly pseudo-convex level 
surfaces. 


THRORRM 6. Let A bea partial differential operator of order r with O” 
coefficients on the open subset G of E”, G, and G, firmly regular open subsets 
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of G with G, C Gy, Qa contained and compact in G, the pair (G, G2) forming 
an approzimation pair with respect to A on G. Suppose furthermore that if 
ue W40,(G) and A'u E WH9,(G) for 720, 1<q<-+o, then u must lie 
in Wrs4a,(G). Let pe=g(g—1).. 

- Let & be the family of solutions u of the equation Au=-0 in , W42(Gs) j 
S, the family of solutions u of the equation Au ==0 in G, lying in WI» (G). 
_ Then the restrictions of S to G, are dense in 8, in the norm of WI? (G). 


Proof of Theorem 6. The result will follow from Theorem 1 if we can 
verify the conditions: 


(i) The domain of the minimal operator of A’ in W-4"(G,) lies in 
the subset Wt-J-+(G,) with a compact imbedding map in W-)4(G,). 
- (ii) If wis a distribution in W-"2(G,) C W-"4,(G) for which A'u = 0 
on G— G,, then u lies in C?(G—4,). 
(iii) If u lies in C?(G—G,), u has its support in G, and A'u ==0 on 
= G@— G, then u must be zero on G— G,. | 


- (iv) Every u in W-i2(G,) for which A'u also lies in W-"*(G,) with 
u having its support in G,, must be the limit in W-"9(G,) of a sequence of 
testing functions with compact support in G. 

- The condition (i), however, follows from the hypothesis of Theorem 6 
since the domain of the minimal operator of A’ in W-/2(G,) has a natural 
imbedding in the domain of the minimal operator of A’ in W-44,(G). Con- 
ditions (ii) and (iii) follows from the assumption that (G,,G.) is an 
approximation pair for 4 on G. Condition (iv) follows from the hypothesis 
that the domain of the minimal operator of A’ in W-»4( G.) lies in W'-?--2(G,) 
together with an obvious variant of Lemma 8. Thus the proof of Theorem 6 
is complete. 


COROLLARY TO THEOREM 6. The conclusions of Theorem 6 follow for 
p= under either of the hypotheses of Lemma 10 on the operator A. 


Proof of the Corollary. We need only remark that the traditional hypo- 
thesis employed in Theorem 6, namely that if u and A’u both lie in W-S?,(G) 
then u must lie in Wr-1-/2,(G@), follows from results of Leray [10] and Hör- 
mander [8] in the two cases. In case of operators of principal normal type, 
we must assume in addition that there exists a single function y(z) € C?(G) 
which is pseudo-convex with respect to A at each point of a precompact 
neighborhood of G, in G. 
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SOME RESULTS ON ANALYTIC ITERATION AND CONJUGACY.* 


By BENJAMIN MUOKENHOUPT. 


1. Introduction. Given an analytic function f(z) with f(0) = 0, let 
f(z) be defined for integral n by f(fn+(z)) —fa(z) and fi(z) f(z). One 
problem of iteration is to solve functional equations of the type gm(z) = f(z) 
where f(z) is given or to assign meaning to f;(z) for t not an integer. Recent 
papers by Erdos and Jabotinsky [2] and Baker [1] have investigated this 
problem for F (0) 1.4 If f(z) == Z + anz” +: * :, where as 4 0, they con- 
sidered the formal series f;(z) = 2 + tanz" -}-- - - where the rest of the terms 
are uniquely determined by the formal equation f;(f(z)) —f(f:(z)). Baker 
showed that if f(z) == e*—1, then f(z) has positive radius of convergence 
only if ¢ is an integer. Erdos and Jabotinsky showed that given a function 
f(z) with F (0) = 1, f;(z) will either have a positive radius of convergence 
for all complex ¢ or only for real ¢ of one dimensional measure 0 and complex 
t of two dimensional measure 0. Furthermore, which is the case is determined 
by whether a certain associated series has a positive radius of convergence. 

Given analytic functions f(z) and g(z) with f(0) —g(0) —0, one 
problem of conjugacy is that of deciding whether an analytic function ¢{z) 
exists such that (0) =0, ¢’(0) 0, and #7(f[¢(z)]) —g(z) in some 
neighborhood of the origin. This is closely related to the iteration problem 
and in several cases a solution of the iteration problem solves the conjugacy 
problem. When | f’(0)|—|g’(0)|—=1, however, this is not true. 


In this paper use will be made of the results in [1] and [2] to study 
the iteration and conjugacy problems for certain classes of functions. Section 
3 considers the question of conjugacy of formal series with constant term zero 
and linear coefficient one while Section 4 solves the conjugacy problem for 
analytic functions of this type that have all their iterates. Section 5 considers 
the formal aspects of the fact that some of these functions have iterates in 
addition to those of the type considered before while Section 6 uses the 


* Received November 6, 1961. 

* For a treatment of the other cases see: for | f’(0)| 0 or 1, [6] p..58, for f (0) 
= 0, [4] p. 164, for | f’(0)| = 1 but fF (0) not a root of unity, [9] p. 608, for |’ (0)|=1 
and F (0) a root of unity, Section 7 of this paper. [11] contains an approach to the n 
dimensional analogue. l 
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result of Section 4 to prove that these iterates exist if the others exist. 
Finally, Section 7 treats the problems of conjugacy and iteration for functions 
with first derivative a root of unity. 


2. Basic definitions and lemmas, Throughout this paper all functions 
will be assumed to be analytic and to vanish at the origin. Formal series 
will all have complex coefficients and no constant terms. To simplify notation 
f(g(z)) will be written fg(z). Since the first n terms of fg(z) depend only 
on the first n terms of f(z) and g(z), fg(z) has meaning whether the series 
f(z) and 9 (2) have positive radius of en or not. Given f(a), F(z) 


is the series sach that ff (2) =z, and if f(z) == Daw, then f(z) = Ș jagi”. 
The series f(z) may have a non zero consent “term ; this will be ‘the only 
exception to the statement at the beginning of this paragraph. 

Two series f(z) and g(#) are permutable if fg(z) == gf (2). 

Given a function f(z) == 2 + a,2"-+- > - with a, <0, f(z) is the unique 
series satisfying ff,(z) = fif (z) and having the form z+ tanz” +: +. The 
uniqueness follows from comparing the k-+-n—1-st terms of ff;(z) and 
fif (z) ; they determined successively the k-th terms of f;(z). Furthermore, 
as stated in [2] the coefficient of zf in f;(z) is a polynomial in ¢ of degree 
at most 7—1. | 

Given a series f(z) with linear coefficient one, the associated series L(z) 
is the formal solution of the equation Lf(z) = f’(z)L(z) with its first non 
zero term equal to the second non zero term of f(z). | 

Erdos and Jabotinsky showed in [2] that the first k coefficients of either 
a series or its associated series determine the first k coefficients of the other. 
In addition, the associated series has a positive radius of convergence if and 
only if all the series f;(z) have positive radius of convergence. 

A function f(z) with f’(0) 1 is in the class C if its associated series 
has a positive radius of convergence. 


Lemma 1. If f(z) =2t z" + bzn +-->, tts associated sertes. 
L(2) = 2" + (b— pn) j > 

This follows by comparing terms in the definition of L(z). 

Lemma 2. If f(z) has the associated series L(z), then pfe (z) has the 


` associated series no 


This can be verified by observing that the given series satisfies the neces- 
sary equation and has the proper first term. 
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3. Formal conjugacy considerations. 


Lemma 3. Given a formal power series of the form f(z) == z 4- ayz" 
+--+ +, d,540, there extsts a polynomial (2) and a number b such that 
PUIG) ak Rea eps 

n-1 

Let (2) = È, cx where the cps are to be determined. No matter 

k=1 : 


what choice is made for the’ cs, the first n—1 terms of fé(z) and - 
(2+ 2% + bz?"-14.- - -) will be the same. The n-th coefficients of these series 
are respectively a,c," and ¢,. Therefore, proper choice of c,540 will make 
these terms equal. For 1 < k & n— 1, the n -+ k —1st coefficients of f¢(z) 
and (z -+ 2” + bz?" +... -) are respectively nasc” tce + (terms with lower 
c7s) and kc, + (terms with lower crs). Since a,c," 1, the cps may be 
chosen successively to make all these coefficients equal. With this choice the 
first 2n—2 terms of f(z) and (z 4+- 2" -+ bz?™-t +- - -) are equal so that 
the first 2n-——- 2 terms of g“fd(z) are g 72. ” 


THEOREM 1. Two power series with linear coeficients one are formally 
conjugate tf and only if their second non zero terms are of the same order n 
and their reduced forms given by Lemma 3 have the same 2n — 1-st coeffictents.? 


Because of Lemma 3 the sufficiency of this condition for conjugacy can 
be proved by showing that if 


fa) =r 4a p beet > yet and g(z) = z -4 2" + bat +3 dë, 


then f(z) and g(z) are conjugate. Let h(2) == z +2 > ou where the exs are 
to be determined. For j < 2n the j-th terms of hf(z) and gh(z) are identical 
regardless of the choice of the exs. For j= 2n the j-th terms of Af(z) and 
gh({z) are respectively ej- (}—n + 1)epan + (terms in lower exs) and 
e; + netna -+ (terms in lower exs). Thus, proper successive choice of 6; #41 
wil make Af(z) == gh(z) and prove the desired conjugacy. 

To prove the necessity of the condition it will be shown that if 
f(z) m2 2m bert g- - +) g(z) z+ 24-1 cztmt 1. > - and these series 
are conjugate, then m = n and b == ¢. Let h(z) == 5 d,2*, d,><0, be the series 

k=l 
such that Af(z)==gh(s). If m<n, comparing m-th coefficients of Af(z) 
and gh(z) gives dy—=d,»+d,". A similar contradiction is obtained by 

7 A general solution of the formal conjugacy problem that would include Theorem 1 


and the formal part of Theorem 5 was announced in [3]. The statement and proof have 
not yet appeared. 
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assuming m>n. Therefore m=n. Comparing n-th terms of hf(z) and 
gh(z) then gives dı +- d — dn + dı”. The k-th terms for n < k < 2n—1 of 
these two series are respectively dy -+ (k—n+1) dyn + (terms with at 
least one dp 1<j<k—n-+1) and d+ nd," ™dr-n + (terms with at 
least one dj, 1<j<k—n-+1). These show successively that dy==0 for 
2<j<n—1. Then comparing 2n—1-st terms of the two series shows 
that dib + nda + don = dona + ndn + dic. From this b =c. 


4. Conjugacy of functions with first derivative 1. Although Theorem 
1 gives a solution to the formal conjugacy problem and consequently a 
necessary condition for conjugacy of functions, the condition is not sufficient. 


2 8 
The function f(z) which has aT as its associated function has the first 


2 8 
three terms z -+- ate by Lemmas 1 and 2. By the result in [2] mentioned 


previously, f;(z) has positive radius of convergence for all ¢ If there were 
a d(z) with positive radius of convergence such that ¢“f¢(z) == 6*—1, then 
fip (z) = g(z) would satisfy gg(z) —¢e*—1 contrary to Bakers result 
that e*—1 has no fractional iterates. 

The example above suggests an additional obvious necessary condition for 
conjugacy of two functions: their iterates of the same order must both have 
positive radius of convergence or both must have radius of convergence zero. 
In general, this would be difficult to verify, and it is not clear whether even 
this is sufficient. However, for the most interesting case the following 
theorem gives a complete solution. 


Tsrorem 2. If f(z) and g(a) are in the class C and are formally 
conjugate, they are conjugate. 


By Lemma 3 f(z) and g(z) are both conjugate to functions of the form 
z+ 2” -4 bz'nt +--+, and by Theorem 1 the resulting values of n and b 
are the same for both functions. Consequently, it will be sufficient to prove 
this theorem for functions of this form. 


Let f(z) and g(z) be two functions of this form that are in the class C. 
Let their associated functions be D(z) and M (z) respectively. Using Lemma 2 
the problem reduces to finding a function ¢ (z) such that Teta == M (2). Let 
(z2) =z + y2". The equation then reduces to 





dy Li (z+ y2") —M (z) —nyz" i (2) 
dz 2M (z) 
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Since by Lemma 1 both D(z) and M(z) have the form 2*-+ (b — 4n)2**1+---, 
the expression on the right side of the differential equation is analytic in a 
neighborhood of y==0 and z—0. Consequently, by Cauchy’s existence 
theorem for differential equations,” there is an analytic function y(z) which 
satisfies this differential equation. This gives a function (z) which satisfies 
the original equation. 


5. Additional formal fractional iterates. Given a function f(z) with 
F (0) =-1, there may be more solutions to gm(z) ==f(z) than just fı/m(2). 
For example, if f(z) -—= then f(z) aS and —f,(z) both 
satisfy the equation gg(z) f(z). Since any solution, g(z), of an equation 
Gm(2) == f(z) will satisfy fg(z) —gf(z), necessary conditions for the exis- 
tence of such other functions can be obtamed by considering formally the 


equation fg(z) = gf (2). 








THronem 3. If f(z) ts a sertes of the form z-t-a,z*-+---- where 
On 5£ 0 and a is a primitive n— 1-st root of 1, there exists a formal sertes r (z) 
such that the linear coefictent of r(z) 18 a, Ta1(2) =z, and fe (z) = rf:(2) 
for all t. Furthermore, if fig (2) = gfi(z) formally for some t0, then 
etther g(z) ==T;fu(z) where j is an integer and u a complez number or 
g (2) =0, 


‘By Lemma 3 and Theorem 1 there is a series (z) such that ifẹ (z2) 
=z 4 2*4 bz?” Let q(z)==az. Then since g(z) permutes with d“fd(z), 
q(z) and ¢“f,6(z) permute for any positive integer k. Since g(z) can 
permute only with a series that has all terms not of order 1 + (n—1)j, j an 
integer, equal to zero, and since the coefficients of the terms of ¢“f,¢(z) are 
polynomials in ¢, it follows that the coefficients of fip (z) not of order 
1-++ (n—-1)9 are identically 0. Then since q(z) permutes with all these 
series, T(z) = pqp (z) permutes with f;(z) for all t. 


Now let fi(z) =e2-+ca*-+---, and g(z) = 5 byt. cz=0 since it is 
ion 


é times the n-th term of f(z) and both these numbers differ from zero by hypo- 
thesis. Since f,g(z) = gf:(z), comparing n-th terms gives ba -+ cb," —= bic + bu. 
From this, 6, is either 0 or an n—1-st root of one. The n + k—l1-st terms 
of f.g(t) and gf;(z) are for k > 1 respectively bass. + neb” tbr + (terms with 
lower 6,8) and bnew- + hb,c-+ (terms with lower b/s). If b,==0, these 


3 [5] p. 347. 
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successively determine all the bxs as zero. Otherwire, since 6,;**— 1, these 
determine the b,’s uniquely except for ba. . 

If b,540, there is an integer m such that r»(z) has first coefficient b, 
since r(z) has first coefficient a primitive n—1-st root of unity. Since by 
proper choice of u, fy(z) can be given an arbitrary n-th term, there exists u 
such that Tmfu(z) has the same first and n-th terms as g(z). Since g’s other 
coefficients are uniquely determined by the fact that it permutes with f;(z) 
and since twfy(z) also permutes with f(z), g(z) = tmnfu(z)- 


COROLLARY 1. If f(z) has linear coefficient 1 and g(z) permutes with 
filz) for some t0, then g(z) permutes with filz) for all t. 


COROLLARY 2. If f(z) =z + a2? +: : - and a30, the only series that 
permute with f(z) are the sertes f,(z) and 0. 


COROLLARY 8. Jf f(z) =a+aqya*t--- +, Gy540, and galz) =f (z) 
where m is an integer, then g(z) =fimtx(z) where r(z) ts a series of the 
type mentioned in Theorem 3 and k is an integer such that mk ts divisible 
by n— 1. 


6. Convergence of the other iterates. 


THROREM 4. If f(z) is in the class C, then the series r(z) described 
in Theorem 3 have postiwe radius of convergence. 


If the second non zero term of f(z) is the nth, Lemma 3 asserts 
the existence of a —— oe) and a constant b such that ¢“f¢(s) 


=Z j z’ p bzw} +. 
Now consider the function g(z) =z -+ 5 byz* with associated function 
i=n 


L(2) =z" + (b + ġn)z. It will be shown that the non zero terms of g (z) 
are of order 1 -+ j(n—1), j an integer. If this were not true, there would 
be a first non zero coefficient, by, with & not of the form 1 -+ j(n—1). Then 
comparing n -+ k— l1-st coefficients of Lg(z) and L(z)g’(z) would give 
nbs == kby. This contradiction proves the desired result. Consequently, if 
ais a primitive n—1-st root of one and g(z) ==az, then gg(z) =gq(z). 

Now g(z) is in the class C since its associated function converges, and 
by Lemma 1 g(z) has the form z+ 2" + bz?™-! -4-- - -. By Theorem 2 there 
exists a function A(z) such that h“fh(z) == g(z). Since g(z) permutes with 
g(2), hgh*(z) permutes with f(z) and is therefore the desired r(z). 
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As might be expected (z) may exist even if f(z) is not in the class C. 
For example, f(z) == Ve6"-—-1 where the root is taken to make the linear 
coefficient 1, has all its even terms equal to zero. Consequently r(z) == —z 
permutes with f(z). f(z) can have no iterates of non integral order, for if 
f:(%) has positive radius of convergence, so does [f;(V2)]* and this is an 
iterate of e?” — 1. Because of Lemma 4 in the next section, the general problem 
of the existence of r(z) reduces to the problem of whether a function of the 
form z- dy2"-+-- ` -,a,540, is conjugate to a function with terms not of 
order 1 + j(n— 1) equal to zero. This, like the general conjugacy problem, 
remains an open question. 


7. Iterates and conjugacy of functions with first derivative a root 
of unity. This is a topic that seems to have been neglected in the literature 
although the results are simple and to a certain extent known. Since some 
of the results follow easily from the preceding theorems, it seems appropriate 
to include them here. 

Tf f(z) =z +: ` > and a,” == 1, there are two distinct cases depending 
on whether f,(z) =z or does not equal z. The two cases will be investigated 
in order. 


Leama 4. If f(z) =$ arz", and f,(z) =z, then there exists a function 
kzl 
p(z) such that ¢7fo(z) = az in some neighborhood of the origtn.* 


Let A be a disc about 0 so small that f;(z) is schlicht on A and f;(A) 
is convex for all integers 7.5 Let B be the union of all the sets f,(A). Then 
B is simply connected and f(z) maps B one to one onto itself. Let A(z) be 
the function that maps the unit circle onto B and leaves the origin fixed. 
Then ¢“f¢(z) maps the unit circle onto itself and leaves the origin fixed and 
as a result is equal to a constant times z. The constant must be a, so that 


ofp (2) == az. 


COROLLARY 4. If f(z) =z, then g(z) is conjugate to f(z) tf and only 
tf Gn(z) =z and the linear coefficient of g(z) equals the linear coefficient 


of f(z). 


COROLLARY 6. If fa(2) =z, then the equation gm(z)=f(z) has an 
infinite number of solutions for every integer m > 1. 


If f(z) =az +: - and pfo (z) = az, let h(z) be any function that 


‘This result ig contained in [10] pp. 159-161. 
" To show that these domains can be made convex see [8] p. 224, ex. 5, 
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permutes with az, let b be an m-th root of a, and let qg(z)==bz. Then 
g(z) == phgh*¢(z) satisfies the given functional equation. 


THEOREM 5, If f(z) =a +-' + +, @ ts a primitive j-th root of 1 and 
filz) zz, then f(z) ts conjugate to g(2) ==bız +: + - if and only if a, == b 
and f;(z) 18 conjugate to g;(z). 


If f(z) and g(z) are conjugate the conditions clearly hold. Conversely, 
if they hold let g;(z) == p(z). By hypothesis there exists a function (z) such 
that @“fj;6(z) == p(z). Then the function A(z) = ¢"f¢(z) permutes with 
p(z) since hj(z) = p(z). By Theorem 3 h(z) == p,,/ry(z) formally where r(z) 
is a series whose existence is asserted by Theorem 8. Using Theorem 3 again 
g (2) = Pisin (2) formally since g(z) permutes with p(z). The series f(z) 
and fm(z) must be the same since they have the same linear coefficients. 
Therefore, h(z) — fd f(z) =g (z2) formally, and since all these series have 
positive radius of convergence, f(z) is conjugate to g(z). > 

Now let (a, b) denote the greatest common divisor of a and b. 


Taxors{m 6. If f(z) =az+---,a 8 a primiiwe j-th root of one 
and b,(z) =z -+ baz” +--+ where by 540, then j divides n—1. Furthermore, 
the equation gw(z) f(z) has (m,n—1) formal solutions if (m,n—1) 
divides (n—1)/j and none tf (m,n-—1) does not dwide (n—1)/j. If 
f;(z) is in theclass C, all the formal solutions of gm(z) ~= f(z) have positive 
radius of convergence. 


Let A(z) == f;(z) and let r(z) be a series whose existence is asserted by 
Theorem 3. Then there exists an integer k such that f(z) == rih.,;(z) since 
f(z) permutes with h(z). If the linear coefficient of r(z) is b, then b* =a, 
whence a,"4—=1. Therefore, a,’ order divides n — 1 as asserted. Now since 
r(z) can have its linear coefficient, b, an arbitrary primitive n — 1-st root of 
one, choose it so that bi m= q, ' 

If gm(z) = f (z) formally, then g(z) permutes formally with A(z). Then 
g (2%) = Tih1jpn (2) for some integer 1. Comparing linear terms of g,(z) and 
f(z) gives b™t == 6-0/4, This has the same values of ṣi for solutions as the 
congruence mve=(n—1)/j (modn— 1). The congruence, however, has 
the number of solutions asserted.® 

Because of Theorem 4 f;(z) being in the class C implies that r(z) has 
positive radius of convergence ; this along with the fact that A;(z) has positive 
radius of convergence for all ¢ gives the desired existence. 


RUTGERS, THE STATE UNIVERSITY. 


e See for instance [7] p. 77. 
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THE CONFORMAL TRANSFORMATION GROUP OF A COMPACT 
RIEMANNIAN MANIFOLD.* 


By SAMUEL I. Gorpperc* and SHOSHICHI KOBAYASHI. 


1. Introduction. Let M be a Riemannian manifold, Co(M) the largest 
connected group of conformal transformations of M and J,(Af) the largest 
connected group of isometries of M. The purpose of the present paper is to 
prove the following 


THEOREM 1. Let M be a compact Riemanman manifold. If Ca(M) 
(M), then there ts no harmonic form of degree p, 0 < p < dim M, whose 
length is a non-zero constant. 


Since a harmonie form on a compact Riemannian manifold is invariant 
by Io(J), a harmonic form on a compact homogeneous Riemannian manifold 
is of constant length. As an immediate consequence of Theorem 1, we have 
the following 


THEOREM 2. Let M be a compact homogeneous Riemanman manifold. 
If Co( M) 1, (AL), then M is a rational homology sphere. 

We list known results in the same direction: (The present paper is self- 
contained and does not depend on any of the following results.) 


A. If M isa complete Riemannian manfold with parallel Rico tensor, 
then Ca(M) I, (M) implies that M is isometric to a sphere. (Nagano |4], 
Nagano-Yano [5]). 

B. If M 1s a compact (almost) Kaehler manifold of real dimension > 2, 
then Co( M) =I,(af). (Lichnerowicz [3], p. 148, Goldberg [1,2] Tachibana 
[6]). 

C. If M is a compact Riemannian manifold with negatwe constant 
curvature scalar, then Co( M) =I (M). (Lichnerowicz [8], p. 184). 


Note that B follows from Theorem 1, because the fundamental 2-form 
of a compact (almost) Kaehler manifold is a harmonic form with constant 


length. 


* Received November 30, 1961. 

1 The first named author was supported by the United States Air Force through the 
Air Force Office of Scientific Research of the Air Research and Development Command, 
under Contract No. AI’ 49 (638 ) -987. 
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Let M be a Riemannian manifold with metric tensor ds? == >) 9,,dr‘da. 
A transformation ¢ of M is said to be conformal if 4*(ds*) == f> ds?, where 
f is a function on Af. Iff is a constant function, then ¢ is called homothette. 
lf f is identically equal to 1, ¢ is an tsometry. 

Since we are interested in connected groups, we can replace the hypothesis 
of Theorem 1 by the following. Let M be a compact Riemannian manifold 
which admits an infinitesimal non-tsometric conformal transformation. We 
may also assume that M is orientable; if M is not orientable, we have only to 
take an orientable two-fold covering space of M. 


2. Notations and formulae. For p-forms 
a= Sty a Adz and Bm Bande - + A das 


(where the coefficients are assumed to be skew symmetric), we set 


(1) C&, pY E = gts 7 GPF Pt Bh dy 
and 
(2) (4,8) —= f <% 847, 


where dV is the volume element of M. < , > and ( , ) are called the local 
and the global scalar products, respectively. The co-differential § is the dual 
of d so that 


(3) . (da, B) sii (a, 68). 
nee Tee be en tnGniteaimal Wanslormaton and PaaS fdet the 


1-form associated with X, i.e., &= Si gyl. Let 6(X) denote Lie derivation — 
with respect to X. For a differential form a, we have 


(4) 6(X)amadoi(X)ati(X)oda,  dod(X)a—6(X) oda. 


where t(X) is the interior product with respect to X. For the metric tensor, 
we have 


(5) > O(X) ds? = BV sé + Vié) datda, 


where Y denotes covariant differentiation. An infinitesimal transformation 
X is conformal, if and only if 


(6) Vii + VES Agun 
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where A is a function on M. It is homothetic, if and only if à is a constant 
function, and it is isometric, if and only if As==0. For a 1-form é we have 


(7) 8f = — 2, Viet 


Multiplying (6) by g and contracting, we obtain — 28$ = nà. Hence, if X 
is conformal 


(8) Vit Vii —— gy (n= dim M). 
Applying 6(X) to (1) with a=, we have, if X is conformal 
(9) (X) <a, a> = 2¢0(X)a, a> + “Pa¢ca, ap. 


Define 6(X) to be the dual of 6(X), i.e., (6(X)a, 8) = («,0(X)8). From 
the second formula of (4) we obtain 


(10) 806(X)a = G(X) ofa. 
If X is conformal, then 


(11) Haa T a (1—"P ae. a, 


The proof of (11) will be given at the end of the paper. (This formula has 
already been used by Goldberg in [1,2].) . 


3. Proof of Theorem 1. Let a be a harmonic form of degree p. We 
shall first prove 


(12) (8(X)a,9(X)a) «0. 


Since a is closed, 6(X)a==doi(X)a by (4). Since « is co-closed, 
(H(X)a, Xa) = (80 WX)a, (Xa) — (KX) 0 8a, (X Ja) = 0. 
From (11) and (12), we obtain (assuming that X is conformal) 
(13) (6(X)a,0(X)a) = (6(X)a-+ A(X)a, o(X)a) 


= (1—P) (8¢-«, 6(Z)a) 


= (1-2) f a£ <a,0(X)apav. 
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From now on we shall assume that æ is not only harmonic but is of constant 
length, i.e., <a, a> is constant. Hence, 6(X)<¢,a¢>=—0. From (9) we obtain 


(14) <6(X) 4, ay —=—* Bea, a. 


Substituting (14) into (13), we obtain 
(15) (0(X)a,6(X)a) =— (1-2) Pf" (ag) *¢a, apa, 


Assume 0<2ps2n. Then the right hand side of (15) is non-positive and 
the left hand side is non-negative. Hence, 9(X)a=0. By (14), 8&0 or 
a—=(0. By (8), 8= 0 implies that X is isometric. We proved therefore 
that if M admits an infinitesimal non-isometric conformal transformation X, 
then there is no harmonic form @ of constant length and of degree p, 
O<psn/2. If a is a harmonic form of constant length and of degree 
p>n/2, then its adjoint +a is a harmonic form of constant length and of 
degree n—p<in/2. This completes the proof of Theorem 1. 


4. Proof of (11). Applying 6(X) to (1), we obtain 


(18) (X)a,8> = <6(X)a, B> + <a, O(X)B> + “Paeca, By. 
We also have 
(17) 9(X)dV ——seav. 


From (16) and (17), we obtain 
(18) (KX) (<a, BdV) = <O(X) a, BodV + <a, 6(X) B>dV 


2 

+ (E—1)8<a, pyav. 
The integral of the left hand side of (18) over M vanishes because, for any 
n-form o, 

fO(L)o= fd-1(X)o—0 
by Stokes’ formula. By integrating (18), we obtain 
R 
0 = (6(X)a, 8) + (a,6(X) 8) — ((1—“®)8¢- a, 8). 
Hence, 
(9(X)a-+ 6(X)a, B) = ((1—=P)s¢- 0,8). 

Since the above formula holds for all æ and £, we obtain (11). 
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Remark. A compact symmetric space which is a rational homology sphere 
is isometric to a sphere, except for SU(3)/SO(8) (Kostant: On invariant 
skew tensors, Proc. Nat. Acad. Sci., vol. 42 (1956), pp. 148-151). 
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ON SIEGEL MODULAR FORMS OF GENUS TW0O.*? 


By Jun-icut Ieusa. 


I. Introduction. Since the publication of Siegel’s Einführung in die 
Theorte der Modulfunktionen n-ten Grades, the theory has been enriched by 
several mathematicians. However, even in the case of degree two, the whole 
subject is rather misty compared with the clarity we have in the elliptic case. 
We are not talking here about the superstructure but the very foundation of 
the theory. As Siegel’s treatment already shows, one of the fundamental 
objects of study is the graded ring of (finite sums of) modular forms. How- 
ever, we know very little about this ring beyond the facts that it is finitely 
generated and that an operator © introduced by Siegel is almost an epi- 
morphism of the graded rings of degree n to degree n —1 [3,6]. Now, among 
modular forms, Eisenstein series (in the original sense of Siegel) are singled 
out by their importance in the analytic theory of quadratic forms [9]. We 
shall show that, in the degree two case, every modular form is a polynomial 
of Eisenstein series of weight four, six, ten and twelve. These four Eisenstein 
series are, of course, algebraically independent. Thus, we have a complete 
structure theorem of the ring and it gives answers to some well-known problems 
in this field, e. g. the dimension of the complex vector space of modular forms 
of a given weight and the structure of “ Satake’s compactification ” of Siegel’s 
fundamental domain (in the degree two case). We shall also determine the 
birational correspondence between the projective varieties associated with the 
graded ring of “even” projective invariants of binary sextics and with the 
graded ring of modular forms. In other words, we shall obtain explicit 
rational expressions for the three fundamental absolute invariants in terms 
of the four Eisenstein series. 

We shall give an outline of our method. The results in AVM imply 
that the projective variety associated with the graded ring of even projective 
invariants of binary sextics is a compactification of the variety of moduli of 
curves of genus two. However, this projective variety does not contain the 
Siegel fundamental domain. In fact, those points of the Siegel fundamental 
domain representing products of elliptic curves are all mapped to one simple 


* Received November 4, 1961. 
t This work was partially supported by the Alfred P. Sloan Foundation. 
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e 


point of the projective variety. The first thing we do is, therefore, to “blow 
up” this point to a two dimensional affine space to construct the Siegel 
fundamental domain explicitly. We note that the blowing up is not a monoidal 
transformation. At any rate, once we know the structure of the Siegel funda- _ 
mental domain as an (incomplete) algebraic variety, we can very easily 
characterize “multi-canonical differentials” on the variety which correspond 
to modular forms whose weights are multiples of six. In this way, we are 
able to determine the structure of the graded ring of (finite sums of) such 
modular forms. Then, by taking its normalization in the field of fractions 
of modular forms, we get the graded ring of all modular forms and can prove 
that it is generated by four modular forms of weight four, six, ten and twelve. 
The relation between these modular forms and Eisenstein series will finally 
be obtained by comparing their Fourier expansions. In this paper, we shall 
use classical formulae on elliptic theta-functions due to Jacobi and well-known 
results on elliptic modular forms, i.e. those we can find in Hurwitz’s papers, 
without specific references. We shall use, also, the following standard 
notations : 


©, =~ Siegel upper-half plane of degree n, i.e. the variety of complex 
symmetric matrices of degree n with positive-definite imaginary 
parti | l | 


I’, == homogeneous modular group of degree n (== Sp(n,Z)) operating 
in ©, as 
r—> (ar +b) (or + d)+ 
F, = Siegel fundamental domain of degree n (= T,\@,). 
II. Blowing up of proj C[4, B, 0, D]. 


1, Let A, B, C, D be the projective invariants of binary sextics of degree 
two, four, six, ten defined in AVM. If &,é,-- -,& are roots of a sextic 


UX? 4 UX ++ + ++ the 
and if we denote &— £x by (jk), the values of A, B, C, D at this sextic have 
the following irrational expressions 


A(u)=u? I (12)*(84)*(68) 
B(u) = tot I (12)2(28)(B1)*(45)*(56)*(64)? 
C(u) = u° I (12)7(28)*(31)* (45) (56)*(64)?(14)*(25)"(86). 


Du) = uw TT (jk)?. 
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In general, if S is a finitely generated graded integral ring over the field C 
of complex numbers, we shall denote by proj S the (complex) projective 
variety associated with S.2 We are interested in the following projective 
variety : 


X «= proj CLA, B,C, D]. 


We have shown in AVM that points of X which are not on D = 0 form the 
variety of moduli of curves of genus two, hence also of their jacobian varieties 
(with canonical polarizations) over C. Now, the jacobian varieties can 
degenerate to products of ellipitic curves, and they form a two dimensional 
affine space. However, since the projective invariants B, C, D vanish simul- 
taneously at sextics with triple roots, such abelian varieties are mapped to 
one point of X. We shall, therefore, try to blow up this point to get the two 
dimensional affine space of products of elliptic curves. We note that, since 
the points of X which are not on A = 0 form a three dimensional affine space, 
the point in question is, at any rate, simple on XY. Im fact, the following 
three absolute invariants 


B/A? C/A® D/A® 
form a set of uniformizing parameters of XY around this point. Therefore, 


we take a point 
W ra) 
T mma 
Tig T2 


of ©, and try to expand the above three absolute invariants into power-series 
of e= rt; (assuming that e is small). The actual calculation was guided by 
the following observation. 


Suppose that r1,.=0 in r. Then, certainly r corresponds to a product 
of elliptic curves whose Weierstrass Invariants are 7(7,) and j(7.). However, 
if we start from a product of elliptic curves, there exist infinitely many 
points in ©, some not even satisfying 7,2. == 0, which correspond to the product 
and e does not have any intrinsic meaning. Consider the subvariety of ©, 
defined by the equation r,,.==0. Then, we can see by a simple matrix caleu- 


In Grothendieck’s language, what we are defining is 
Proj (S)c(C) a Homepeat (Spec(C) > Proj (8) ) : 


Since we are assuming that S is finitely generated, this point-set has the unique struc. 
ture of a projective variety, i.e. a closed subvariety of a projective space. 


12 
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lation that elements of I, which keep this subvariety stable are those we can 
expect, i.e. of the following two types 


a, 0 b 0} (0 1 0 O)fa 0 b 0 
0 a, O b|, |1 0 0 OF JO a 0 b 
a 0 da 0| 0 0 0 illa 0 & 0 
0 c 0 h) 0 0 1 00 & O ad 


By these elements, the parameter €= r13 of points of a tubular neighborhood 
of the subvariety r,.==0 undergoes the following transformation : 


E€ —> e/ (OT +d) (Ceres + d,) mod ë. 


Therefore, if we take powers of e and multiply elliptic modular forms in r, 
and rs of the corresponding weight, we can make it invariant modulo higher 
powers of «. If we require, in addition, that the modular forms to be 
multiplied have no zeros, which is certainly a reasonable condition to get a 
good parameter, the smallest weight of the modular forms will be twelve. 
In this way, we can foresee that the parameter we need is §(7;,)8(r2)e? up 
to some normalizing constant with 


3(i) = e(o) II (1—e(nw))* 


in which e( ) stands for exp(2xt ) and o is a point of ©,. This was a very 
. discouraging conclusion because it forced us to calculate expansions of absolute 
invariants up to order twelve in e. However, very fortunately, the blowing up 
is not monoidal and this complication on the part of the transformation 
brought about an unexpected simplification of the other. 


2. As in the previous section, let + be a point of ©. Then, four column 
vectors of a two-by-four matrix (rl) generate a discrete subgroup of two 
dimensional complex vector space and the corresponding quotient group T is a 
complex torus carrying a positive divisor @ satisfying deg(@,@®)—2. More- 
over, by a suitable translation in T, we can make ® symmetric in the sense 
that it is stable under the transformation z—>— z. There exist sixteen such 
divisors and they are zeros of the following theta-functions: 


bigg (132) = Dold (n + g/2)r(n-+ g/2) + * (n + 8/2) (2 +5/2)] 


in which g and § are column vectors with 0, 1 as their coefficients. On the 
other hand, if the point r is not equivalent (with respect to T) to a point 
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OD t12==0, we know that the divisor ®© is actually a non-singular curve of 
genus two and T is its jacobian variety [11]. In this case, the three lambdas 
which appear in what we called Rosenhain normal form of ® in AVM can be 
expressed by theta-functions of zero argument 


Digty (7,0) — Otgty (T) = Orgi 


We have a choice of seven-hundred twenty expressions, and we shall use the 
following one 


À = (110091000/ 8510090000) s Àg =m (9:00191100/ 8500190100) £ 
Às pop (8100191000/8000180000) i 


which is given by Rosenhain [7]. Conversely, if à, Àz, As are three complex 
numbers different from each other and from 0, 1, œ, we can consider a period 
‘matrix belonging to the corresponding Rosenhain normal form. If we 
normalize the period matrix suitably in the form (712), the three lambdas 
can be expressed as above with respect to this r. We shall try to expand the 
lambdas into power-series of e712. We observe that, in case neither (g1, hi) 
nor (ga, Rg) is (1,1), we have 


T € o gan q» 
T 


d” r 
brown G = 2 (an)! Ja amt) GeO osha (te) e 


The verification is formal and straightforward. Therefore, we can express the 
: coefficients of the expansions | 


Ay == dp + Gre? +f age > + 
Ag == bo + bie + byt +- - y 
Mmo H aep eth 


in terms of elliptic theta-functions of zero argument and their derivatives. 
For instance, we have 


Oy = bo = Co = À (71) 
in which 
A (w) = (1o (w0) /bo (w) )*. 


Now, we evaluate the projective invariants A, B, O, D at a sextic 
X (X —1) (X — M) (X — à) (X — às) and replace the three lambdas by their 
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expansions in e Then, writing A—A(r,) for the sake of simplicity, we get 
the following expansions 


A == 6A (1 — A)? +4 4a(1—A) (1— 2a) Eme 
B wm 2A?(1—A)*#(1—A-+ A?) E (01 — 1) ét 
+ 4A(1—A) (1—2A) Da (b, — 01) 2° 
= RAP (1 —A) (1 — 2A) Za, D (b: — 1) E 
+ 4A (1—A)?(1L—A-+ A?) E (b — e1) (Data): 


C == 4At (1 — A) (1—1 +22) X (01 — c )’et 
~~ 20° (1 —A) (1 — 2A) (2 —A- A?) Da (bi — i)e 
+ RA (1 — A)? (1 — 2d) (2 — BA + 8A?) È ay Z (b1 — 64) 70° 
+ BAt(1—A)*(1—A-+- A?) È (bı — 61) (02 — Ce) eP + °° 
D == A (1 — A) (b: — 6) (a — a)? (a — 01) 7c? + °°: 


in which the summations are symmetrizations in a, b, c. On the other hand, 
we need the following classical identities: 


Oof i 6o3* m Boo* (650810801) T 288 


d d i 
G5 198 (610/60) = T §o1* 7, 198 (8o0/8o1) = = 910°. 


Using some of them, we get 


ay F log oo (T2) Axo (r2) 
b, == wt (1 — 2) boo (71) * 5 — log 61072) for (ra) 
Ci log boi (T2) Ooa (Ta) ‘ 


Therefore, if we put 
t mm §(7,)8 (r2) (re), 
we have 
D/A® = 2713-4 -1+-°-, 


Furthermore, since the Weierstrass invariant 7 and à are related as 


Jom 22(1—A-+ A?) 2/7 (1—A)?*, 
we have 
(B/A3)® = 293-9 (r1) j (re)t + +. 
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Finally, powers of C/A* themselves are of no use, because 30/A® and B/A? 
have the same leading term. However, if we examine their difference, terms 
involving de, be, Ca cancel each other and we get 


( (830 —AB) /A®)?— 23- (j (r1) — 2°83) (j (r2) —2°8*) EF + +. 
3. We, now, introduce following set of uniformizing parameters 
Tı == 2437B/A? Ta = 2633 (3C — AB) /A? Tg m 2+ 3°D/A® 


of X == proj C[4, B,C, D] at the point B == C == D = 0. Also, in view of the 
calculation we made in the previous section, we put 


Y = 2,°/2, Ys = Iq" / Tz. 


Then, the normalization of the integral ring C[@1, Ze, Ts, Yı Y2] (in its field 
of fractions) is generated by 


Yg = Tig /Zs5. 


The proof is as follows. Clearly y, is an element of the field of fractions. 
Moreover, since we have y: =— T,Y,42, certainly y, is integral over the ring. 
We have only to show, therefore, that C[21, Le, £s, Y1; Y2 Ya] is normal. : How- 
ever, if we operate a cyclic group of order six to a ring of polynomials in 
three letters t,, t, fs as 


ty, te, ts => E tis Ct, Ets (f° a 1); | 


the ring of invariant elements of C[t, tt] can be identified with 
C[ 21, Tz, Zs, Y1 Y2, Ys], in fact, in the following way 


Dy = fta? Ly wm tats? Ta == tf 
Y, == t3 Yg mm É? Yz == b tata. 


Therefore, certainly C[2,, £a, Zs, Yı Y2 Ys] is normal, and this proves the 
assertion. Also, we can write down very easily a base of the ideal of relations 
Of 24, La, Lay Yr» Yas Ys Consisting of six polynomials. We also note that, if Vo 
and V are the affine varieties with C[21, 22, 2s, Y1, Y2] and C[21, Ze, Zs, Yis Yo, Ya] 
as their co-ordinate rings, the holomorphic map of V to V, associated with 
the inclusion of the rings is a bijection.. In fact, over the point of Vy not on 
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a, = 0, there exists only one point, and over the point of V, on Z= 0, there 
also exists only one point, because we necessarily have y, == 0, 

We shall, now, show that the variety of moduli and the variety V form . 
an open affine covering of Fz==T,\G,. We recall.that the variety of moduli 
is the complement of D==0 in X and it is isomorphic to a quotient variety 
of a three dimensional affine space modulo a cyclic group of order five operating 
in this space as follows 


t;—> Et, . j= 1,2,8 (gf =1). 


Since the three lambdas considered as meromorphic functions in ©, by means 
of the expressions in terms of theta-functions of zero argument undergo seven- 
hundred twenty transformations by operations of Tr», which are just automor- 
phisms of the field of lambdas relative to the field of absolute invariants, the 
absolute invariants can be considered as meromorphic functions in ©, invariant 
by operations of T.. Therefore, the absolute invariants are meromorphic 
functions on the the corresponding quotient variety Fa. We shall show that, 
if we denote by (xa) == (xs)o-—— (23). the divisor on Fa of the absolute” 
invariant zs, elements of the co-ordinate ring of the variety of moduli are 
holomorphic in F, minus the support of (2z3),, simply #,—supp.(zs)o, and 
elements of the co-ordinate ring of V are holomorphic in F,—supp.(2s)o. 
First of all, if a point r of ©, corresponds to a curve of genus two, values 
of the three lambdas at r are different from each other and from 0, 1, œ. 
Therefore, the A, B, C, D, written as polynomials in the lambdas, are all finite 
at r and D is different from 0. On the other hand, if r corresponds to a 
product of elliptic curves, i. e., if r is (equivalent to) á point on e= 0, we have 
Ti == Lg = Tg = Yg = 0 and 


Yı = j (71) J (r2) Ya = (J (r1) — 2°35) (j (rg) — 2°88). 


Therefore, supp. (Ts) consists of points of F, representing products of elliptic 
curves and it has no point in common with supp. (£s)s. Also, elements of 
the co-ordinate ring of the variety of moduli are holomorphic in ©, at points 
+ which correspond to curves of genus two, hence they are holomorphic in 
Fı-— supp. (Ts)o Furthermore, the corresponding holomorphic map is a bi- 
jection of F — supp. (23) to the variety of moduli. On the other hand, the six 
absolute invariants Tı, Ta, Ts, Yı Yə, Ya are all holomorphic in Fa — supp. (2s) « 
It is clear that they are holomorphic in F,—supp.(z,). However, their 
expansions in e show immediately that they are also holomorphic at every point 
of supp. (zs)o. Furthermore, the corresponding holomorphic map is a bijection 
of #,—supp.(z3)~ to V. In fact, it gives a bijection of F, — supp. (z£) to V 


\ 
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minus zs = 0 and of supp.(%3)> to the set of points of V on z, =0. Now, 
since the variety of moduli and V are both normal, the bijective holomorphic — 
maps are necessarily isomorphisms. In the present case, since the varieties 
concerned are “ V-manifolds” [cf. 8], we have only to use an elementary 
lemma on removable singularities [2]. This completes the proof. 

The observations made so far permit us also to prove the following 
important lemma: | 


Lemma. The field of meromorphic funcitons on F, can be tdentified 
with the field of absolute invariants such that holomorphic functions corres- 
pond to constants. 


Since this is an immediate consequence of a general theorem proved by 
Baily [1] (and of some properties of absolute invariants), we shall give only 
an outline. Knowing the absolute invariants which generate the co-ordinate 
rings of the variety of moduli and V, we can easily find a set of projective 
invariants of the same degree which gives a projective embedding of Fa. In 
this way, we get a normal projective variety which is a compactification of F, 
such that the complement is one dimensional. This is all we need. Actually, 
the compactification is a “V-manifold” and the elementary lemma on 
removable singularities is again sufficient. | 


III. Ring of algebraic modular forms. 


a b 
ss p 4 
is an element of Sp(n,R), the jacobian of the corresponding transformation 
in ©, 


4. In general, if 


71> Mr (ar-+b)(eor+d)7 


is known to be det(cr-+d)-*", We need this fact only for elements of 
Sp(n,Z) (in the case n=?) and an easy proof is to verify it for some 
generators of Sp(n,Z). This being remarked, a modular form y of degree n 
is defined by the following two conditions: 


(1) For every element M of Sp(n,Z), y satisfies a functional equation. 
of the form 


(Mr) = det (er + d)*y(r) 


with some even integer w; 
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(2) tt ts holomorphic in Sn. 


The integer w in (1) is called the weight of the modular form. In the above 
definition, the elliptic case n == 1 is exceptional and we have to assume that y 
is holomorphic also at too. More precisely, since, in general, a modular form 
is invariant under a transformation of the form r—-7-+ 0, in which b is a 
symmetric integer matrix of degree n, it admits a Fourier expansion of the 
form 


2a(T)e(tr(Tr) J 


The summation extends over all symmetric half-integer matrices (i.e. sym- 
metric matrices such that diagonal coefficients and twice all other coefficients 
are integers) of degree n. Since the modular form is also invariant under a 
transformation of the form r— urtu, in which u is a unimodular integer 
matrix of degree n, the coefficient a(Z') depends only on the class of T in the 
sense a('wl'u) =a(T). Now, a closer examination first made by Koecher 
shows that a(T) is zero unless T is positive semi-definite [5]. The elliptic 
case is, however, exceptional and this is not a consequence but an assumption. 
At any rate, we shall not use this theorem of Koecher and, in the case n == 2, 
it will simply come out from our later considerations. 

Tf we consider the set of finite sums of modular forms, we get a subring 
of the ring of all holomorphic functions in ©, and it is obviously graded. 
We are interested in the structure of this graded ring in the simplest unknown 
case m= 2, We say that a modular form (in the case n= 2) is algebraic if 
its weight is a non-negative integer divisible by six. Finite sums of algebraic 
modular forms form a graded subring of the graded ring of all modular 
forms and we shall determine its structure. 

We take an algebraic modular form y of weight w and, using the absolute 
invariants Tı, Za, Zs, We consider 


$ T y (r) (8 (T1, To, Ta) / (T1 T2; T12) yas, 


Then, it is a meromorphic function in ©, and, because of the property of 
the jacobian, it is invariant under operations of T}; hence it is meromorphic 
on Fa ‘The lemma in Section 3 implies, therefore, that ¢ is a rational function 
of Ti, To, Ta. Suppose, conversely, that ¢ is a rational function of Tı, Te, £a 
and consider 


y(r) == h (8 (T, Ley ts) /0 (T1, T2; T12) ye, 


Then, it satisfies the functional equation, but it may not have the property 
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(2). We shall, therefore, try to obtain necessary and sufficient conditions 
(in terms of the rational function #) for y to be holomorphic in ©,. 

We first recall that the three lambdas are holomorphic in ©, minus those 
points which are equivalent to points on e==0. Therefore, we get a holo- 
morphic map of this open subvariety of ©, to the space of lambdas, which 
is a three dimensional affine space minus nine planes defined by D == 0, and 
this map is surjective. The point is that we have an unramified covering, i.e. 
the holomorphic map is a local isomorphism. Im fact, the inverse map is 
given locally by representing r as a part of a period matrix belonging to a 
Rosenhain normal form, and it is certainly holomorphic. We can construct 
another proof using the fact that no operation of T. belonging to the so-called 
principal congruence group modulo 2 has a fixed point in the said open sub- 
variety of G,. On the other hand, the lambda space is a ramified covering of 
the variety of moduli and the ramification takes place along those points 
which represent curves of genus two having “many automorphisms,” i.e. at 
the singular point A == B= C == 0 and along a surface which corresponds to 
lambda triples satisfying As — À, + AAs — àsà = 0. For this, the reader is 
referred to the last section of AVM. This surface is related to the “skew- 
invariant” in the following way. Using the same notation as in Section 1, 
we consider the following expression: 


Ji & +2 bib 

Ugh II det |1 é +é ska 
fifteen 

l st ée Sge 


Then, since each factor has an invariant property, the symmetrized product 
defines a projective invariant # of degree fifteen. Since the degree is odd, 
it can not possibly be expressed by A, B, 0, D, but its square H* can be 
expressed by these projective invariants. This being remarked, if we express 
E in terms of the lambdas, we get fifteen distinct irreducible factors one of 
which is Às — À: + ArAg—AsdAy. Therefore, the surface in question is defined 
by Æ? = 0 on the variety of moduli and the ramification index is two. We 
need also an expansion of Æ? into power-series of e The calculation is 
straightforward and we get 


E2/ A m Q-283-18 (j (11) —j(r2))?22 4° +. 


5. Now, consider ©, minus points equivalent to points on e==0 and 
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points on A = 0. This open subvariety is ramified over the variety of moduli 
minus points on Á = 0 along #*?—0. We shall translate the condition for y 
to be holomorphic in the said open subvariety of ©. We observe that the 
co-ordinate ring of the variety of moduli minus points on A = 0 is generated - 
over C by absolute invariants whose denominators are power-products of- A 
and D. Therefore, the co-ordinate ring in question is the ring of fractions 
of C[ 2, z2, £s] with respect to powers of Ta} Since the ramification index is 
two along F? 0, the condition we are looking for is that ¢ multiplied by 
i? /A*® to the power w over 6 is in the co-ordinate ring, i.e. that œ is a linear 
combination of 


(A2 / E>) 0/87, g/g 


in which es, €s, €s are integers and ¢,, 6, are non-negative. We shall next 
write down the condition for y to be holomorphic at points on A=0. Since 
the condition is (by the lemma on removable singularities) along A = 0 and 
not at special points on A =0, we have only to examine those points of it 
which are not equivalent to points on e=- 0 and not on BH? == 0. Then, instead 
of the 7s, we can use 


Uy == 212/25 = 273-14 B?/D Ua = T1 / 23? = 218 BE/Y 
Uy me Tala / Ty = 2° B (30 — AB)/D 
as local co-ordinates. Since we have 
Ty = U/W? Ta = Ugg / W? Ta = Uy*/uy, 
we get 


(A2°/B?) 7/9 (21°83°2/2£8°) (Ô (L1, 2, Zp) /O (ths, ta, Us) ) 


5 #41 —201- Seth eg~T10/6 Ug tOr 2es+Way On 


in which * is a unit depending on w but not on @, 8s, és. Therefore, for a 
fixed w, the condition is that a linear combination of the form 


D const. 17261 Beat Bes~710/8 q ertea-2egt way ta 


be finite along u,—0. However, in case two distinct triples (6) and (e) 

give the same exponent of u, in the above linear combination, certainly they 
give different exponents either to u or to us. Consequently, for each (e), 
the exponent of u, has to be non-negative. Therefore, the condition is simply 


(Ci) Bes — 70/6 = 2e, + 8e, 


SIEGEL MODULAR FORMS. 187 


for every (6) = (61, €s, s). In particular, the integer es is also non-negative. 
Finally, we shall write down the condition for y to be holomorphic at those 
points which are equivalent to points on e= 0, i.e. along e= 0. In order to 
get this condition, we shall use the parameters $, t+, tą introduced in Section 
3. Since t, is of order two in e, however, we have to use u defined by t; =u. 
Then, we have 


(A218 / E2) 0/8 (gy, 829% / 45°) (8 (21, Le, Tg) /8 (tr, te, u) 2/3 
some ® f Of eny? (aert or Gea)+8 90 


in which * is a unit depending on w but not on 6, 6s, 6s. Therefore, in the 
same way as before, we get 


(C2) 261 -F Be, = 663, — $w 


for every (e) = (1, és,é3;). We have thus finished the translation of the 
condition completely. The result can, obviously, be stated by saying that 
there exists a monomorphism of the graded ring of algebraic modular forms 
to the graded ring of multi-canonical differentials on X and that the image 
ring consists of finite sams of 


(A15/H?) 0/8 (44°04 /2_%) (dz, dx.dz;) 10/8 


in which @, êz, és are non-negative integers satisfying both (C1) and (C2). 
We note that these differentials are linearly independent and, for a given w, 
we can compute the number of such differentials quite easily. For instance, 
we get 1, 1, 3, 4, 8, 11,- - - for w==0, 6, 12, 18, 24, 30,---. 


6. We shall examine the structure of the graded ring of algebraic 
modular forms. For this purpose, we put w = 6e, and consider an additive 
monoid of non-negative integer quadraples (61, é2, €s, 64) satisfying 


Beg — Tea == Be, + 86, = 6e, — 94. 
The connection between the ring in question and this monoid is clear. We. 
shall determine the structure of this monoid. If we replace the above two 
inequalities by equalities, we get a submonoid, and this submonoid is generated 
by (0,1,2,1) and (8,0,4,2). Now, suppose that (61, és, és, 64) is an arbitrary 
element of the monoid. Then, the difference (¢:, €z, es, &) — 62(0, 1, 2,1) 
= (21, 0, &s — 262, 64 — @2) is again an element of the monoid, and this reduces 
our consideration to its submonoid consisting of elements of that type. In 


188 JUN-ICHI IGUSA. 


fact, if four real numbers e, es = 0, es, e, satisfy the above inequalities and if 
e is non-negative, the others are also non-negative, This simple remark will 
be used repeatedly. Suppose, now, that (6,0, 6s,€4) is an arbitrary element 
of the submonoid. This time we subtract (3,0,4,2) from (é:, 0, és, 64) 80 that 
the first coefficient of the difference becomes 0, 1 or 2. Then, as we know, 
the other coefficients are non-negative; hence the difference is still an element 
of the monoid. Suppose, therefore, that (é¢1,0, 63,6.) ig an element of the 
monoid and that e, = 0,1,2. If we have e,— 0, the element is in the sub- 
monoid consisting of elements of the form (0,0, 63,¢,) in which Ge 6, are, 
of course, non-negative and satisfy 


5e — Ve, = 0 364 — 263 Z 0. 


If we replace one of the inequalities by an equality, we.get (0,0,7,5) and 
(0,0,3,2), and these elements generate the submonoid. In fact, the element 
(0,0, €s,64) decomposes into 5e, — Ve, times (0,0,3,2) and 3e,— 26, times 
(0,0,7,5). If we have e = 1, we try to reduce the element (1,0, 6s, €64) 
using (0,0,3,2) and (0,0,7,5). The reduction will fail to work if both 
(1,0, 6s, e4) — (0,0,8,2) and (1,0, és, e4) — (0,0,7,5) are outside the monoid. 
This happens if and only if we have both 56s — Ye, = 2 and Res — 836, = 0. 
Thus, we get (1,0,6,4). Finally, if we have & =— 2, we again try to reduce 
the element (2,0, es, 64) using (0,0,3, 2) and (0,0,7,5). The reduction fails 
to work if and only if we have be, — Ye, = 4 and 26, — 836, = 1. This gives 
(2,0,5,3). We have, thus, shown that our monoid is generated. by the fol- 
lowing six elements: 


(0,1,2,1) (0,0,8,2) (3,0,4,2) 
(0, 0, 7, 5) (2, 0, 5, 3) (1, 0, 6, 4). 


In other words, we have found generators of the graded ring of algebraic 
modular forms. The structure of this ring will be known, therefore, if we 
determine all possible relations between the above six generators. For this 
purpose, we observe that a column vector with six coefficients is annihilated 
by the matrix 


0 0 3 0 2 I 
100 0 0 0 
2 8 4 7 56 6 
12 2 5 38 4 
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if and ony if the coefficients are of the form 0, 0, x, y, —2c¢-+y, £ — 2y. 
In particular, we have 


2(2, 0, 5,3) = (3,0,4,2) + (1,0, 6,4) 
a(J, 0, 6,4) == (0, 0,7, 5) + (2, 0, 5, 3) 
(2,0, 5,3) + (1, 0, 6,4) = (3,0, 4,2) + (0,0, %, 5). 


Using these relations, we can lower the sum of multiplicities of (2,0, 5,3) and 
(1,0, 6,4) in any expression of an element of the monoid by the six generators 
as long as it is at least equal to two. In this way, every element of the monoid 
can be expressed in one of the three forms 


p(0,1, 2,1) + ¢(0, 0, 3,2) +1(3, 0, 4,2) +.8(0, 0, 7, 5) 
+0, (2,0,5,8), (1,0, 6, 4) 


in which p, q, f, s are non-negative integers. Moreover, the expression is 
unique. Thus, the structure of the ring of algebraic modular forms is com- 
pletely determined. In particular, the dimension NW, of the complex vector 
space of modular forms of weight w is, in case w is (non-negative and) 
of the form 6m, equal to the number of partitions of m into the form 
p+2(¢+r)+5s+0,3,4. There are ten formulas for NV, according to the 
values of w modulo sixty and, for example, we have 


Naow=150( 5 ) + 190 (z) 4+ 51 (i) +1. 


IV. Main theorems. 


7. Since the structure of the ring of algebraic modular forms is deter- 
mined, using this result, we shall start investigating the ring of all modular 
forms in connection with Bisenstein series. In general, if + is a point of Gp, 
the Eisenstein series of degree n and of weight w is defined as follows 


Wo(r) = > det(er-+ d)”. 
{0,8} 


The summation extends over all classes of coprime symmetric pairs, i.e. over 
all inequivalent bottom rows of elements of Sp(n,Z) with respect to left 
multiplications by unimodular integer matrices of degree n. It is a classical 
theorem of H. Braun that the series is absolutely convergent for w>n-+1 
and represents a modular form of weight w. The modular forms defined by 
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Hisenstein series are connected with positive-definite quadratic forms by their 
Fourier expansions. In the Einführung, Siegel gives a formula for the 
coefficients of Fourier expansions of Eisenstein series in terms of what he 
called p-adic densities [9]. Therefore, in order to calculate the Fourier 
coefficients using this formula, we have to calculate certain p-adic densities 
for all p including p==2%. In some cases, however, the so-called Siegel main 
theorem can be used to go around this tedious calculation. On the other — 
hand, if a(T) is a Fourier coefficient of Eisenstein series of degree n, the 
said Siegel formula shows that 


a(T;) =a 4 


is a Fourier coefficient of Eisenstein series of degree n— 1 and of the same 
weight. This allows us, in some cases, to reduce the calculation of the Fourier 
coefficient from degree n to degree n—1, thus finally to the elliptic case. 
In this case, if we denote the Eisenstein series of weight w by w, we have 


to (a) =1 + ((2ri)®/E (wt (w) ) X (Ea) (to). 


Also, in the case n = 2, we have the following table: 


W == 4 
al o) eee al o) = 22r 
a(o 1) = 235-7 a; F) 23-57 
W man G 
a(o o er i a) == — 29397 - 11 
a(g n) = 24335- 7-11 a(; #) = 28997. 11 
w === 8 
a( a) == 273 5 a(i o) — 2325:43 


1 0 EA 1 4 eee 
a( 4 |) 283% 61 a(} 1) =a 5-7 
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w= 10 


i 0 ; l 2 0 39441. 
a( 9 = 2 11 a( 4 j= ran 19 


a( 4 i) mn 24345 7-11-19 - 277 488672 


a( 4 4 == 2°3-7-11-19- 809 - 438677 


E 
w = 12 
a > ) 24895 - 7-13-6917 Pa p) = 2°35: 7-138-688-6917 
0 0 0 0 


a( j i) == 25835 7-13: 19-23-2659. 131-1593-6917 


a; ) == 230 7. 1823- 1847- 131-7+593-1691-7. 
Some of the large prime numbers we find in this table come from Bernoullian 
numbers. For instance 43867 is the numerator of the ninth Bernoullian 
number. At any rate, if we observe that we always have a(0) = 1, we see 
that the above table gives Fourier coefficients a(T) of Eisenstein series of 
weight at most twelve for all (symmetric half-integer positive semi-definite) 
matrices T satisfying tr(T) = 2. Also, in order to avoid a possible misunder- 
standing by some reader, we note that the table is not really necessary until 
we start proving explicit rational expressions of absolute invariants by Hisen- 
stein series. 

Now, it is known (in the case n==2) that the dimension Nw is zero for 
w == 2 and one for w == 4, 6,8. This fact was proved by Maass [6] and partly 
by Witt [12]. One of their main ideas is to use a remarkable lemma by Siegel 
on a unique determination of modular forms (of a given weight) by their 
first few Fourier coefficients. Incidentally, this lemma shows also that the 
Fourier coefficients of the five Hisenstein series in the previous table determine 
these modular forms uniquely. When we started working on the subject, 
beside some general results, that was practically all we knew about the ring 
of modular forms. At any rate, we shall not make any use of the above results 
and they will come out from our subsequent considerations. 

We shall denote by eee, the algebraic modular form defined by 


Wereaoyes(T) = (27783-15418 /Hi?) (212/2) (8 (Li, Do, 23) /8 (71, Tas Tag) ) 7%. 


It will become necessary to expand this modular form into a Fourier series or, 
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more precisely, into a power-series of e(71), 6(72) and e= rı For this 
calculation, we need following. expansions 


j = 2°89 8/ (p4? — pe?) == e (— w) + 293: 31 + 27371823 -6(w) Hiei 
0 (21, T2, Ts) /0 (71, T29 T12) 


mm 273° (J (r1) — J (T2) 9 (ta) F (Ta) (ys? /ys*ya®) G) F i 


This being remarked, we note that Woosz; Yoz42s Ysose form a base of the vector 
space of modular forms of weight twelve. Since y,° is a modular form of 
the same weight, therefore, it is a linear combination of these modular forms. 
The coefficients of the linear combination can be calculated with the aid of 
Fourier expansions. If we observe that the three modular forms are linearly 
independent also on e=0, we have only to calculate the Fourier expansion 
of y, on e= 0, but this is simply du(71)¢a(t2). In this way, without really 
using the Fourier coefficients of y, itself, we get 


Wow = 2363127124, 8, 


We can also use the following argument to see that wWeose and Y4? differ only - 
by a constant factor. . Because of N,,==3, we have N41, hence N,—1. 
On the other hand, the divisor of Wsosg in ©z is three times another divisor. 
Therefore, its cubic root divided by y, defines a “ multiplicative function,” 1.e 
a function whose absolute value is single-valued, on Fa. However, using the 
structure of the compactification, we can conclude very easily that the function 
itself is single-valued. Consequently, the cubic root of Wsow is a modular 
form of weight four and, because of N, = 1, it differs from y, by a constant 
factor. In this way, we can minimize the use of numerical computation. 
Besides, the exact constant factor is not necessary in proving most of our 
theorems. 


At any rate, if we adjoin y, to the ring of algebraic modular forms, we 
get a new graded ring. We shall show that the normalization, say S, of ‘this 
graded ring (in its field of fractions) is precisely the graded ring of all 
modular forms. Suppose that y is an arbitrary modular form of weight w. 
Then, first of all, the weight w is non-negative. Otherwise, the product 
yp” will be a holomorphic function on F}, hence it is a constant by a 
lemma in Section 3. In particular, both y and y, will be units in the ring 
of holomorphic functions in ©,. But, certainly y, is not a unit. Hence w 
is non-negative. This being remarked, let 2e be the least residue of w 
modulo six. Then, the product yW,° is certainly an algebraic modular form. 
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Hence, every modular form is in the field of fractions. Furthermore, since 
the sixth power of any modular form is an algebraic modular form, it is 
integral over the ring. Therefore, every modular form isin S. On the other 
hand, we know in general that a normalization of a graded integral ring over 
a field is itself a graded ring [13]. In particular, our S is a graded ring. 
Moreover, a homogeneous element ¢ of S can be expressed as the quotient of 
two homogeneous elements of the ring, and they are modular forms. There- 
fore, it satisfies the functional equation. Also, since ¢ is integral over the 
ring of holomorphic functions in Gg, it is holomorphic there. This shows 
that ¢ is a modular form, hence § is the graded ring of modular forms. 
We shall, now, determine the structure of 8 explicitly. In doing this, we 
shall not use the second half of the above proof, i.e. the fact that every homo- 
geneous element of 9 is a modular form. It will come out as a consequence. 

We recall that the ring § is the normalization of a graded ring generated 
over C by 


Wa, Worst, Woos2, Woors, Weosa, Woes 
These elements, except Yorn and woos, ate related as 
Waona” == COnSt. Wa Poors Wroes® = const. Wa Yoors 


Therefore, the field of fractions of C[w., Yoors, Yeoss, Y10684] 18 of degree of trans- 
cendency at most two over C. Since the field of fractions of the ring of 
modular forms is ef degree of transcendency four over C, the degree of trans- 
cendency in question is precisely two and the two elements Wors: and Woose are 
algebraically independent over that field. Therefore, by recalling that a ring 
of polynomials with coefficients in a normal integral ring is itself normal, we 
conclude that, if R is the normalization of C[ Ws, Yoors, Y2oss; Y10684] (in its field 
of fractions), we get 8 by just adjoining Wore; and Woos, to R. Now, if we 
put x == Weoss/W2, We have 
x? == const. Yoors. 


Hence x is in K, and Æ is also the normalization of C[ws, x, W001]. On the 
other hand, we have 

Proaa" = Const. (yax?)’, 
hence pioeq = const. yux?. Since C[y,, x] is certainly normal (as a ring of poly- 


nomials in two letters with coefficients in C), therefore, we get R == Cl, x], 
hence finally 


8 =C [Ya X Yoni Yooss | . 
We state our result in the following way: 


13 
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THEOREM 1. The graded ring of modular forms is generated over C K 
four (algebraically independent) modular forms 


Ws, Wo121) X = teoss/ Ya", Woosa 
of respective weight four, six, ten and twelve. 


COROLLARY. The dimension Nw of the complex vector space of modular 
forms of weight w ts equal to the number of non-negative integer solutions of 
the linear Diophantine equation 


w = 4p + 6g + 10r -+ 12s. 


8. We have shown that the graded ring of modular forms is generated 
by four modular forms of which one is the Eisenstein series y, We shall 
show that other three can also be expressed by Eisenstein series. First of all, 
since we have Ne = 1, two modular forms We and yor21 differ only by a constant 
factor. This constant factor can be determined immediately. In order to 
make the rest of the argument clear, we shall explicitly use Siegel’s operator 
® which maps a modular form of degree n to a modular form of degree n —1 
of the same weight for n==1,2,3,---. If y is a modular form of degree n 
and if a(T) is its Fourier coefficient, the Fourier coefficient of Sy is given by 


a(T',) = a(g a 
In particular, Eisenstein series are mapped by to Eisenstein series. The 
operator © gives rise to a homomorphism of the graded rings of modular 
forms [10] and it is almost surjective [6]. In the case n = 2, the surjectivity 
is obvious because the graded ring of elliptic modular forms is generated by 
the Eisenstein series ¢, and ġe A modular form is called a cusp form if it 
is in the kernel of 6. In the case n == 2, therefore, there exists one cusp form 
and only one up to a constant factor of weight ten and of weight twelve. 
These cusp forms can be obtained in two ways. Since we have dude = hio 
we see that Was — Yıo vanishes along «== 0, hence, certainly, it is a cusp form. 
Also, since we have 
32724,8 4- 2- BEd? — 691di2 = 0, 


we get a cusp form by replacing phi by psi. We have thus found cusp forms 
of weight ten and twelve, and they have Fourier expansions of the following 
form 


SIEGEL MODULAR FORMS. 195 


Wag — pio = — 27935577 + 58 - 43867 te (71) e (ra) (re)? +: 
BIT + 2 Dy? — 691 Ua. 
w= 218315872337  13171593-t8 (71) e (re) t+. 
Therefore, we shall define normalized cusp forms by — | 
X10 = — 483867 - 2-123-55-27-1538- (ae — Wo) 
x12 = 131 - 593 - 2733-15-87-283 7-4 (32T ya + 2 - Beg? — 69142). 

On the other hand, the modular forms x and toos2 in Theorem 1 are also cusp 
forms of weight ten and twelve, and they have Fourier expansions of the form 
x= 248ta (r1)e (ra) (we)? H: > 

Wooaa = 23°83 2776 (r1)e (ra) Heen 


Therefore, we have the following theorem : 


THEOREM 2. The three modular forms Worn, x and Woose can be expressed 
by Eisenstein series in the form 


Yorn 23 283 r he y= 2543 Sr Syo 


Woos2 = CAA ar CTT 


COROLLARY. The graded ring of modular forms is generated over C by 
the Eisenstein series Ws, We, Yio ANd Yro. 


Now, we recall that elements of weight zero of the field of fractions of 
the graded ring of modular forms are called modular functions. By the 
lemma in Section 3, modular functions are absolute invariants. The converse 
is also true, i.e. absolute invariants are modular functions. They can ‘be 
expressed, therefore, rationally in terms of Eisenstein series. Now, there is 
a problem once proposed by Siegel to get these rational expressions explicitly 
[9, p. 604]. In order to solve this problem, we have only to write down the 
three absolute invariants Tı, Ve, Zs bY Wa, We, X10 and x12. However, using the 
relation betwen algebraic modular forms and multi-canonical differentials 
on X, we immediately get the following result: 


THEOREM 3. The three absolute invariants can be expressed by the four 
modular forms in the form 


Tı = axioo / X12" Lg = Wexr0°/ X12" T3 = X10°/ X12". 


Thus, the problem raised by Siegel is completely solved. 
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9. In this last section, we shall investigate the structure of Satake’s 
compactification in the case n==2. Because of Theorem 1, the problem is 
reduced to determining the structure of 


Y = proj CT Ta To Te] 


in which T,, Te, Ts, Te are indeterminates of degree four, six, ten, twelve and 
the ring is graded by the total degree. The projective variety Y admits a 
covering by four open affine subvarieties Ya, Ys, Ys, Ye ia which F; is the 
complement of T';==0 for j == 2, 3, 5,6. We shall start le examining these 
affine varieties. | 


First, if we operate a cyclic group of order two to a ring of polynomials 
in three letters 71, te, ty as 


ty, te, tg > — Éi, — la, tg, 


the ring of invariant elements of C[t;, tz, ts] can be identified with the co- 
ordinate ring of Y, in the following way: . 


T PT sT 6 T 2°? = hie Pii 


In fact, the condition on one side is 3e + 5es + Bini: and T condition 
on the other side is 8s + es = 0 mod 2. These two conditions are clearly equi- 
valent. Since the co-ordinate ring of Y, is the subring of C[ t, ta ts] generated 
by 6°, tite, t°, ta, the variety Y, is isomorphic to a product of a representative 
cone of a non-degenerate conic and a straight line. The singular locus of Fa 
is, therefore, the locus of the vertex of the cone, which is a straight line 
defined by T, == Tẹ == 0. As for Ys, if we operate a cyclic group of order three 
to a Ting of polynomials in ¢,, tz, ts as 


tis te, t3—> ti, tts, tg (¿° — 1), 


the ring of invariant elements of C[t,, t», ta] can be identified with the co- 
ordinate ring of Y, in the following way: 


TaT oT 9¢/T' 5% == Llic a aA 


In fact, the two conditions 2e, + Bes + 6e = 3e; and ez- es==0 mod3 are 
equivalent. Since the co-ordinate ring of Y, is the subring of C[t ta ta] 
generated by 7°, bta tita, t2°, ts, the variety Y, is isomorphic to a product 
of a representative cone of a cubic space curve and a straight line. The 
singular locus of Y, is, therefore, the locus of the vertex of the cone, which 
is a straight line defined by T,==7';—-0. We have to examine two more 


SIEGEL MODULAR FORMS. | 197 


varieties. Iy we operate a cyclic group of order five to a ring of a aaa 
In $i, tg, ts a8 
ty> Ot, j=1,33  (Ë=1), 


the ring of invariant elements of C[t,, tz ts] can be identified with the co- 
ordinate ring of Y, in the following way: 


TaT T/T — t,t, °t,%. 


Therefore, as we have shown in AVM, the co-ordinate ring of Y, is the 
subring of C[t,, te, ts] generated by 115, bta, tiba”, ti ta, tats, Eiba’, ta°, ta” and 
the variety Y, is isomorphic to the variety of moduli. The singnlar locus of 
Y, is the point defined by T, == 7,—-T,—=0. Finally, if we operate a cyclic 
group of order six to a ring of polynomials in 4, tg, ts a8 


tay ba, bg —> C71, CPte, Cbs (f° ma 1), 


the ring of invariant elements of C[t,, ts, ts] can be identified with the co- 
ordinate ring of Ye in the following way: 


TTT T t — herta tge, 


Therefore, the variety Y, is isomorphic to the affine variety V in Section 3 
and its singular locus consists of two straight lines defined by 7,<-7';—0 
and by 7'3==7';==0. Hence, the singular locus of Y itself consists of a point 
defined by T: =— T, == Te == 0 and of two projective straight lines defined by 
Tz == T,= 0 and by T == T, ==0 intersecting at T3 == T; = T's =Q. 

It is, now, easy to determine Betti numbers b; of the variety Y for all 7. 
Since Y, admits a three dimensional affine space as a two-sheeted covering, 
if a singular chain of Y does not cover the whole F}, twice this chain is 
homotopic to a singular chain on T} = 0. Therefore, beside 6) == bs = 1, we 
have 6;==0. Since the intersection of Y, and T, =Q is a two dimensional 
affine space, we have b, = 1 and b,==0. Finally, since the intersection of Y, 
and T,—7,—0 is a straight line, we have b==1 and b,—=0. ‘Therefore, 
the projective variety Y has the same Betti numbers as three dimensional 
complex projective space. 

We have thus investigated the structure of Y which is diia abstractly. 
We shall, now, translate the results into a language of modular forms. For 
this purpose, we put 


Ta = Oy Ta = bye Ts = Chae + C Yio 
Te = dpe + dpe? + dra 
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in which a, b, c, c’, d, d’, d” are constants and abc’d” is different from zero. 
Then, we get a holomorphic map of F, to Y so that the variety of moduli 
and the variety V are mapped isomorphically to Y, and Ye. Since the verif- 
cation is straightforward, we shall leave it to the reader. Moreover, the com- 
plement of the image is a projective straight line isomorphic to proj C[ ps ġe]. 
This can be identified with j-line compactified by a point at infinity, i.e. with 
the union of F, and Fo. Therefore Y is isomorphic to Satake’s compactifi- 
cation of F, and it is a “ V-manifold” whose structure we know completely. 
We note that the singular locus of Y consists of a point representing the 
jacobian variety of y? = 1— q* and of two projective straight lines of 
points representing products of elliptic curves of which at least one factor 
is y? == 1— zr? or y?7—1—a2* (allowing another factor to degenerate to 
y? = 1— zr?). Equations in terms of the Eisenstein series of these cases are 
Ws = We = Wig = 0, W = Yio = 0 and Wa == Yio = 0. 


Appendix. The dimension Nw of the complex vector space of modular 
forms of weight w is equal to the number of non-negative integer solutions: 
of w = 4p + 6¢+10r-+12s. This is derived from a structure theorem of 
the graded ring of modular forms. It is known, on the other hand, that A. 
Selberg has a general “trace formula” which contains a formula for N, as 
a special case. However, since his formula is not given in a “finite form” 
even in the case of modular group of degree two (because of serious com- 
plications coming from non-compact boundaries), we did not try to use this 
formula. Nevertheless, we feel that we have to spend a few lines connected 
with this approach to the problem of determining the structure of the graded 
ring of modular forms, because it is the only general method we can think 
of at the present moment. 

The result we have for Nw can be written in the form 


Nay = Ress-o de/ (1 — 2?) (1—2*) (1—2) (1 — 2°) at 


for k= 0, + 1, = 2,- :. We transform this formula using the theorem of 
residues and calculate all residues. In this way, we get the following formula 


Nap = 2-#3-85-1 (2k? + 48k? + 347% + 728) 
+ (—1)#2*3*(% + 8) 
+228 ( p72 + p) (6k -+ 41) 
+ 848-47 (pE -t Be) 
H28- (pk + Bë A peta + ph) 
+525 gee 
fo=1 
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for k==0,1,2,°- +, where p stands for e(4) and p is its complex conjugate. 
Now, it may be possible to prove this formula by Selberg’s method. There- 
fore, it will be of some importance if we shall show that this dimension formula 
implies the structure theorem. At any rate, we get the two cusp forms xio 
and. xı: as in Section 8. We shall show that ya, Ye, x10 and xı are alge- 
braically independent over C. If they are not algebraically independent, there 
exists a homogeneous element P(T) not equal to zero in the graded ring 
C[T2, Ts, Ts, Te] (of Section 9) satisfying P (Ws, Ye x10) X12) = 0. We take 
as P(T) one which has a smallest degree and write it in the form 
Po( Ts, Ts, Ts, To T's + P(T Ta Te). Now, we introduce an operator Y 
to be the restriction of (finite sums of) modular forms to the subvariety of ©, 
defined by «—=0. Then ¥ is a homomorphism and xı is in the kernel. 
Therefore, applying & to 


Po (Way Way X103 X12) X10 + P; (Yas We, X12) = 0, 


we get Pi (G4, Wye, Yxi) = 0. We shall show that Fy., Vy, and Wy, are 
algebraically independent (over C). For this purpose, we observe that we 
have a relation of the form 


Wy12(71, T2) = const. pa (71) 8a (r2)? + const. fo (11)?h6 (72)? 
-H const. (pa (71) °do(r2)* + hafra) pe(r1)") 


in which the third constant coefficient is different from zero. On the other 
hand, if z, y, 2’, y are algebraically independent, certainly sa’, yy’, s'y? + xy? 
are also algebraically independent. Therefore Wy, Pye, Vy1, are algebraically 
independent. Hence, we have P(T, Te, Te) =0. This will imply that 
P(T) is different from zero and Po (v4, We, x10) X12) — 0. Since P(T) is of 
a smaller degree than P(T}, we get a contradiction. Therefore Ya, Ye; yi9 and 
Xi2 are algebraically independent. : Then, by the dimension formula, the graded 
ring generated by these four modular forms will be the ring of all modular 
forms. This is the structure theorem. 


Toe JOHNS HOPKINS UNIVERSITY. 
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A CHARACTERIZATION OF THE SIMPLE GROUPS SL(2, 2°): 
CORRECTION.* 


By Warrer Ferr. 


In a previous paper [10] a condition was stated which characterized the 
simple groups SL(2,2*). Professor M. Suzuki has pointed out that the 
proof of Lemma 6.9 is incorrect, the elements zæ; appearing there should be 
replaced by 24. This invalidates the argument of Section 6 in [10]. The 
purpose of this note is to replace Section 6 in [10] by a new Section 6. The 
notation and bibliography are exactly as in [10] except for the additional 
references at the end of this note. 


6. Completion of the proof of Case II. Throughout this section it 
will be assumed that the group G satisfies the hypotheses stated at the be- 
ginning of Section 3. Furthermore, there exists an element y in C(S,) — {1} 
with the property that C(y) is not contained in N(8.). Thus the results 
of Sections 3 and 5 can be used. Our aim is to reach a contradiction. Once 
this has been achieved it will, together with Lemma 4.4 complete the proof 
of Theorem 1 in all cases. 


Lemma 6.1. Dts acychc p-group for some prime p and d divide (2¢ + 1). 


Proof. By Lemma 2.1 L contains a cyclic subgroup K of order (2° + 1). 
Let Kp, Dp denote a Sylow p-group of K, D respectively. Let K,°, D,° denote 
the subgroup of Kp, Dp respectively generated by all elements of order p. 

If D is not a p-group then ([7] page 175) it is possible to choose 
primes p>“qg such that DC N(D,) and Dp N D — {1}. Furthermore Dp, 
D, are cyclic and DC C(D,°). By Lemmas 5.1 and 5.2 this implies that 
. C(KP XD °)CLXD. Therefore D, is a characteristic subgroup of 
C(K,° X D). Hence N(K,°X D,°)CN(D,)CLXD by Lemma 5.2. 
Since K,° X D,’ is a characteristic subgroup ofKk, X Dp this implies that 
N(K,XD,)CLXD. If D is a p-group and d does not divide (2¢-+-1) 
then D,’ is a characteristic subgroup of Kp X Dp and Lemma 5.2 once again 
yields that V (K; X D,)CLXD. 


* Received October 16, 1961. 
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Thus if the result were false then N (Kp X Dp) C LXD. Hence K; X D, 
is a Sylow p-group of G. As K, X Dp is abelian and D, N (L X DY = {1}, 
Burnside’s Transfer Theorem ([7], page 173) implies that G contains a 
normal subgroup of index p contrary to Lemma 3.6. The proof is complete. 


Lemma 6.2. Let X == {hy} be the set of all irreducible characters of 
N(S8,) which do not contain M in their kernel. Then there exists a sign 
e= + 1l and a set {A} of irreducible characters of G such that 


(Ai (1) Ay— Ay (1) Ag) * =  (Ag(1) Ay — Ay (1) As) 


for all M, Ay în X, where a* 1s the generalized character of G induced by a. 


Proof. Since QDM is a Frobenius group every character in X is induced 
by a character of 8, x M. Let m, == [M:M']. The result follows from [5] 
Theorem 2 unless Af is a non-abelian +-group for some prime r and 447g? > m. 
In that case let M, be a maximal subgroup of M which is normal in N (82). 
Thus m, == [W:M]. Let X, be the subset of X consisting of those characters 
which have M, in their kernel. By the argument of [5] Theorem 2 it suffices 
to show the existence of characters A, corresponding to 44 in X,;. Let lgd be 
the maximum degree of a character in X,. Then by [5] Lemma 2.1 


(1) m,=0(mod!l?). 

The Theorem of [9] implies that it suffices to show that 
24(m,—1) 

(2) age ee 


Suppose that (2) is false. Let My = 1+ 2d(2*—1)b. Then 


2e (2e—1)2db _ 


aa =" 
or by (1) 
(3) 20b SIS Vm. 
Hence 


gaha < m, < 2d2%. 


Thus 2%) < 2d. Hence d> 201, By Lemma 6.1 this implies that d = 2° -t- 1. 


Consequently b < Uer ai, Thus b == 1 or b =32. 
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If b==2 then (3) yields that 20 < Vm, or 
3202 < my mm | -4 4 (230 — 1) = 202? _ 3 


which is nonsense. If b= 1 then m, = 1 4- 2(27*—1), hence m= 3 (mod 4). 


Thus m, is not a square. Now (1) implies that ? =. Hence 
Qa < Ps 9 


which is not the case. Consequently (2) must hold and the Lemma is proved. 


Lexma 6.3. Let x be a non-principal irreducible character of G which 
is real valued on M. Then x(1) = 2*(m—1) and x Ai, where A; ts any 
character defined by Lemma 6.2. 


Proof. As gdm is odd M&M for M in X. This implies that x4 A, 
for any A; defined in Lemma 6.2. Thus the Frobenius reciprocity theorem 
implies that : 

(4) Xia bipi + bapo, 


where pı is the character of the regular representation of S,Af/M and pı -+ p2 
is the character of the regular representation of SM. Since G is simple ba 40 
in equation (3). Thus equation (3) yields that x(1) = pa(1) = 20° (m —1) 
as required. 


Lexma 6.4. The group G cannot sattsfy all the assumptions stated at 
the beginning of this section. 


Proof. It follows from Lemma 5.13 that G@ is represented as a doubly 
transitive permutation group on the cosets of N (89:). Thus | 1*x,5,) |? = 2, 
where Iys is the principal character of N (82). A direct computation yields 
that if A is a non-principal character of N(S82)/S2MQ, then |] A* ||? == || 1*¥ ca, |*. 
Hence 


(5) AF m X1 + X2, 


where xı x2 are distinct non-principal characters of G. Furthermore A* is 
rational valued on M. If X, == A; for some A, defined by Lemma 6.2, then 
Lemma 6.3 and (5) imply that ys==x:ı> Hence 


1+ 2¢dm = A* (1) = 2x,(1), 
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which is impossible. Now Lemma 6.3 and (5) imply that 

1 + 29m = d(1) = 2(m—1) 2+. 
Thus m == 2(m—1) or 2m. As m is odd this implies that m = 1 contrary 
to Lemma 5.14. The proof is complete. 


As was shown earlier, Lemma 6.4 is sufficient to complete the proof of 
Theorem 1. 


CORNELL UNIVERSITY. 
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ON THE CATEGORY OF SHEAVES.* 


By Arex HELLER and K. A. Rows. 


1, Introduction. It is well known that the category of sheaves with 
values in the category of abelian groups is an exact category in the sense of 
[3]. Now, the category of abelian groups is an exact category which satisfies 
the following axiom of Grothendieck: the category has arbitrary direct sums, 
and the direct’ limit of a collection of short exact sequences indexed by a 
directed set is a short exact sequence (see [2]). Such an exact category 
will be referred to as a Grothendieck category. In this paper we consider the 
category of sheaves with values in a Grothendieck category which possesses 
arbitrary direct products and a projective generator. (For the concept of a 
generator, see [2|). In Section 2 below, we will define a sheaf in any exact 
category which possesses arbitrary direct products, so that the above concept 
will be meaningful. We assume, that the Grothendieck category considered 
is abstract in the sense that the objects are not necessarily sets. The problem 
of the paper is to prove the following theorem: 


TAEOREM. (a) The category of sheaves with values in a Grothendieck 
category which possesses arbitrary direct products and a projective generator 
13 exact. 


(b) The category of sheaves as described in (a) above has enough 
injecttves. 


(We split the theorem into two parts merely for organizational purposes. ) 


The fundamental construction in the proof is that of the sheaf generated 
by a presheaf. Since we dispense with sets as objects, we must necessarily 
adopt a new technique in this construction. 

The following notations will be fixed throughout the paper. X will denote 
a topological space, K a Grothendieck category with arbitrary direct products 
and a projective generator K, % the category of presheaves over X with 
values in K, and ¥ the category of sheaves over X with values in K. 

It is well known (see, for example, [1|) that 3 is an exact category. 
It will be seen that 3 is a full subcategory of š. We begin by stating a 


* Received December 19, 1960; revised March 1, 1962. 
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lemma which gives conditions under which a full subcategory of an exact 
category is exact. 


Basio Lemma. Let X be a full subcategory of the exact category X, 
and let I: 3’-—>% be the inclusion functor. Suppose there extsts a functor 
T*: %—>Y such that IT* is left exact and T*I =m 1: ¥ (the identity functor 
on X), and suppose there extsts a natural transformation t*: (1: 3) IT* 
such that T*(t*,) = 1: (T*A) for all objects A in 3. Then X 18 exact. 


Thus, to prove assertion (a) of the Theorem, we will construct a functor 
T* and a natural transformation ¢* with the properties described in the 
lemma. Of course, if F is a presheaf, T*F will be the sheaf generated by F 
as described above. Our procedure will be to define a functor T: 3—3 and 
a natural transformation ¢:(1:3%)—T7. Then the desired 7* and ¢* will 
be a sort of “transfinite iterate” of T and t. | 


We begin by proving the Basic Lemma. Let 


ld 


a 
0 > A’— Á — A” 0 


be exact in 3. Then we claim that 


T*d +a” 
0> T8 = T*A ——_» T#A”-> 0 


is exact in 3’, For, let f: B->T*A’ with (T*a’)f=—0. Then (J7*a’) (If) 
== 0, and so If==0 since IT* is left exact. Hence, f—=T7*If—0. Now, 
let f: B>T*A and (T*a”)f=—0. Then ([T*a’) (If) 0 so that there 
exists a map A: JB-»>IT*A’ such that (IT*œ )h == If. Hence f=- T*If 
= (T'*a’)(T*h). Next, let f: T*A” > B with f(T*a’”) == 0. Then f)(IT*a’”) 
== 0, so certainly (POAT t*a )t*, = (If) t* ad” == 0. Hence, Uf)t* 4 = 0. Then 
f = T*If — (T*lf)(T*(t*4-)) = 0. Finally, let f: T*A —> B with f(T*a’) = 0. 
Then (If)([T*a’) = 0, and so ([f)(IT*a’)t*,, == 0—(If)t*4a’. Hence there 
exists h: A” —> IB such that ha” =—= (If)T*,. Then 


(Th) (T*a”) = (T*IF) (T* (t*4)) — f. 


This proves the exactness in question. The only non-trivial axiom to be 
verified is the existence of the kernel, image and cokernel of a map in ¥. 
But, given a map f: 4—>B in 3’, we need only set ker(f) == T*(ker(If)), 
im (f) == T* (im (If) ). and coker(f) == T* (coker (If)). Q.E.D. 


' © COROLLARY. Suppose in addition that $ has a generator R and that for 
each object A of ¥ we have t*r =1: (IA). Then T*(R) is a generator of £: 
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Proof. Suppose A —> B-> 0 is exact in ¥ with B20. Then Jf £0. 


If l 
The sequence IA — im (If) —>0 is exact in 3 and im(If) £0. Hence, 
there exists a map g: R—IA such that (/f)gs40. Suppose the map 
(T*(If))(T*g)==f(T*g)=0. Then we have 


O = (If) (IT*g)t*r = (If) tug = (If)g 740, 


a contradiction. Q.E.D. 

Thus, to prove assertion (b) of the Theorem, we will find a generator 
R of 3, vsrify that for a sheaf F in 3’, t*r = 1: (IF) and finally show that 3 
is a Grothendieck category. The conclusion will then follow from Theorem 
1.10.1 of [2]. 

We now turn our attention to the definition of a sheaf in K and the 
construction of the functor T. 


2. Definition of a sheaf and construction of the functor T. For U 
and V open in X, V C U, let py: V —>U denote the natural injection. We 
define the category of open covers of U, denoted by C (U), as follows: the 
objects of C(U) are the open covers of U, where by “open cover of U” we 
mean a function U whose domain is U and is such that for each vE U, 
zE U(r) C U, and U(x) is open ina. X. If U and Y are two open covers 
of U, we say that Y is a refinement of U and write V>U or U< Y if 
V(r) C U(r) for all se U. We set 


nt) | OHM LIZ 


and define composition by the formula 
[V WIU V] =[%H] for U> UD 4H. 


Given a presheaf F in X, and an open cover U of the open set U, we 
consider the sequence ! 


6[F,U,U] WLP, U, U] 
(1) 0> F(U) ——> HE F(U@)) ——_-_——> lL FU) NU(y)). 


The maps in this sequence are defined as follows: 


1 We note in passing that under the hypotheses of the Corollary, the maps 
Hom (4A, IB) -> Hom (P*4, B) given by f—> T*f and Hom(T*A, B) -> Hom (4, IB) given 
by g-> (Ig)t*, are isomorphisms. Hence T* and t* solve the universal factorization 
problem for maps of presheaves into sheaves. 
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_ (Pa[F, U, UJ) (0LF, U, U1) =F loaye4y) 
. (PaslF, 0, U)) (YP, TU) =F leao nuy) PP TU) 


U(y) 

—F(p U(r) nuly)’ (p LF, U, ul) 
where z, y € U, and where the p’s denote the projections of the direct products 
in (1). Itis easily seen that y[F, U, UJOLF, U, U] = 0, but that the sequence 
is not necessarily exact. We define a sheaf as follows: | 


Definition. A presheaf F is a sheaf if and only if the sequence (1) is 
exact for all open sets U and open covers WU. 

With this definition it is easily seen that the collection of all sheaves 
and natural transformations between sheaves constitute a full subcategory 
of the category 3. 

We now begin the construction of T. We define a direct system of 
objects and maps in K, indexed by C(U), for each choice of a presheaf F 
and an open set U. This is equivalent to defining a (covariant) functor 
Fy: C(U) > K. If U is an open cover of U, we set 


Fy(U) = ker (y[F, U,U]). 


To define the map Fy ([U,V]): Fo(U) > Fo(V) for V >U, we consider 
the diagram: 


ALF, U, U] y[F, U, U] 
0> FW ———> TI FKU) TIF (UE) N Uly)) 


(2) , | | [ote vane) [roua 





ALF, U, U] - y[F, U,V) 

0 > Fa V) ———> I EFV) — IF (V a) N Vy) 
The rows of this diagram are exact by definition. The vertical maps are 
defined by the formulas 


pol F, U, VJo[F, U, U, V] E S”) 


9 (2) \ Pel F, U, U] 
U(r) NU(y) 
V(z)NV(y) 
where z,y € U. It is easily seen that diagram (2) commutes, and so defines 


the required map. Further, if Y > Y >U, we see, by considering diagram 
(2) with a third row corresponding to the cover W, that 


Fy ([V,]) Fo([% V]) —Fo( LU 1). 


Pos LF, U, VIrL[F, U, U, v] = F (p ) Poy LF, U, u] 
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Thus, Fy is a functor. oS 3 
Since K has arbitrary dea sums, the eee aoe has a direct limiit, 
me set piar 


lim UR 
(3) TFU) == 


Let h[F, U, U]: Fo(U) > TF(U) denote the injections into the limit. 

`. Next, we show that TF is a presheaf, where for U open in X, TF(U) 
is defined by (3). We must define TF (p¥y): TF(U) > TF(V) for V CU, 
and show that the maps so defined satisfy the requirements. To do this, if 
U is an open cover of U, we define the open cover of V, U |V, by the formula 
(U|V)(z) = U(c)N V forse V. We now consider the diagram: 


WF, U, U] ALF, U, U] 
0> PUY II F(U(2)) T UE) 1 UY) 


[ar U, V,U ja U, V,U] 


ALF, V,U|V] A - y[F, yV, U]|y] - 

F(U | V) —— H FUE) N V) — I FUE) N Uy) TY) 
where the projections of the vertical maps are defined in terms of the appro- 
priate restriction maps. Again, the diagram commutes, and so defines a map 
GLF, U, V,U] : Fo(U) > Fy(U| V) which commutes with the rest of the dia- 
gram. Now we consider the map g[F, U, V, U] —ALPF,V,U|V] CLF, U, V,U]. 
It is easily seen that if VSU, we have g[F, U, V,U] Fo(l[U,V]) 
== 9[F,U,V,U]. Hence, by the universal property of direct limits, there 
exists a map TF (p%):TF(U)—>TF(V) such that TF (p%y)h[F, U, U] 
== g|F,U, V,U]. We obviously have TF (pu) = 1: (TF(U)), and it is a 
straightforward computation to verify that TF (pw) TEF(pUy) == TF (pw) 
ift WC VCU. Hence, TF is a presheaf. 

We are now in a position to define T. Of course, on objects, i.e., on 
presheaves, T is defined by the above constructions. It remains to define 
T on maps. Thus, let f: F— G be a map of presheaves. For U open in X 
and U an open cover of U, consider the diagram 


ALF; U, u] WF, U, ul i i 
0 > FW) ————> II F(W(2)) ————> TI F(U(z) N Uy) 
| U, u [et U, U] 
ATG, U, U] y[G, U, u] 


0> aW ————> TI. UUE —— > KUE) NAU) 
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where the projections of the vertical maps are defined-in terms of the appro- 
priate maps given by f. This diagram commutes and so defines a map 
qif, U, U]: Fo(U) > Go(U) which commutes with the rest of the diagram. 
Then the map k[f, U, U] —2[G,U,U] q[f, U, U] satisfies the condition that 
kl f,U0,VU]Fo((U% Vl) =k[f, U, U] for U> U, and so there exists a map 
(Tf)g:TF(U)->TG(U) such that (Tf) ch [F,U,U] — k[f, U, U]. Finally, 
we observe that (7Tf)vyTF (pr) =TG(p%y) (Tf)o if V CU. Hence, Tf: 
TF —> T'G defined by the above constructions is a natural transformation, i. e., 
à map of presheaves. 

"To complete the construction of T, it remains to show that if f: For 
and F: F — F”, then T (F of) = (Tf) (TP). This is a matter of routine 
computation. a . 


8. The natural transformation ¢t:(1:2&)—>T. Let F denote a pre- 
sheaf, and U an open cover of the open set U. There exists a map 
al F,U,U]: F(U) > Fo (U) such that A[F, U, U] p[F, U, U] = 0[ F, 0, U]. 
Consider the map t[F, U, U] =A[F, U, U] u[F, U, U]. We show that this 
map is independent of U. For; let Y be any other cover of U, and consider- 
the cover W given by W(r)—U(c)N V(2). Then W>U and W>Y. 
It. is easily- seen that Fy([96,W])u[F; U, 3] = a| F, U, K], ‘where % is 
either U or V. It now follows immediately: that t[F, U, U] = t[F,U, y]. 
Hence, we-can define a map try: F(U) > TF(U). This in turn defines ‘a 
natural transformation tg: FTF. Indeed, let VCU, and let U be an 
open cover of U. Then the desired Popen follows KONGON from the 
relation ` 


` PeLP, V,U | VIME, V,U |V] CLP, U, n} UlaLF, U, U] 
— pF, y, Uu | V IF(pr?)} = 0 
for any xe V. Finally, this defines a natural transformation t: (1: 3) — T. 


For, if: F —> G is a map of presheaves and % is an open cover of the open 
set U, then. the formula (Tf) vtr,v, = te,vfv follows from the relation 


pal GU, UJALG, U, Ul {q[f, U, U] aL, U, U] —alG; U, Ul fo} = 0 
for any z€ U. 

4. The functor T* and the natural transformation i*, We now pro- 
ceed to construct 7*: 5—3. However, it will be shown in Section 5 that 


if F is a presheaf, then T*F is a sheaf. Since T* will be constructed to be a 
functor, we may then regard it as a functor 3-> 3%’. Simultaneously we will 
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construct t*, and in Section 6, it will be shown that T* and t* satisfy the: 
hypothesis of the Basic Lemma, thus proving the first assertion:of the theorem. 

First, we note the following: if L: %—% is any functor, then the map 
t(L): L- TL defined by (t(L))r == trp) is a natural transformation. - 

Let T denote the cardinal number of the set of all subgadgets of the 
generator K of the category K. Let e denote a non-limit ordinal such that 
e>wandS,>T. Let ê denote the first ordinal of cardinality Ne. We recall 
that § is then a “regular ordinal” (see, for example, [4], pg. 225). In 
essence, T* may be thought of as the “8-th iterate” of T. We now make this 
concept precise. 

For each 8<8 let Cg denote the category of all ordinals less than £. 
We will denote the set Hom(a,a’) for axa’ in the category Cg by (a,a’). 
We proceed to define a functor P: Cs—> Hom (32, 4) — category of all functors 
from % to %,. with natural transformations as maps. P will be defined by 
transfinite induction. First, we set P(0) ==1: 3, P(1) =T, and P(0,1) 2. 
Now suppose that for some 8, 0 < 8 <8, P is defined on Cg. We then define 
P on Cga. First, suppose B=’ +1. Then we write P(B)=T-P(P’), 
P(a, B) = t(P(p’)) oP (a, p) fora << g£, and P(f,8) =1:(T:P(p’)). On 
the other hand, if p= we set P(B) a and let P(a,8) be the 


acp 

injections into the direct limit for a< 8. In this case we let P(8, B) 

—=1:(limP(a)). We note that the direct limits exist since A has arbitrary 
— 


acp . 
direct sums, hence the same is true of 3, and so also of Hom(3, 3). 
It now follows by transfinite induction that P is defined on the category 
Cs. We define 
T* w=: lim P (a). 
— 
a< 
For 4 < ô let ¢* denote the injection P (a) — T*. We define 


t* =t. 
We also write T* = P(a), and %g==P(a,8) for aS Bs 
5. The sheaf generated by a presheaf. Let F denote a Be ea in $. 
In this section we prove the following lemma: 
PRINOIPAL Lemma. T*F is a sheaf. 


We prove this by showing that if U is an open cover of the open set U, 
then the sequence (1), with F replaced by T*F, is exact. 
Throughout this section we will keep F, U, and U fixed. > We first 
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simplify the notation. For a < ô, set A'a == TF (U), Aa = J] T*F(U(z)), 
Aam [I TOE(U(E) NU(Y)), ba = 0T F, U, U], and ya = y[TEF, 0, U]. 
For «<8, set a’ag==(t%g)ry, and define maps dag: Aa —> Ag and aa: 
“>A, in.terms of the appropriate ?s. Next, set A’==7*F(U), 
A = [| T*F (U(z)), A” = TI TPF (U(r) NU(y)), 6 O[T*F,0,U], and 
pe Y| T*F, U, U]. Finally, for «<8, set a= (t%)ry,.and define maps 
da: Ag—>A and ao: A”a—> A” in terms of the appropriate Ps, It is easily 
seen that dg 40,9 = Qay and @"¢,,0"ag—@ ay Pas slSy<, and that A 
and A” are direct limits of the Aa and A” respectively with da and aq as 
injections. 
We precede the ial of the Principal Lemma by a definition and some 
lemmas pertaining to the category K. 


Definition. Consider the commutative diagram (in XK): 


S p p” 
DE oe 0 —— 2B’ — B — B” 


| |} | 
a’ a” 
0 — V — D— D” 
Suppose that 0b’ «0 and d”d' ==0. We say that the second row of this 
diagram is relatively exact with respect to the first if and only if (1) given 
f: M— B’ with b'f = 0, then A’f—0; (2) given f: M — B with b”f == 0, then 
there exists a map g: M —> D such that d’g — hf. l 

Lemma 1. Suppose {Ba, b%g} is a direct system of objects and maps in K 
indered by the set ASa<s. Let B=lim Ba, and let 6“: Ba—> B 

——> Aaa 
denote the injections. Suppose also that for ASa<8 we have maps fa: 


K > Ba such that fa=b%sfa for aS a=p<8. Finally, suppose that 
f= Bb f,=—0. Then there exists a w= à such that f, ==Q. 


Proof. For each «=. we factor fe obtaining exact sequences 


te Va Wa 

0 —> Ka — K — Ma 0 and 0> Ma —> Ba, 
shete Wata = fa. For AS aS B <4, wevgta — fpua == b gfata = 0, so that 
Vela. Hence, there exists maps k*g: Ka— Kg and mg: Ma— M, such 
that ugh%g== Ua, Mae == Ug, Wem g—= b* gw and the systems {Ke, k%g} and 
{Ma, m%g} is aa Taking the direct limit of the above sequences we obtain 


0> lim Ke—> E — lim Ma 0 and Ore aware es, which are exact 
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since # is a Grothendieck category. If m*: Ma— lim Ma are the injections 
—>- 

then for «=r we have wma == b wats == bfa = 0. Hence, w= 0, and 

we conclude K = lim Ka. Because of the cardinality of ê and the fact that 


it is a regular ordinal, there exists a a =A such that if a= p then K* == Ky. 
Thus He ae Hence Ma =0, i.e, f,—=0. Q.E.D. ` 


Lemma 2. Let. à, B, 5%, Ba and 6% be as in the previous lemma. 
Suppose f: K—>B. Then there exists pA and a map ga: E—> B, such 
that b¢g, =f. 

b% qe 

Proof. For each a ZA consider the exact sequence Be ——> B—> Ca —> 0 
obtained by factoring 6%. Set fam=d*f. Now if af then d?b% == dfhhb%, 
= 0, so that there exist maps c%g: Ca—>Cg such that c%gd* == d? and the 
system {Ca, c%g} is direct. But lim Ca = 0. Hence c*f.—0 forall a Z à, 


o> AAS 
where the c* are the injections. ` By Lemma 1, there exists 4 =A, such that 
fea—@f—0. Since K is projective, REE exists g,: K— B, such that 
bga f. Q.E.D. 


Lemma 3. Suppose that for each a < & we are given a sequence 


b'a Da 
0 -> Ba—> Ba —> Bg 


in K, and for a & 8 < 8 maps d’ag: B'a —> B's, dag: Ba— Bg, dug: B’a—> Bg 
guch that the resulting systems are direct. Let B’ = lim B'a, ete., and let 
—- 


ap 
dx, da, &’« denote the injections, and b’, b” be the limits of the maps b'a, ba. 
Suppose that these maps give rise to commutative diagrams.. Finally suppose 
that if 8 > a the sequence with index £ is relatively exact with respect to the 
b” b” 
sequence with index a. Then the sequence 0 —> B'’—— B —> B” is exact. 


Proof. We observe that it is sufficient to show that the sequence 
0— Hom (K, B’) > Hom (K, B) > Hom(K, B”) is exact. First, it is trivial 
that bb’ =. 0, Suppose then that f: K— B’ with V’f—0. By Lemma 2, 
there exists a A = 0 and a map ga: K — B^ such that dagy = f. Then 0 = b’f 
— b'dige dabaa For a = A set fa == badag. Then dafa =O for a Z= à. 
By Lemma 1, there exists »== A such that fa = 0. Then if a> u, d'ad’ ruga 
—(. Hence, f == dg) == dad’ nad auga = 0. 

Now suppose that f: K —> B with b”f ==0. By Lemma 2, there exists a 
A= 0 and a map ga: K- B, such that diga =f. For «2A set ga = dyagy. 
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Then d/’ab”aga == bf ==-0. Hence, by Lemma 1, there exists » = A stich that 
Ogu 0. Hence, if a > p there exists Fa: K— B'a such that b'af'a = Anaga 
Set g = dafa. Then b'g =f. Q.E.D. 

In view of these lemmas, the Principal Lemma will be proved if for 
8> a the sequence 0— A’g— Ag—A”s is relatively exact with respect to 
the sequence 0 —> A’g—> Ag—> Aa. We prove this as a separate lemma. 


, LEMMA 4, If B>«@ the sequence (1) with TPF wm place of F ts rela- 
tively exact with respect to the sequence with T°F in place of F. 


Proof. We show first that the diagram 


ALTER, U, U] he 
0 (TEF) y (U) ——————> Aa — Aa 
| AL T?F, U, u] ; E | Dee, 0241 | O” aars 
bası Ya +1 


EF Fe: E T > A” 41 


in which the first row is exact, commutes for every a. The right-hand square 
is obviously commutative by definition of the symbols. To prove the com- 
mutativity of the left-hand square, we have merely to observe that - 


(tan) F, quia) =e TOF, a (e) 


—hLTEF, U (2), U | U(e) JaLTA¥, U (2), U | Ula) 
for x€ U, and then that for 


y EU (E) (LF) pufy LTF, 0,4] 


na N u(y) PalT*F, U, Ul} ATF, U, U] = 0 


by definition. 

To prove the lemma, suppose Rivet that f: M — A’e with Daf = 0. Then 
- ALTEF, U, U] pl TF, U, U]f==0, so that u[T"F, U, Ulf ==0. Thus aaaf 
= TOR, U, Up TF, U, UJf = 0, so finally a’ cpl == U'ar, gaaf =m 0. Now 
suppose f: M —> Aq with yaf = 0. Then there exists a map g*: M —> (TF) (U) 
such that A[ TF, U, U]g* =f. Set g =Ħan ph TF, U, U]g*. Then we 
have ĝgg == a pf. Q. E.D. 


This completes the proof of the Principal Lemma. Naturally, T*F is 
the sheaf generated by the presheaf F. 
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6. Proof of assertion (a) of the theorem. To prove assertion (a) 
we have only to verify that 7* and ¢* satisfy the conditions of the Basic 
Lemma of the introduction. As noted above, we regard 7* as having values 
in 3, not %. 

First, we observe that if F is already a sheaf, TF == F and hence Tsp = F, 
showing that TI — 1: 3. For in this case the sequence (1) is exact, and 
so F(U) =— Fy(U). Thus TF(U) =lim Fy (U) = F(U). The Grothendieck 


axiom in % makes IT™ left exact. Finally the formula T*{(t*p) —1: (T*F) 
follows immediately from the fact that T*F is a sheaf. Thus, the conditions 
are satisfied, and we conclude that the category 3%’ is exact. 


7. Proof of assertion (b) of the theorem. (1) - Definition of a 
generator R of %.° a | 
We define R by setting R(U) == > K. Let (ty)y: K—>R(U) denote 
VU 
the injections of K into the direct sam. Then of course, if U D U’ we define 
R(p%q) by R(p%a) (tu) y= (tg')y for any V DU. To see that R is a 
® 


generator let 4——> B— 0 be an exact sequence of presheaves with B= 0. 
For each open set U such that B(U) 40 choose a map fy: K—A(U) such 
that yfo £0. For each open set U such that B(U ) — 0 define fy: K-> A(U) 
to be zero. To define a natural transformation y: R—> A we proceed as 
follows: let U be open, and define yy by pu(ty)y==A(pu") fr for any V D U. 
That y is a natural transformation is immediate.. We claim Sy540. Suppose 
Ëy = 0. Then yyy =Q for all open sets U. Now choose an open set U 
such that B(U) 0. Then #yyy(iv)y =0 for all VDU. In particular, 


we have 


0 == Sry (ta) == vA (p" 7) fo = ofu 0, 
a contradiction. 


(2) For F a sheaf, the relation t*rp==1:(IF) is immediate, since, in 
this case u[ IF, U, U] =ALIF,U,U] =1: (JF (U)) for any open U, and any 
cover U of. U, showing that (¢rr)y==1:(JF(U)) and hence that P(a, B) 
== 1: (IF) for0SeSpci. | 

We conclude, according to the corollary to the Basic Lemma, that T*R 
is a generator of 2’. 


(3) It remains to verify that ¥ -is a Grothendieck category. It is 
immediate that %/ has arbitrary direct sums, if we observe that SoMa 
== T*(So(TFa)), where Xa([F'a) is the presheaf defined by U > Xa((IF'a)({U)). 
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Let {F*, f%g} denote a direct system of sheaves indexed by the directed 
set Q. . We define, as usual, the direct limit of this system by the formula 
lim Fo==T*(lim (IFfe)), where (lim (JFa))(U)=lim ((Fa)(U)) . 
a: pean: | ——> OF —-> , 

Suppose also that {Ga, gg} and {Ha, h*g} are direct systems of sheaves 

ce d 
and that we have maps c*, d“ so that the sequences 0 -> Fa ——> Ga -— Ha 0 
are exact and the c”, d* commute with the maps of the direct systems. We 
show that the limit of these sequences is exact. 

First, since every direct limit is right exact, the sequence 

lim Fa-> lim Ga —> lim Ha— 0 

—> > —> 
is exact. ` Next, we note that J is left exact. (This depends on the property 
t*;p = 1: (IF) for F a sheaf.) Hence the sequences 0 > IFy—>IGa— [Ha 
are exact, and since X is a Grothendieck category, the sequence 


O0—lim (IFa)—> lm ([G2) lim (He) 
—» & —~» Q ——p» XX. 
is exact. Finally, since, by the proof of the Basic Lemma, T* is exact, the 


sequence 
0—>lim Fa lim 
> 


Galim He 
mee ome OF 


& 


is exact. 


Hence, 3 is a Grothendieck category, and so assertion (b) of the Theorem 
follows from Th. 1.10.1 of [2]. | 
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INTERSECTION THEORY ON QUOTIENTS OF ALGEBRAIC 
VARIETIES.* | 


By R. E. Briney.* 


Introduction. Given two cycles Z, Z’ carried by an ambient algebraic 
variety Y, we can assign to each component C of their intersection which is 
simple on X a well-defined multiplicity (C;Z-Z’)x. However, no general 
definition has yet been given for multiplicities of intersection at components 
which are singular on the ambient variety. Certain special cases have been 
studied: for example, if X is projectively embedded, Samuel ([11], ch. IJ, 6, 
no. 5) has defined intersection multiplicities for those cycles which locally 
are complete intersections of XY with cycles in the projective space. This 
applies in particular to the intersection of two generators of a quadratic cone 
in 3-space. 

In the present paper, we study another particular case of this problem. 
Let a finite group g act as a group of biregular transformations on a non- 
singular variety X, and assume that the quotient space F == X/g is a variety. 
If elements of g other than the identity have fixed points on X, the variety Y 
will in general have singularities. We shall define an intersection multiplicity 
(C;Z-2’)y for any component C of the proper dimension, dim Z + dim Z’ 
—dimY ; when C is simple on Y, our definition will coincide with the usual 
one. We shall in fact establish a global intersection theory, not only on 
quotients of nonsingular varieties but on varieties of a possibly more general 
type—those which result from nonsingular varieties after a finite number of 
repetitions of the process of forming quotients. The precise result is stated as 
Theorem 3.7. 

In defining intersection multiplicities on mre varieties, we shall be 
forced to use cycles with rational coefficients and to allow rational multiplici- 
ties. The example of the two generators on a quadratic cone ([11], loc. cit.) 
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has already shown that one cannot expect intersection multiplicities at singular 
components to be integers. At the end of Section 3 we give some examples of 
rational intersection multiplicities on quotient varieties. 

In order to carry out the proof of the above result, it is efficient to 
= formulate axiomatically those properties of varieties which will guarantee 
that a global intersection theory can be established. We give these axioms in 
Section 1. In Section 3 we show (Theorem 3.1) that if these axioms are 
- satisfied by the varieties in a given category, they are also satisfied by quotients 
of the varieties in this category. In Section 2 we recall the definition of a 
quotient of an alegbraic variety, and prove some preliminary results which 
are needed in Section 3. 

The proof that the axioms listed in Section 1 are sufficient for the estab- 
lishment of a global intersection theory is straightforward, but since we have 
been unable to find these results in the literature in the form most convenient 
for our purpose, we give in an Appendix an exposition of this axiomatic 
“calculus of cycles.” The proofs are essentially due to Weil [15], ch. VII, 
and Chevalley [2]. 


Notation and terminology. We fix an algebraically closed field k and a 
universal domain 2 containing k. 

Our terminology is in general that of Lang [5]: all varieties are (abso- 
lutely) irreducible and abstract. Varieties will always be endowed with the 
Zariski Q-topology, and the term subvartety will mean a.closed irreducible 
subset in the sense of this topology. An everywhere defined rational map (or 
regular map) will be called a morphism ; isomorphisms and automorphisms of 
varieties are defined accordingly. 

We shall be dealing with certain categories of algebraic varieties. (For 
the notion of a category, see [10].) All varieties and morphisms in such a 
category V will be assumed to be defined over k. Unless otherwise specified, 
the term “generic” will mean “generic with respect to k.” 

Let f: X —> Y be a morphism of algebraic varieties. We denote the graph 
of f by Ty. Let A’ be a subvariety of X, A the closure of the set-theoretic 
image f(A’) in Y, and K a common field of definition for f and A’. There 
is a canonical injection f of K(A) into K(A’), and A and A’ have the same 
. dimension if and only if the extension K(A’)/f(K(A)) is finite algebraic. 
When this is so, denote the degree of this extension by [A’: A]; otherwise set 
.{A’:A]=~0. When the degree [A’: A] is finite, its separable part [A’: A], 
is equal to the number of distinct points of A’ lying above a generic point of 
A (over K). . 

If U is an irreducible locally closed subset of a variety X (so that U 
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is itself a variety), denote the canonical injection morphism by ty: U -> £. 
Write ry: XX YOOX and ry: X X YY for the set-theoretic projections 
from a product onto its factors. If A is a subvariety of X X Y, the closed 
projection of A on X is the closure of wx(A) in the Zariski topology. 

The letters X, Y, V will always denote varieties; A, B, C, D (sometimes 
with primes or subscripts) will denote subvarieties, of an ambient variety ; 
Z, T (also with primes or subscripts) will denote cycles on an ambient variety. 
We denote the support of a cycle Z by | Z|. 

Finally, A will denote a fixed integral domain of characteristic 0. In 
Section 1 and the Appendix, A is otherwise arbitrary; in Sections 2 and 3, 
A is assumed to contain the field Q of rational numbers. <A will serve as 
coefficient-domain for the cycles on our varieties. 


1. Intersection categories. Denote by V* the category of all algebraic 
varieties defined over k, the morphisms in V* being also defined over k. 
A category V of varieties and morphisms will be called admissible if it is a 
full subcategory? of V* and satisfies the conditions: 


i) if X, Y are in F, so is XXY; 
ii) if X’ is isomorphic to an X in V, the isomorphism being defined 
over k, then X’ isin V; 
iii) if XY is in V and U is an open subset of X, then U is in F. 
In order to speak of cycles on the varieties in an admissible category V, 
we shall assume that we have, for each XY in FV, a nonempty family © (X) 
of “ distinguished ” subvarieties of X, subject to the following requirements : 


iv) if A€@(X) and ACA’CY then A’€ © (2X); 


v) for any X, Y in V and any ACXY XY we have ACG(X XY) 
if and only if the closed projection of A on X (resp. on Y) isin (X) (resp. 
S(¥)); 

vi) if X and X’ in V are isomorphic, the isomorphism establishes a 
bijection between the sets G(X) and G(X’). (The subvarieties A € G(X) need 
not be in V; and if A is not in V, A need not be defined over k.) By a cycle 
on a variety X in F we shall mean an element of the free A-module 8(X) 
generated by the A€ ©(X). The module 8(Y) is graded by the dimensions 
of the A € G(X), and we shall deal only with homogeneous elements of 8(X). 
For each 4 € G(X) we denote by (4;-—) the unique homomorphism of 8(X) 


7A category C is a full subcategory of a category C* if CC C* and if for any 
objects A, B in C the set of Hi aiis A > B in the category C is the same as the set 
ot morphisms A- B in C*. 
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into A such’ that (4;4)=1 and (A;B)=:0 for all BE G(X), BAA. 
Every cycle Z on X then has a unique expression of the form Z = $, (4; Z)4, 
summed over all A € G(X). The components of a cycle Z are those A € © (X) 
~ for which (4;2) £0. Since we assume Z homogeneous, all components of - 
Z have the same dimension. (Taking (X) to be the family of simple sub- 
varieties of X and A to be the ring Z of rational integers, we obtain the 
definition of cycle in the sense of Weil [15].) 

Cartesian product of cycles is defined-in the usual way (so as to be a 
bilinear operation). If 4€ G(X XY) we set pry A==[A:A;]Aj, where A, 
is the closed projection of A on X. Extend this operation linearly to cycles 
to obtain the algebraic projection. We also define the “inverse” of the 
algebraic projection by setting pry*B=BXY for any BE G(X), and 
extending linearly to cycles. The resulting operations prx, prx™ are homo- 
morphisms of A-modules. 

Let Á,’ +, A, be subvarieties of a variety X in V. If C is a com- - 
ponent of 4, N 429°: -N Ås C will be called proper (on X) if CE G(X) 
and 

= (s—1)dim X. 


If all components of A, N A:N- -<N A, are proper on X (and in particular 
if the intersection of the A; is empty), we say that A.,---,A, intersect 
properly on X. (Again, this reduces to the definition in [15] if C is simple 
on X.) Note that the existence of a proper component of ALN: NA, 
implies that all A; are in the family (X). 
7 Consider an ordered quadruple (Y,A,B,C), where X is a variety in V 

and C is a proper component of AM B on X. By an intersection multiplicity 
in the category V (with values in A) we shall mean a function which assigns 
to each such ordered quadruple a unique non-zero element of A. We denote 
this element by (C;A-+B)x and call it the intersection multiplicity of A and 
Bat C on X. In general we suppress mention of the ambient variety, and 
write simply (C; 4A: B). Implicit in the existence of an intersection multi- 
plicity on V ig the existence of the families ©(X) of “ distinguished” sub- 
varieties, and the intersection multiplicity is only given relative to these G(X). 

If there is an intersection multiplicity in the category V, we define the 
intersection-product of cycles in the usual fashion: if A and B intersect 
properly on X, set 
A-B=3 (C;A-B)C, 

summed over all C€ G(X). (If mention of the ambient variety is necessary, 
we write (A-B)x.) Extend this operation bilinearly to cycles. If Z == 2 aA, 
and T=} b;B; are cycles on X, we set 


INTERSECTION. THEORY. 221. 
(C;Z: T) =} abi (C ; Ay By), 


summed over all A; and B; such that C is a proper component of 4; N Bj on Z. 
We use this notation even when the intersection-product Z.T is not defined 
on X, i.e., when |Z|M[Z'| has improper components. (If |Z|M|Z| has 
no proper components, (C; Z: T) —0 for all CE ©(X).) 

Now let f: X — Y be a morphism in V. Denote by 8;(X) the submodule 
of 8(X) generated by those A € G(X) such that the closure of f(A) is in 
©(¥) and such that the intersection Ty: (A X Y) is defined on X X Y; and 
denote by 8f(Y) the submodule of 8(Y) generated by those BE G(Y) for 
‘which Ty: (X XB) is defined on XX Y. The direct. image of a cycle 
ZE R(X) is defined by 

, f(Z) —pry[Ty (ZX ¥)I, 


and the inverse image of a cycle Te 8/(Y) is given by 

f(D) —— prx[Ty (X X 7) J. 
The maps fs: 8)(X)—>3(Y) and f": 81(¥) >8(X) so defined are homo- 
morphisms of A-modules. If the family G(X) is the family of all sub- 


varieties of X, then the submodule 8;(X) is all of 8(X). 
We now give the following definition: 


Definition 1.1. An intersection category is an admissible category V of 
algebraic varieties and morphisms which satisfies the following six axioms: 


(IC,) (“Dimension theorem”) If C is a component of an intersection 
ANB on a variety X in FV, then dimC = dim A + dim B— dim X. 


(IC,) There exists a commutative and associative intersection multi- 
plicity in the category V, relative to the families ©(X), where G(X ) i is the 
family of all subvarieties of X. 


(IC) For X in V and AC X we have (A-X)z =Å. 
(IC,) For X, ¥Y in V, A, BCX, and M, NC Y, we have 
(AX M)-(BXN)=A:BXM-N 
whenever one side is defined (the other side then being defined also.) 
(ICs) Let X, Y be varieties in V. Let AC X and BCX XY be such 
that the restriction of rx to B is proper (as a morphism of B into X) and the 


intersection B- (4A X Y) is defined on X X Y. Then (pry aa ‘A is defined 
on X, and 


prx[B: (4X P)] = (prrB)- "A, 
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(ICs) Let (C;A:B)x be defined on an X in F, and let U be an 
open subset of X such that UMC4¢. Then the intersection multiplicity 
(UNC; (UNA): (UN B))v is defined, and is equal to (C;A:B)x. 


The commutative and associative properties of the intersection multi- 
plicity are expressed by the relations (C; Z- T) = (C; T-Z) and (C;Z: (T: W)) 
= (C; (Z: T): W) for all CC X and all Z, T, WE 8 (X): 

Axioms (IC,) and (ICs) extend immediately to cycles, and will be used 
in this extended form. Axiom (1C,) is not used in the development of the 
calculus of cycles, but is of crucial importance in the proof of Theorem 3.1. 
It is of course useful in passing from global to local results; see the remark 
tolong corollary A. 7 in the Appendix. 


2. Quotients of algebraic varieties. 


2.1. Quotient structures on algebraic varieties. Let X be an algebraic 
variety, and denote by ©(X) the group of all automorphisms of XY. For 
rE X and o€ G(X) we write x instead of o (x), and for any subset U C X 
we set U°—{a7: s€ U}. The group law in © (X) is written as composition 
of mappings—or =o © r—so that U°7 = (U™)?. The action of any finite sub- 
group g of G(X) defines an equivalence relation on the points of XY. Let X/g 
denote the quotient space, endowed with the quotient topology (of the Q- 
topology on X), and let A: X —> X/g be the canonical projection. We give 
A /g the structure of a ringed space by defining a subsheaf O = Oz, of the 
sheaf of germs of Q-valued functions on X/g as follows: the stalk O, over a 
point y € X/g consists of those (germs of) functions œ defined on a neighbor- 
hood of y for which $ oà 18 in the local ring of each of the points of à- (y) 
on X. 

The ringed space X/g need not be an algebraic variety. A necessary 
and - sufficient condition that it be one is the following: every g-orbit 
gz = {x7: o € g} is contained in an affine open set in X. (See [14], ch. III, 
no. 12, Proposition 19, and [3], Ch. V, Corollary 2 on p. 187; and cf. [13], 
§ 1.4.) In the sequel we shall always assume that this condition is satisfied: 
we consider only those pairs (X,q) for which the quotient space X/g is an 
algebraic variety, with the structure given above. 

. This being the case, the sheaf Ox,, is the structure sheaf (=sheaf of 

local rings) of X/g; the projection map » is a morphism, and the morphisms 
ee j> V of X/g into another variety V are in one-to one correspondence . 
with the morphisms f: X > V which are constant on orbits. Moreover, A is - 
a proper morphism, and in fact a covering ([3], Ch. IV, Proposition 6 on - 
p. 145 and Proposition 3 on p. 161; see also [18], 1.1). i 
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If all o€ g (considered as automorphisms of X) are defined over k we 
say that g is defined over k. If in addition & is a field of definition for X, ` 
we say that the pair (X,q) is defined over k. 

Let (X,q) be defined over. k. The group g acts on the field &(X) by 
sending —> 6%, where œ (z) —¢(2*) for every zE X such that z7 is in the 
domain of definition of ¢. The quotient X/g and the projection map are also | 
defined over k, and the “adjoint map ” A is a canonical isomorphism of k(X/g) 
with the fixed field k(X)® of g in k(X). The extension &(X)/X(k(X/q)) 
is a finite Galois extension with group g, and therefore A: Y>X/g is a 
Galois covering (with group g). If X is an affine variety, so is X/g; and if 
X is normal, X/g is alsonormal. If X is nonsingular and if no o€ g except 
the identity has ‘fired points on X, then X/g will be nonsingular. If -(X, gq) 
and (U,) are two pairs as above, the quotient (X X U)/(q x) may be 
identified with the product X/g X U/h. The proofs of these properties of 
quotients may be found in [12], Ch. ITI, no. 12, and [6], Proposition 2. 

We note also the following two results. Let Y be a normal variety defined 
over the algebraically closed field k. For any finite Galois extension L of 
k(Y), with group g, let X be the normalization of Y in the field L.. Then 
the group g acts as a group of k-automorphisms of X, and Y is k-isomorphic 
to X/g. ([14], Ch. VI, no. 7, and [3], Ch. V, Proposition 3 on p. 189.) 
Secondly, let X be a normal projective variety, and- æ a generic point of X 
‘over k. Let g be a finite group of k-automorphisms of X, and let y be the 
Chow point of the “generic orbit” DX, 2%. Let Y, be the locus of y over k, 
and F the normalization of F, in its function field. Then F is k-isomorphic 
to X/g (and hence the latter is projective), and the natural birational mor- 
phism ¥.—> Y, is bijective ([6], Proposition 3). That Y, itself need not be 
normal is shown by an example of Nagata [9]. | 

Let (X, g) and (X’,g') be defined over & and let: A: Y>X/g and 
AX: X’ —> X’'/g be the natural projections. If there exist a (surjective) iso- 
mirphism t: Y— X’ and a (surjective) isomorphism. 7: g—>g’ such that 
i(27) =i (2)i@ for any zE X and c€ g, we say that (X,g) and (X’,q’) are 
equivalent. When this is so, + defines by passage to the quotient an isomor- 
phism 7: X¥/g— X’/g’ such that Vorem a’. Leto: XY and #: XY 
be morphisms onto the same variety Y which are constant on orbits. Then 
0 (resp. 6’) induces a morphism r: X/g—> Y (resp. r: X'/g >Y). We say 
_ that the triples (X,g,@) and (X’,q’,6’) are equivalent if (X,q) and (X’,q’) 
are equivalent and if r==7 of. -For equivalent triples, + is an isomorphism 
: if and only if 7’ is an isomorphism. - 
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Definition 2.1. A quotient structure on the variety Y is an equivalence 
class of triples (X,g,6) such that the morphism 7: X/g—> Y induced by ô is 
an isomorphism. We say that @: X —> F endows Y with a quotient structure; 
we call Y a quotient variety of X by g, and write Y < [X,g, 6]. 

A single variety may be endowed with many different quotient structures. 
Also note that any variety X can be given a trivial quotient structure by care 
g= {1} and 0 ==idx (the identity automorphism of X). 

Let Y < [X,g,0] with X normal. Then Y is also normal, and X is the 
normalization of Y in the field k( X). We have already noted that the con- 
verse is true. 


Note that if Y <—~[2X,g,6] and V<{U,b,¢] then 


YXV<[XXKU,gX 5,6 X 4]. 
If f: Y— V is a morphism and p: Y— Ty is the inverse isomorphism of 
ay | Ty: Ty-> Y, then Ty<-[X,g,p°6]. Finally, if WC Y is an open subset 
and W’==67(W), # =6| W, then W<[W’,g, 0]. 


2.2. Splitting groups and inertia groups. Let Y<[X,g,6]. Sub- 
varieties of X will be denoted by A’, B’, C’, D’, and their images on Y by A, 
B, C, D, respectively. For A CY, a typical component of 6-*(A) will be 
denoted by A’; A’ will be said to lte over A. For each A’ CY we define two 
subgroups of g: | 


Definition .2.2. The splitting group of A’ is the group 
g (£) = {o € g: Av = A’}; 
the inertia group of A’ is the group 
gi(A’) = {o€ g: a? — x for all Ze Al, 


If o denotes the local ring of A’ on X, the splitting (resp. inertia) group 
of A’ is the same as the splitting (resp. inertia) group of o in the sense of 
the Galois theory of local rings [1]. 


We associate with each AC Y certain numerical characters: 


— Definition 2.8. n(A)==number of components of 6+(A); 
d(A) om [A’: A] = degree of A’ over A; 
d,(A) == [A’: A]: = separable degree of A’ over A; 
QA) =m fA’: A]; = inseparable degree of A’ over A; 
L(A) mm [at (A) : 1]/& (4). 


INTERSECTION THEORY. “225 
Writing g==[g: 1], we have the relation 
n(A)d(4)I(A) =g—=n(A)d,(A) [9*(4*) : 1] 


for any 4 CY and any A’ C X lying over A. Note that the components of 
6+(A) are permuted transitively by the elements of g ([3], Ch. V, Proposition 
3 on p. 189), so that the above characters depend only, on A and not on ‘the 
choice of A’. . 


PROPOSITION 2.4. (i) a(A’) ts a normal subgroup of g*(A’). 

(ii) IF B’CA’ then gt( 4’) Cgt(B’). 

(iii) n(4)==[g: g°(A’)] and d,(A) == [g (4): 9f(A’)]. 

(iv) For any c€g we have gr (4%) = og" (A)r, and the same for 

g* (4%). 
_ Proof. The first two ET, are clear, as well as the statement don 
n(A). For.the rest: d,(A) is the separable degree of the morphism 64 = 0 | A’, 
hence is equal to the number of points of A’ lying over a generic point of A; 
but this latter number is clearly equal to the number of o€ g°(A’) whose 
restrictions to A’ are distinct, and this is the index [g#(A’): g#(A’)]: And 
for any o, r in g we have A’ == A’ if and only if CORREA, and the 
same for any point s€ A’. This proves the proposition. 

It is not difficult to show that if the inertia group g*(A’) is trivial, 
then 1(A) == 1. If g*(A’) {1}, 1(4)—which is analogous to the ramifica- 
tion index for a valuation ring=need not be an integer; see the example 
in § 3.2. 


. 2.3. Cycles on quotient varieties, Throughout the remainder of the 
paper A will denote a fixed integral domain containing the field of rational 
numbers. | 


Let V be an intersection category. We enlarge V to a category V’ as 
follows: V” is the full subcategory of V* whose objects are the varieties Y 
such that Y <- |X, g,6] with X in F and with the pair (X, g) defined over k. 
Clearly V is a subcategory of V’ and all varieties in V” are defined over k. For 
each Ye V’ we take (F) to be the family of all subvarieties of F; using 
this family and the domain A as coefficient domain we define cycles and the 
various operations on cycles as in 81. The projection map 6: X —> Y induces 
mappings 6,, 6* on cycles, defined as-follows. For any A CF lt Aa A a 
be the distinct ene of #*(A), and set 


A* == D As; 
J 
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call A* the covering cycle of A. Then define 
6,(A’) =d (A)A and 6*(A) =1(A)A*, 


and extend linearly to cycles. The resulting mappings 6,: B(X) —>8(Y) and 
6°: 8(Y) > 8(X£) are homomorphics of A-modules, and 6* is in fact easily 
seen to be injective. (Note that a cycle with rational integer coefficients on 
Y does not necessarily lift to a cycle with integer coefficients on X.) 

For any cycle Z on Y we clearly have 6,(6*(Z)) = gZ, where g = [g: 1]. 
This is a special case of the “ projection formula” for 6 (Proposition 3.3, (i1)), 
and the definition of 6* was motivated by the necessity of having this relation. 

From now until the end of §3.1 we will be dealing with a fixed inter- 
section category V and the category V’ of quotients derived from it. Letters 
X, U will always denote varieties in V and Y, V will denote varieties in V’; 
we shall use this convention without further reference. Let F < [X,g, 6]. 
For AC Y and any A’ lying over A, the restriction 64 == 9 | A’ is a covering 
of A, so that dim A’ == dim A ([3], Ch. IV, Proposition 6 on p. 162). From 
this fact, and from the action of g on X, we see easily that the dimension 
theorem (axiom (IC,)) holds on all varieties in V’, since by assumption it 
holds in V. 

The following lemmas on covering cycles will be used in the proof of 
Theorem 3.1. The second lemma is an immediate consequence of the first. 


Lemma 2.5. Let C be a proper component of ANB on Y. If O 
and C, lte over C, then (C1; A*: B¥) x == (C2; A*: B*) x, both multiplicities 
being defined. 


Proof. Let C: == O, for aao€g. If {4} (resp. {B’;}) are the com- 
ponents of A* (resp. B*) containing C’,, then C’, is a proper component of 
each intersection A’; B’;; and the transforms of the A’; and BY; by o are 
the components of A* and B* containing C'a. We thus need only show that 
for any indices t, 7 we have (Ci; Ai B'h == (C2; 4E R'e). This follows 
from the biregular invariance of the intersection multiplicity on X (see the 
remark following Corollary A. 7 in the Appendix). 


Lumma 2.6, If A’: B* is defined on X, so is A’*- B*, for any o€ g, and 
6,(A’?- B*) = 0,( A": BY). As a result, 


6,(A*-B*) =n(A)6,(A’- B*). 
2.4. Products of quotient varieties. Let 
Y <[4,g,6] and V<[U,}, 4], 
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and set G==g X h and © — 9 X 4, so that YXV<[XXIU, G,@]. Denote 
subvarieties of U by M’, N’, and their images on V by M, N, with the same 
conventions as for subvarieties of X and Y. 


Lemma 2.7. (i) (AX M)*—A*X M*. 


Gi) O(A X H) —g*(A") X HA(M’) and 
GHL XW) =g (A) X p (W). 
(ii) d(AX M) ==d(A)d(M), and the same for the other numerical 
characters of Defintiton 2.3. 
(iv) @,—06,X ds and © =F X q4. 


Proof. For o€ g and p€} we have (A’ X M’)°X? == A’ X Mr, which 
proves (i) and (ii). The relations n(A X M) =<n(A)n(M) and d,(A X M) 
—d,(A)d,(M) are also clear. To conclude the proof, we need only show that 
d(A X M)==-d(A)d(M). Let K be a common field of definition for all 
varieties involved, and let z (resp. u) be a generic point of A’ (resp. M’) 
over K, such that x and u are independent over K. Then 


d(A X M) = [K (z,u) : K(6(z),6(u))] 
== [K (z): ae K(4¢(u))] 
== d(A)d(i), 
by [5], Ch. 3, Proposition 1, and [16], Lemma 1 on p. 114. 


For a subvariety WCYSV we denote by W, (resp. We) the closed 
projection of W on Y (resp. V); and similarly for W C X X U. Then we 
have: 


Lemma 2.8. LeéeACYX VY. If ACXXU hes over A, then (A’), 
lies over A, and (A’), lies over Az, so that we may write A’, and A’, without 
ambiguity. Then: 


(i) GHA) =gt(4’,) X pA’). l 
(ii) @*(A’) is a subgroup of g*(A’,) X pe (A3). 
(Hi) d,(A) divides da(Aı)da{(42) and n(A,)n{A,z) divides n(A). 
Proof. (i) and (ii) are immediate from the definitions, and (iii) follows 
from them. 


It can also be shown that d;(4) divides d;(A,)d,(A2), 80 that the same 
statement holds for the total degree d(A). 

That @8(A’) may be a proper subgroup of g*(A’,) X Be (47) is shown: 
by the following example: take X == U, g {1}, and J= {1}. For the 
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icons ACX XX we have Gg As am dX; then (A) = 3 but o£) = = f, 
b (Z) = {1}. 

The mappings 6,, F, Op © and the jednu saei are related by 
the following formulas (in which 4 = [9: 11): 


PROPOSITION 2.9. (i) prro@*=—h (0 o pry). 
(i) opra =h(prr>o0,). - 
(ii) pry? 0 6* == @* o pry. 
. (iv) 6,° prx = Ply 0 Oz. 


Formulas (ii), (iii), and (iv) follow by brief computations from Lemma 2. 7 
and the definitions. The proof of (i) is more involvel, but since the result 
is not needed in this paper we shall omit: the proof. 


8. ‘Intersection multiplicities on quotient varieties. 
3.1. In this section we prove our principal result, in the following £ TR 


THROREM 3.1. Let a be an “intersection category, and V” the category 
of quotient varieties derived from tt. Then V’ is an intersection category, 
with an intersection multiplicity which 1s compatible with the one given on F. 


We assume as in $2.3 that the domain A in which .the intersection multi- 
plicity takes its values contains the field Q of rational numbers. | 

= Let Y be a variety in V’, Y < [X,g,0] for X in V. We shall define 
intersection multiplicities (C;A-B)y by using the morphism 6: X >F to 
carry over the multiplicities given on x (see Definition 3.2). In order for 
the quantities (7;A-B)y to be well-defined in the category V’, they must 
_ be independent of the particular “quotient structure used to define them. 
To prove that this is indeed the case, we shall work temporarily in a 
larger category than V’: a category V” in which we can distinguish between 
different quotient structures on the same underlying variety. We take, for 
each Y in V’, a collection {Ya} of copies of Y indexed by the distinct 
quotient structures on Y (Definition 21). If (X,g,9) is a represen- 
tative of the quotient structure a, we write Yo<[X,g,6]. In this way, 
each of the copies Ya has associated with it a unique quotient structure. If 
Ya<[X,¢,6] and Vgs<[U,b,¢], we associate with the product YaX Vg 
the unique quotient structure given by Ya X Va<-[X XU, g Xb,6X 4]; 
similarly for products of several factors. A morphism f: F > V in V’ induces, 
for each copy Ya of Y and Vz of V, a unique morphism fag: Ya-> Vp. We 
“associate with the graph Tag C Ya X Vg the unique quotient structure given 
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by Top <— [X, g, p00]. where,‘ as in § 2.1, p-is the inverse isomorphism of 
ay, | Tog: Top Yo. Let V” be the catégory whose objects are the copies Ya 
(as Y runs over V’), their products, and the graphs Tag;* the morphisms 
between two objects in V” are their morphisms as algebraic varieties. We 
view V as a subcategory of V” by identifying each X in V with the copy 
corresponding to the trivial quotient structure: X — [X, {1},idz]. 

We define an intersection multiplicity in V”. ‘Let Ya<-[X,g,6] and 
let C be a proper component of A N B on Yo—i.e., dim C = dim A -+ dim B 
— dim Ya. ' (Since the dimension theorem is valid in y’, , it holds also in V”.) 

Definition 3.2. The intersection multiplicity of A and B at O on Yo is 
1(A)1(B) 

(Cc): 
where ©” is any component of C* and the maipit, (C; A*- B*)y is that 
given in the category V. (The notation is that of 8§ 2.2, 2.3.) 

The multiplicities on a product Ya XVe are defined in the same way, using 
the covering 0X ¢@:X XU>YaX Vp 

Because of the biregular invariance of intersection multiplicities in V 
(Corollary A.7), the quantity (C;A4-B)y, is independent of the choice of 
representative (X,g,6) for the quotient structure « By Lemma 2.5 it is 
also independent of the choice of the component C” lying over C. Finally, 
the above-defined multiplicities are consistent with the given ones in the 
category V. 

We use Definition 3.2 to obtain an intersection-product on cycles in the 
usual way. For a morphism f: Ye— Vg in V” we define maps fe f# on cycles 
as in Section 1. In proving Theorem 3.1, our main object will be to show that 
Corollary A.7 of the Appendix is valid in. the category V”: Once we have 
this biregular invariance statement, we can conclude that the multiplicities 
given by Definition 3.2 are the same for all copies Ya of Y; we thus obtain 
well-defined multiplicities on Y, independent of the quotient structure. Once 
this is achieved, we can discard the category V”. 

The key result in the proof of Theorem:3.1 is the following srooot 
It is worth noting that our definitions of 6,, 0%, and (C;A-B)y, are exactly 
those needed to-make this proposition true.. | 


PROPOSITION 3.3. Let Ye 4- ÍZ, g0] ind yet Z, T€ 8(Fa), Z’€ R(X). 


(G) ay Z-T is defined on Fa then. re -O (T) is defined on X, and 
F(Z. T) SEU (T). 


(C; 4- B). = : (C; A*- B*) x, 


a of a X Vg is not one of the copies Vx VI, of YX, nor is Tyg C Ya mPa 
of the copies (T peorlr,cYy~x Vv. y 
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(ii) (“Projection formula for 6.”) 2Z’-6*(T) is defined on X if and 
only if 6,(2’):T is defined on Ya; when this is the case, 0,(Z':-#(T)) 
== h (Z) T. l 

Proof. By linearity we may assume that Z, T, Z are subvarieties A, 
B, A’ (respectively). 


(i) By hypothesis A-B is defined on Yo; write A: B = >, (03 A: B)C, 
summed over all components C. Then 


(A: B) = 2 (C; A: B)e(C) => (C; A: B)I(0)0* 
and 
6*(A) -0 (B) =1(A)1(B) (4*- B*) 
—1(A)1(B) £ (0; 4*-B*)0*, 


by Lemma 2.5. Comparing coefficients of C* in these two sums and using 
Definition 3.2, we are done. 

_ (ii) The set-theoretic formula 6(A’M 6*(B)) = 6(4’) N B, together 
with the dimension theorem ((IC,)), proves the first assertion. Now set 
A=—=6(A’) and assume that A-B is defined; write A-B= Sic; The 
coefficient of C; in the cycle 0,(A’):B is 
L(A )1(B) 

(Ci) 
The cycle 0,(4'-#°(B)) ==1(B)6,(A’-B*) has the same components as 
6,(A’)-B, and by Lemma 2.6 we have n(4)6,(A’- B*) —6,(A*-B*). In the 
cycle A*-B* each of the n(C,) components lying over C; has the same 
coefficient (Ci; A*-B*) and the same degree d(C) over its image. Hence 
the total coefficient of C; in 6,(A’- 6°(B)) is 


d(A)o==d(A) (C/;A*-B*), 





I(B) n(C,) d(04) (0X; A*: B*) =d (A) c, 


which proves (ii). 
The commutativity of the intersection-product on Ye is clear from the 
definition. To prove the associativity of the intersection-product on Ya: 


gZ: (Za Zs) = O{0 [21° (Z3: Za)]} 
= O,{6 (Z1) 0° (Z2) -07 (Z:)} 
í = ĝa {F| (Z1: Za) -Zsl} 
E g(Zı Za) Lets 


when all intersections are defined; here, g==[g:1]. From Definition 3.2 
it is also clear that 4: Ya==A for any subvariety A, since the corresponding 


nes 
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property holds on Y. Thus axioms (IC,), (IC,) (in “global” form), and 
(IC,) hold in the category V”. The next two lemmas show that (IC,) and 
(IC,) are also valid. Let Ya<-[X,g,6] and Vg<[U,b,¢], and set 
O =X ¢. 

Lemma 3.5. Let A,BC Yaand M, NCG Vg. Then (AXM):(BXN) 
ts defined on Ya X Vg tf and only if A-B ts defined on Ya and M-N its 
defined on Vg; and when this 18 so, 


(AX M)-(BXN)=—A-BXM-N. 


Proof. Straightforward computation, using Propositions 3.3 and 2.9 
to carry over the corresponding result on X X U. 


Lemma 3.6. Let AC Ya, and let BC YaX Vg be such that ry | B 
is proper. If B-(AX Vg) is defined on Ya Vg, then, (prr, B) A w 
defined on Ya, and l 
prr, [B (4 X Vp)] = (pry, B) ° 4. 
Proof. Since 0 and © are coverings, the hypothesis on B implies that for 
any B’ lying over B the restriction +x | B’ is proper, and the intersection 
B*- (A*X U) is defined on X X U. By (IC,) in the category V, we have 


prx[@*(B) - (F(4) X U) | = (prx @*(B)) (A). 


Apply 6, to both sides of this equality and use Proposition 2.9 and the pro- 
jection formula for ð and for @; the desired result follows. 


Conclusion of the proof of Theorem 3.1. Since we have axioms (IC) 
through (IC;) in the category V”, we know that Corollary A.7 of the 
Appendix is valid: any isomorphism in V” preserves intersection-products. 
Applying this to the isomorphism tep: Ye—> Yp induced by the identity 
automorphism of Y, we deduce that intersection-products, when defined, 
are independent of quotient structure—i.e., (C;A-B)y, is independent 
of a provided A-B is defined. Now suppose that A+B is not defined. 
Let C be a proper component of AN B and F the union of the improper 
components. Let Y, == Y — F, Ap =A N Ya, Bom BN Yo, Comm C N Y, (all 
non-empty sets). On F, the intersection Áọ'B, is defined, so that 
(Co; Ao Bo)y, is independent of the quotient structure on Yo. If Ye—[X, 9,0], 
we set X >——@"(Y,); Xo is open in X and is g-invariant, so that 
Yo [Xo g, 9 | Xil: Using this quotient structure to compute (Co; Ao: Bo)Y, 
and using axiom (IC) on X, we find that (Co; 4o'Bo)ra= (C3;A-B)y,. 
Thus the latter quantity is independent of the quotient structure used to 
define it; denote it by (C; 4: B)y. We thus obtain a well-defined intergection- 
multiplicity on the category V’. | . 
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The samè argument as the above, now applied to an arbitrary open subset 
Y., shows that:axiom (IC,) holds in F’. Applying (1C,) to the “global” 
associativity formula 21: (Ža: Za) = (41°42) Z, yields the associativity ‘of 
the symbol (C;A-+B)y, thus proving (IC,). Finally, Lemmas 3..5 and 3.6 
clearly carry over to V’, so that axioms (IC,) and (ICs) are valid. We have 
already noted that (IC,) and (IC,) hold. Hence V’ is an intersection category. 

The proof of Theorem 3.1 is now complete. We shall apply it to the 
case when V is the category of all nonsingular varieties. | 

As was remarked in § 2.1, the quotient structures on a normal variety Y 
are in one-to-one correspondence with the normalizations of Y in Galois exten- 
sions of its function field. Suppose that a variety Y satisfies the following 
condition : | 


(Na) Y ts normal, and there exists a finite tower of fields 
Ky Ip IK SE) 


such that each extension K/K; +s a finite Galois extension and such that 
the normalization of Y in Ky ts nonsingular. 


Denote by X; the normalization of Y in K; (X=Y) and by g; the 
Galois group of K,/K,,. The above remark, together with the transitivity 
of the normalization process, implies that there exist morphisms 9;: X;— Xp 
‘such that X,,< [X; 88] for j-—=1,---,n. Let Fa be the category of 
all varieties satisfying condition (Na). Then FV, is just the category of all 
nonsingular varieties, and for each n, V mı is the category of quotient varieties 
derived from V, ($2.3). Using Theorem 3.1 to perform an induction on n, 
we obtain the following result. 


THROREM 3.7. Let Q be the category of all normal varieties Y having 
a nonsingular normalization in some field K obtainable from k(Y) by a 
finite sequence of (finite) Galois extensions. Then Q is an intersection 
category, with an intersection multiplicity which agrees on nonsingular 
varieties with the usual one. 


We remark the following results explicitly: if Y is a variety in Q and 
if a proper component C of ANB on F is simple on Y, then (C;A-B)y 
agrees with the usual intersection multiplicity as defined in [15]. For we 
may remove the singular locus of F to obtain a nonsingular variety Yo, and 
the intersection multiplicitl defined on Y, by any quotient structure must 
agree with that defined by the trivial quotient structure. 

We return for a moment to an arbitrary intersection category V and its 
derived category V’ of quotients. If Y —[X,g,6] we have 
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6,(Z’) = pry[Te: (Z X Y)] 
and 
6°(Z) == prx[Te: (X X Z) | 


for any Z’€ 3(X), ZEB(V). (The first formula follows from Lemma A. 2 
and the second is easily checked using Theorem A.5.) The notation 6,, 6 is 
thus consistent with that introduced in Section 1 for arbitrary morphisms in 
an intersection category. The above expression for @ also gives an inter- 
pretation of the numerical character /(A) as an intersection multiplicity: 


(4A) = (47; Te: (X X4)), 
where A” is any component of TeN(X X A). 


3.2. Examples. We first give an example to show that the numerical 
character 1(4) (Definition 2.3) need not be an integer. Let V be the 
affine plane over a universal domain Q of characteric p> 0, and set 
X =V XV X::-XFV (p factors). The symmetric group 8, on p letters 
operates on X by permutation of factors, each permutation being an auto- 
morphism of X. The quotient Y == V (p) is the p-fold symmetric product 
of V, and the projection map 6: X->Y is an Galois covering of degree p!. 
Let A’ C X be the diagonal, and A its image in Y. Then A’ is isomorphic 
to VY and so has function field k(u,v) over any perfect field k C Q, u and v 
being independent transcendentals over k. The image A has function field 
_ k(u?,v?) by [14], Proposition 21 on p. 62. Since the inertia group of A’ is 
all of & and since [k(u,v): k(u®, v?) | = p?, we have 


pi _ (p—1)! 
L(A) = fo 
(This example was previously wis in [7].) It can be shown that if we 
consider instead of the symmetric product the cyclic product Velp) < LX, cy, $] 
(where cp is the group of cyclic permutations on p letters), then [A’: ¢(4’) ] 
== p°, s0 that 1(¢(A’)) = 1/p. In this case the degree [A’: ¢(A’)] is greater 
than the degree [X: V,(p)] of the covering. 

In view of the remark at the end of $3.1, we have an example of an 
intersection multiplicity (A) == (A”;T9: (X X A)) whose fractional nature 
stems from inseparability phenomena in non-zero characteristic. However 
the following example shows that even in characteristic 0, when 1(A) is always 
an integer, fractional multiplicities may occur. | 

Let Q have characteristic 0, and as above let V be the affine plane over Q. 
Let X= VX V and Y==-V(2). We identify X with affme 4-space over Q 
and Y with the Chow variety of positive 0-cycles of degree 2 on V (see [9]). 
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If (21, 41,7, Y2) is a generic point for X over an algebraically closed field 
k C Q, we may take (T1 + Tz, £122, Y1 + Yo) Yio) TiYo + Tey1) a8 a generic point 
for Y over k. In this way we represent Y as a quartic hypersurface in affine 
5-space, with equation 


(QT 7.0) 47, 7 aT) 0. 


The “diagonal” A in F is the locus of the point (221, 21°, 241, y1°, 2@141) over 
k. Let t, u,v, w be independent transcendentals over k and set 


A = locus of the point P, = (t, 4t*, u, v, 4tu) over k, 

B == locus of the point P: = (t, w, u, $u’, dtu) over k; 
also we have | 

A = locus of the point Q = (t, 427, u, $u*, $tu) over k. 


Clearly A= 4AN B; since dim A = dim B ==3 and dimA=2, A Is a proper 
component of ANB on Y and (A; A:B)y is defined. We show that 
A-B=4a., : 

Let 6: X — Y be the natural projection of V X V onto V(2). If A’ CX 
is the locus over & of the point 


P= ($t, yu + Viu, $1, su — Vp); 


we have clearly 6(P,’) == P, and @(A’)==A. Since [k(P,’): k(P)]=2 we 
conclude that d(A)==2 and n(4)==1(4) <1. In the same way, letting ~ 
B’ C X be the locus over & of the point | 


Pr = ($t + Vil — w, gu, $t — Vat — w, gu), 


we find that d(B) ==2 and »(B)—1(B)==1. It is easily checked that 
A’ ft) B’ == A’, the diagonal in X = V X V, and that (A’;A’-B’)xy=1. Then 





= 


ale eal TET 


(A; A*- B*) xm (A; A’ BY) y ome 4, 
as claimed. 


Geometrically the subvarieties A and B arise in the following way. If 
we cut Y by a linear 3-space with equations Tı = ?, T = u, we obtain as cross- 
section a quadratic cone in 7.7 ,7-space having equation 


(27, —tu)?— (#2 —4T,) (u? —4T,) = 0. 


This cone has vertex Q = (t,4t?,u,4u*, dtu), and we may specify two 
generators by setting 
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Dy we lois of. pe i, 4, Uy; TE over Kt a . 
L,==locus of P= (t, w, i pus, $iu) over k(t, u). 


The generators L, and L intersect at the vertex Q with multiplicity $: see 
[11], page 99. As (tu) varies in the T-T-plane, the vertex Q traces out 
the surface A and the cae L, Da sweep gut the ae threefolds A, B. 


- Appendix: The calculus of: cycles. | 


In this appendix we prove the basic statments in the global intersection 
theory of cycles... We use the definitions and notation of Section 1. In 
particular, we denote by A an. integral domain of characteristic 0; all cycle 
coefficients and intersection multiplicities are assumed to belong to A. 

Let V bean intersection category. °X and ¥ will denote varieties in V — 
and f: X— Y will denote a morphism in V. Recall that.the graph Iy of f, 
being isomorphic to X, is in V. The notation WC X will always mean 
that W is a closed (irreducible) subvariety of X.. 

We begin with some elementary lemmas; the proofs are easy applications 
of (IC3) and (ICs), and are omitted, 


Lemma A.1. Let Z€ 3(X) ae Ze 3(L)). The relations pry Z’ =Z 
and Z’ =T: (ZX Y) are cs and establish a A-tsomorphism between - 


B(X) and 8(Ty). 


Lemma A. 2. For A CE let A” be the closure of f(A) in Y. Then 
f(A) = [A: A”]A”. | | 

We thus have an alternate expression for fs which ios not involve any 
intersection theory. In particular we ‘see that the algebraic projection prx 
is eme to (wx), The corresponding formula for the “inverse projection,” 
prx == (x)*, is -an easy consequence of Theorem ‘A. 5 below. | 

Let WC Y be a subvariety such that W is in V. The injection tw is” 
proper since W is closed in F, and it is clear from Lemma A.2 that (iw)s 
is a A-isomorphism of 8(W) into 8(F), the image consisting of those cycles 
on Y carried by: W. We shall usually identify 8(W) with its image in 8(£). 
We also note the following: if g: Y— Vis a morphism in V then for any 
cycle ZE 8(Y) carried by W we have ge(Z) =m (g | W), (Z). 


LEMMA A.3.° Let f be an isomorphism of X onto a subvariety of Y. | 
Then the homomorphism fa: B(x )>B(Y) is injective. If f(X) =Y then 
fe and f* are bijections and are inverses of one. another. . | 


Imoa A. 4. Let WQX men Win Ve For any ACK, ‘the cycle 
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w°(A) is defined if and only if W and A intersect properly on X; when this 
48 s0, tw*(A) = (W-A)y. 
We are now able to prove one of the most important results in the calculus 
of cycles, the “projection formula.” It is a generalization of (IC;). - 


THEOREM A.5. Let Z€ 8(X) be such that the restriction of f to each 
component of Z is proper, and let TE RI(Y). IFZ. PAA ts defined on X, 
then 14 ) T ts defined on Y, and 


fe(Z: FP (T)) —fs(Z) T. 
Proof. By linearity, we need only prove the theorem for subvarieties 
Z == A, T = B. The set-theoretic equality f(A N f*(B)) = f(A) N B is clear. 
By hypothesis the intersections Ty: (X X B) and A-f*(B) are defined (on 
X X Y and X, respectively). From Lemma A.1 we know that for any cycle 
Z€ B(T) we have the relation Z, =T}y: [ (prx Zo) X Y]. Applying this to 
the cycle Zo == T4: (X X B) we obtain © 


Iy: (X X B) =Ty: [prz (17: X X B)) X Y] =r; [f (B) XF], 
all intersections being defined. Now we have 


f(A: f?(B)) = pre[Ty (4: P(B) X F)] 
= pry[Ty: (P(B) XY): (AX F)] 
= prr[I (X XB): (AX Y)] 
= pry[Iy (A X Y)]-B 
= f(A): B, 
by (102), (IC,), and (IC,). This is the desired result. | 
We note the following: if f is proper and surjective, then. pA) 
== [X: Y]T for any TE Bi(Y). 
We now give two important corollaries of the projection formula. The 
first of these might be called the “relativization formula.” 


COROLLARY A.6. Let WCX, with W in V. Let TE R(X) and 
ZER(W). If (W-T)x is defined and tf, as a cycle on W, tt intersects Z 
properly on W, then (Z-T)x is defined and 


(Z: (W-T)z)y = (ŽZ-T)z. 


The same result holds under the alternative hypothesis that (W:T)z 
and (Z:T)x are both defined. ` 

The next corollary expresses the biregular invariance of the intersection 
multiplicity in V. 
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COROLLARY ÀA. 7. If f: XY isa (surjective) isomorphism and if Z, 
Z’ are cycles on X such that (Z-Z’)x ts defined, then 
fa (2:2) == fa(Z) -fa(Z°). 


Proof. By Lemma A.3 we have f*({,(Z’)) == 2’; then the projection 
formula yields f,(Z°2Z’) =f,(Z: f*(f,(2’))) = f,(Z) -fs(Z’), which proves 
the corollary. 

The (stronger) local statement—the biregular invariance of (0; Z-Z) 
even when Z-Z’ is not defined—is an immediate consequence of Corollary A. 7 
and (ICa). 


Tueorem A.8. If Z, Z are cycles in BI(Y) such that (Z-Z')y 48 

defined and ts also in BI(Y), then f*(Z) - F(Z) is defined on X and 
F(Z: Z) = fe(Z) Z). 

Proof. By (1C,) we have 

(Z-Z) = pra [Tr (X XZ: 2) ] =pralTy (X XZ): (XK 4)], 
and by the “relativization formula” (Corollary A. 6) we have 

Ty (X XZ): (X XZ) = {Tr (X X Z) ]axr: [Tr (X X 2’) Jzxy} ry. 
If we set ġ = ry | T; and W==Ty-(X XZ), W =T; (X XZ’), we have 
F(Z: 2!) = be( (WW), 

and the theorem follows from Corollary A. 7. 


We now state (without proof) two further results which complete the list 
„Of basic formulas in the calculus of cycles. Let f: YY, g: U-YV, and 
h: Y -> W be morphisms in V; then we have morphisms hof: X> W and 
Xg: X XU >YXY. 


Proposition A.9. (i) ZK TE RM(Y XTV) if and only if ZE BI(Y) 
and T€ 89(V); when this 18 80, 


(Xg) (Z XT) =f*(Z) Xo (T). 
(ii) For any Z€ 8(X) and TE B(U) we have 
(fXg)(ZXT) =f. (Z) X 9(T). 


Proposition A.10. Let TER(W). When either side is defined, we 
have (hof) (T) = fe(h*(T)). . If f ts a closed map, we hav also (hof),(Z) 
—=he(fs(Z)) for any ZE B(X). 


The assertions regarding direct images are clear, using Lemma A. 23. 
, . 
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those regarding inverse images are proved by straightforward calculations. 
For a slightly more precise result than Proposition A. 10, see [2], corollary 
to Proposition 7. The proof given there can be carried over without difficulty 
to any intersection category. 

Many other useful results are derivable from the formalism we have set 
up. For example, the definition and properties of algebraic families of cycles 
given in [2] can be carried over almost without change to any intersection 
category. Also, equivalence relations on cycles can be studied in this axio- 
matic framework, using Samuel’s notion of an adequate equivalence relation 
[12]. 
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AUTOTOPISM GROUPS OF SOME FINITE NON-ASSOCIATIVE 
ALGEBRAS.* * 


| By REUBEN SANDLER. 


1. Introduction. Many classes of finite non-associative algebras have 
been studied and their autotopism groups determined. From the point of 
‘view of projective geometry, the algebras of interest are the algebras which 
are also division algebras, since every such algebra coordinatizes a finite pro- 
jective plane and furthermore, for a plane coordinatized by a division algebra, 
the autotopism group of the algebra is isomorphic with the collineation group 
of the plane modulo the normal subgroup generated by the translations and 
shears (see [5] for a more complete exposition of the above). 

in this paper, I propose to define a generalization of a class of algebras 
discussed by Hughes and Kleinfeld [3] and [4], and Albert [1], and study 
the autotopism groups of these algebras. Some of these algebras are shown 
to be division algebras and coordinatize new finite projective planes. Finally, 
the question of isotopy between the division algebras (equivalent to the 
problem of isomorphism between the planes they coordinatize) is discussed. 


2. Preliminary results.. Let K be the finite field of degree m over the 
field F == GF (q) = GF (p'). Then K has degree mr over the prime field 
GF (p), and is cyclic over GF (p). The automorphism 7 defined by 


(1) sT = 2 


for v in K generates the automorphism group of K over GF'(p). K is also 
cyclic over F, and its automorphism group over F is generated by S == T”, g0 


(2) LY wee LP” meme 354 
for cin K. For x,y in K, we write 
Dy = Th (y) yl (a). 


We now define the algebra 03,3 of degree n over K and degree mn over 
F, for every ô in K, and for any n= m as follows: Qan g is an n-dimensional 


* Received July 19, 1961. 
1This research is from the author's doctoral dissertation at the University of 
Chicago, September, 1961. 
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vector space over K with basis 1,A,A%,- > +, A", and with multiplication 
defined by 


(3) aM =M (28t) 
for z in K andi <n, 
(4) (Atan) (Alaa) = AHAI (a181) a, for a,,a, in K, 


AM) for tj <n 
(5) -ATAI me § for i+- j =n 
l | Atn for t+ 7>n 


We also assume both distributive laws. 

A eae element of Qs, g, then, will be of the form 
(6) | To At He Ee | 
and equations (3), (4), and (5) tell us that we can write: 


L Rot Awe AP Tae 


(7) 
To Tı Le tt Taal 
Ò (2218) (28) (18) °° eee) 
_ È (En-a) 8 (Eaa) (208°) ' * (%n-25") 


8 (a 9"-*) 8 (aS) E alee 


where Ls is the matrix for left multiplication by the element z of Og4,9. We 
could also write down a matrix for right multiplication by z, Rs, but we will 
not need that during the course of this paper. In order to differentiate between 
multiplication in the field K and the algebra Qgnx,9, define 


(8) ' TO y = thy = yLe 
for z and y in Oang. 


Hughes and Kleinfeld [4] have defined a more general class of these 
algebras in the case n == 2, and Hughes [3] has shown that the autotopism 
groups of their algebras are all solvable. Albert [1] has actually computed 
the autotopism groups in the case n=?2, m>2. In this paper, we will 
exhibit the groups for the case n == m = 2 and then study the case n > 2, 

As usual, define the right nucleus, NV,, of Q to be the set of elements a 
in Q such that 
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(9) Zo (yoa) = (roy)oa- 


for all z, y in Q. The left and middle nuclei N; and Nm are analogously 
defined. The center of Q is the set of all z in Q in the intersection of all three 
nuclei and such that | i 
(10) ZO Yuma ZZ 
for all v in Q. 

We can begin with the following: 

Tuxorem 1. The right nucleus of Qang is equal to its middle nucleus, 
and both consist of all elements of the form 
(11) T= Ty tH A0- e HAO, 
unless n= m and 8 lies in a proper subfield of K. In the latter case, the two 
nuclei are still equal, but consist of all elements 
(12) T= Ly F ASL, + ATs + As 
where the x, are in K. The center of Q, Z(Q), consists of all elements of the 
form (11) where 28 == Ty, t.e., 2 (Q) =F. 


Proof. As a typical case, we give the proof for the middle nucleus. In 
determining the nuclei, we note that the distributive laws imply that it suffices 
to satisfy the definitions with the elements z and y being restricted to elements 
of the form à'r, instead of all z, yin Q. For if 


(Atay) o [(Afyy) oa] = [ (Atay) ° (Xyz) J oa 
for all t, 1, Ti, Yj, 
then, clearly, a will satisfy (9). We observe first that any element of the 
form 2 +A 0 -HA 0-4 e -HAT Omg is in the middle nucleus, for, 
by (5) 
(Ata) © [to(Afay) ] — (Atri) o [A T81)] = MATTS) (To?) 
while 
[ (Atay) 0 Zo] o Alz) me (Afayry) 0 (Alri) = AAT Tit) 85. 
We now propose to show that for the cases in which we will be interested, 
the elements named are the only members of the middle nucleus. For let 


(13) a = Qo -F At Hoe i H A ana 


be an element of the right nucleus, and let a, be the last non-zero coefficient. 
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Then, in (A*z)A**(a), the only term in A* will be the one arising from A*a,. 
Using the distributive law, then, we must have 


(14) (Ax) © Say = [8 (28°) ] o Akay = A* (39”) (8S) ax 


for all z in K. This cannot occur unless 9" ==] and 8 lies in some proper 
subfield of K. 


3. Division algebras. We now proceed to a discussion of those algebras 
Osn g Which are division algebras. Observe that Qs» s is a division algebra 
if and only if L, is not a null form; ie. if and only if there is no 
Zam Zo H ÀZ +--+ -+ A412, such that | La|==0. The only case to be con- 
sidered here is the case n—m. We first prove the following 


Lemma. When n— m, the determinant | L| is a polynomial of degree at 
most n— 1 in § with coefficients in the field F, for any z == zy +: > © H A Zai 
where the zès are in K. 


Proof. The determinant | 


Zo Mt Zaa 
ô(2n19) (208) + + (ena) 


| Le 
3(2,5-) 3 (248) ie (29S) 


is clearly a polynomial of degree n— 1 in ô with coefficients in K. To show 
that the functions of the zs which give the coefficients are actually in F for 
any set of a's in K, it is sufficient to show that 


| Les| = | Le | 
where | L,g| is the determinant of the left multiplication for 
Zo F A(S) +: > ++ dA (2,19), 


for | Lag | is precisely the n— 1 degree polynomial | L, | in which each coeffi- 
cient has been replaced by its image under 8. But clearly, if S*=— TZ, 


0 0--° -Q0 ag 0 Te: -OY 
1 0-::-0 Q 0 0-:-0 
(15) f p 0 1---9 0 Lows j 
br sri 
0. 0er 0 ò Oso. 70 


and so | Le | — | Leg |. 
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We can now state and prove 


THEOREM 2. If n==m, then Osn g ts a dirston algebra tf § satisfies no 
polynomial of degree n—1 over F. For n==m there always exist diviston 
algebras. 


Proof. By the lemma, we see that | L,| is a polynomial of degree n— 1 
over F, and hence, if ô satisfies no such polynomial then then | Le | = 0 implies 
Zo = Z, ==> == 2,., 0, and hence Q is a division algebra as claimed. For 
any n, since [K: F] = n, there are always elements satisfying no polynomial 
of degree less than n over F, and hence there always exist division algebras 
for any n. 

Note that if n is prime, Q is a division algebra if and only if 85489, 
while if n is composite, 2 a division algebra implies 6688. 


4. Autotopism groups, We now come to the study of the autotopism 
groups of the algebras Osn, The autotopism groups of those algebras which 
have been shown to be division algebras are of geometric interest, of course. 
The autotopisms of the other algebras are not hard to find given the results 
obtained for the division algebras, so they will be obtained as objects of 
algebraic interest. If any should be shown to be division algebras (unlikely!) 
then some more new planes and their collineation groups will have already 
been computed. 

li Q, P, U are three non-singular linear transformations of Q over 
GF (p), then y(Q,P,U) will be said to be an autotopism of Q if 


(16) Pligg = LU 
for all z in 9. The multiplication of two autotopisms is defined by 
(17) y (Q, P, U) y (Qu Pa, Us) = (QQ: PP, UU). 
We begin our examination of the autotopism group with the following 


Lemma. Let Q be any algebra with a unit. Then a is an element of 
the middle nucleus of Q if and only tf for every z in Q 


(18) | Lighg=m Ly 


for some y m Q. 
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Proof. The element a is in the middle nucleus of Q if and only if 
LaLa = Lgoa for all z in Q. But if LaLa == Ly, then 1(LeL,) =al,—2°a 
— LL; = y. i 

If we set z= 1 in (16), we get PLig==U, so that we can write 


(19) l Plig = LP Lag. 
This can be further rewritten 
(20) PL, = LsgaP Lig. 
Now, in (20), let z==1Q ca for a in the middle nucleus of Q.. Then we get 


(21) P Lagoa = Log 00) Q3P lng = PLialig 


or 
Pigeon Dunoon. 


For any z in Q, we can write 

(22) PLala = Placa = Lago aq Le = Liao oP Lig = Log 0a) ¢-*Leg PL 
This yields 

(23) Di(aoa) qt = Dig o ajgtEag, 


for all z in Q, so by the lemma, we know that (1Q°0a)Q~> is in the middle 
nucleus whenever a is in the middle nucleus. From (21), then, we know 
that for any a in the middle nucleus, there is an element c in the middle 
nucleus such that 


(24) PL,=L,P. 


With this result, we can study the form of the transformation P in the 
case of interest to us, namely where N, == Nn == K. From this point on, we 
will always assume that we are working with an algebra Nen, g satisfying this 
condition. Write 


(25) P = (Hy) ; i, j= 1,2, n 
where every Hy is a linear transformation of K over ŒF (p); i.e., 


(26)  _Hy=B(ao) +TR(a,) +T'R (ay) +++ -+ T*R (ax); a in E. 
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Equation (24), then, can be written 


Ay, s in a | 
i (a8) 
Hm AR Han (a8*-*) 
(27) | 
C Ay, “ Hin 
(c8) 
(cS™1 Ha ceo Hig 


But this is equivalent to the relations 
(28) HyB (a81) == B(cS**) Hy for 1,7 =1,2,---,n 
We quote here the following Lemma (Albert [1], Lemma 2): 


Let H be a linear transformation over GF(p) of K such that HR(a) 
= f(c)H for every c of K where a is in K. Then 


where h is in K and V is an automorphism over GF (p) of K. 


Applying the lemma, we see that (28) implies Hy = UyR (hy) where Uy 
is an automorphism of K and hy an element of K. Setting Hn = FR (ha), 
we immediately see that Uy == V 81-4, or . 


VR(ha:) SVR(hvs)  S?VR(hys) +--+ S**VR(han) 

SV B(Rex) VE(ha3) SVR (hes ) Fe ag fo lidia VR (Ren) 
TEN l , : , 

SAVR (hm) SV R (haa) IVR (hna) -+ + VR(hnn) 


Now, in (19), let z==A_ let 19 = t+ ìta t: H A ies and let 
AQ =A) + Ag, +s + ++ A Ga, and write | 
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. Ao dy mt Anes 
Hig, HS Ty Slana) (a8) +++ (Gy28) 
Hm sw an §(a,9"*) 8(a,8*-*) bust te (aoS**) 
(30) | i 
K Ea Hy, = Hy Uo. aeai tln- 
0 0 1 Oo; : NE (una) >> (Ung) 
l l Hm e Hes a j 
O 0 Goie DN. E(u S) +++ (upS*) 
8 0 0 -:+: QO 


But this is equivalent to 


HyR(as) + HaR (a1) + - -+ HyR (a08) 
A Ag pa R (ana SI )R(8) + H Hanh (ap 0R (8) — AaB (uy) 
+ AysjaR (u8) +: + ++ Haan (uj.8"*) 8 (8) 
for 154n, and i 
HmR (a) +- + -+ Hyp (ay-18**)R(8) — B (8) ER (u) 
+++ +++ B(8)Hink (u9) B (8). 


Notice that if it were known that exactly: one element of the first row of P 
was non-zero, or some has >40, then, for 14k, letting 7 vary from 1. to n, 
we would have 


Hak (apm 8) = Aa, w1 (moan) 2 (uju) == 0 


(31) 


or 
HR (ajm 8?) Ò == H 41 (moan) R (Up 1259") ô == 0 


80 Ra t+1(moan) = Q. 


Continuing, we see that exactly one element in each row or column ts non- 
zero, and the set of all non-zero elements lies on a “transversal”; i. e. 


(32) ha hano’ °°» Pmt £0, all other Ws =0. 


To prove that exactly one element of the first row of P is non-zero, we 
need the following lemma which is a special case of a theorem in a paper of 
Albert. Lemma (Albert [1], p. 213, Theorem 4): 
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Let Q be an algebra and y(Q,P,U) an antotopism of Q. Then the 
mappings i 
z— (xo1P)P" 
a2) z—-> (1Pozr)P 


induce automorphisms of the middle and right nuclei respectively. 

Recall now that the algebras under consideration here all have their 
middle and right nuclei equal (isomorphic) to K. This implies that the two 
sets of all elements of the form {vo°1P} and {1Poz} must be the same, 
where v 1s in K. But if 2+Ac+:-: --+A*12,_,—2, is an element of Q 
such that the sets {coz} and {zoz} are equal where z is in K, and z, z; are 
both non-zero (t < 7) take an element y in K such that yS+34yS8/. Then 


yoz=m + -dta(ySt) +--+ --+- Ate ysi) +- °°, 
‘while 
ZOGem> Atag -pe --+- Meat --, 


for any z in K. So that when the j terms are equal, the i terms cannot be. 
But this cannot happen if z is to commute with the set {z}, 2 in K, so only 
one term of z can be non-zero. But if z=-1P, this implies that there is 
exactly one non-zero term in the first row of P as was asserted. 

Let Geng be the autotopism group of Osn s; and let Hen be the sub- © 
group of autotopisms containing P’s of the form 


VE (hy) 
VR (he) 


(34) P= 


FE (hy) 


As a final result in this section we show that H is a normal subgroup of G. 
For let y(Q, P, U) be in H. Then, for any y(Q:, Pa, U1), 


(35) y (Q, R Ty*)y(Q, i U)y(Qi Fai U) 
= y (QQ Pi? PPa U: +U U,)- 


But we have just seen that P, must be of the form indicated in (82), so Py? 
must be of the form 


(36) hino han’ °°; Ann- £0, all the other h’s—0. 
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Clearly, then 
VE (ky) 
VE (ks) 


PPP = 


VR(kn) 
for some set of ks. Westate this result as a 


Lemma. Let Gans be the autotopism group of Osna, and let Hang be 
the subgroup of autotopisms with P as in (34), then H is normal in G. 


5. &83488,n=m=—2. The first type of algebra we shall explicitly 
study is Osa, s where 888 and n == m —2, 


By Theorem 2, Nsa g is a division algebra (849). The equation to be 
investigated is (16). We will here be interested in the normal subgroup 
_ Hag = H discussed at the end of Section 4. We can therefore write 


(37) eo" vra) (308 (a)) 


k 5(0,8) (ay) w YRO)) (sacs) aa) 


where (zTo-+ À21)Q == a, -+ Aa, and 1Q = u, -4 àu. Observe that, since 
y(I, Rẹ Ba) is an autotopism for all a in K, where R—(° D we can 


examine the subgroup H, of H where ho == 1, and we do so in what follows. 
Multiplying we see that (37) is equivalent to the four equations : 


Qo == (Lo V yuo + (tV )h ð (US) 
Oy = (oV Jua + (V ) hi (U08) l 
hy8(a,8) == (8V) (21V iS) ty + (2V 9yh (u8) 
hı (8) = (8V) (a VS) uy + (2o VS) hi (US). 


(88) 


Substituting the values obtained for a) and a, from the first two equations 
of (38) into the second two equations, we obtain (remembering that 8° == I): 


Sh; (iS) tp — (8V Juo 


(89) (89) hy (hyS) uy = (8V Jun. 
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Clearly, if both uo and u, are non-zero, we quickly obtain the relation ô= 88, 
which contradicts our hypothesis, so we know that, for y(Q,P,U) in Ay, 

1Q = Up OF AU, SINCE to't —0. But PLig==U, and it follows that the sub- 
group H, of H,, containing autotopisms where 


fal OME AZOD, 


is a normal subgroup of index one or two in H;. This normal subgroup is 
completely determined by finding all solutions to the first equation of (39), 


(40) HE mf (h8). 


Things can be made yet simpler by considering the normal subgroup H, of 
H, in which V =I. Then we need solve only 


(41) hy (hS) = 1. 


But if 8? ==1, as assumed, h, (4,8) is the norm of h, (written Ng(hi)), and 
is automatically in F (also, every element of F isa norm). If w is an element 
in K of order q?—-1 (i.e. a generator of the cyclic multiplicative group of 
K) then we need all solutions to 


41’) oD ome | or p(1 + gq) = 0 (mod q?-—1). 
( etg q 


There are 1 -+g solutions to (41^), namely p = 0,1 — q, 2(1—q),---, 40 — q). 
Let A be the autotopism 


(G 2): G te) G aa) 


and B, the autotopism y(Lo, l, Lu). Then the order of A, (0(A)), is 
equal to 1 -+ g and 0(B) =-g?—-1. Together, they generate Hs, and further, 
by direct computation, every element in H, is uniquely expressible in the 
form A‘B!, so o(Hs) == (@°—1)(q +1). Now, there is a smallest power 
of T, say T™, such that (8T™)/è is in F. Since H, is normal in H, and 
H,/H, is isomorphic to a cyclic subgroup of the group generated by T, H: 
is generated by H, and an autotopism 


o—=y( (à; SEE SEE 3)! 


Now C?r/% will be in Hs, and so o(H:) = (qg+1)(q?—1)2r/k. Also H, 
was of index one or two in Hy, and 
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Da=((spay 0)? O a) (ana) 0): 


is in H, but not in H,, therefore A, B, C, and D generate H, whose order is 
(¢-+1)(q?—1)4r/k). Further computation shows that H is generated by 
H, and E =y(I, Eo, Ru), while G is generated, finally by H and 


0 
P=((j a Tat] 
We can therefore finally state 


THEOREM 3. When n= m =?, Gesag 8 generated by the six elements 
A-F listed above, and its order ts (q + 1) (q?-—1)*8r/ky. Also, G is solvable. 


Proof. Everything but the solvability of G has already been explicitly 
shown, and solvability follows from the examination of the sub-normal series 
defined in the determination of the group. Solvability in the case n == 2 has 
also been shown in [3]. 


6. 5458S, n > 2. In this case, as above, we wish to reduce from @s,n,g to 
Hs « s and define H, as the subgroup of H where P is of the form 


y 
VE (hy) 


(42) P == 


VR (ha) 


We can define H, since, as previously, y(I, Ra Ra) is an autotopism for all a 
in K where 
a 


- 


If a àm He e oH Aana = (To + At He AM) QO and uo -+ àt 
Heco -HAU = 1, we can write (16) as: 
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y i F ; Ap paus On 
VB(Iy) ~~ 8(@ps8) ~*~ (an8) 
VR E §(a,8%1) -> (a8) 
(43) 
Lo Bay y i ee 


(Ena 8) © © (an8) | | VR) 


8(2,9%*) i cae (4,8"-7) VE(linn) 8(u,8"-*) ae as ne 


From the first row we see 


t= (20V Jin + ha (21V) (a8) + +t ha(24V) (o8) 


GS Bhs (Zra V) (aS) po +p Dhina aes) (tS), 


for all 1, which proves that Q == U==PI,9. Equating the two entries in the 
second row, first column position, and using (44), we write 


h ô (ana) == (8V) (Ena DV Jo + (2o8V)8 (trad )hy +e +: 
(45) + (Ena SV) (87+) hyd 
we h| (20V 8) (Una) + (iS) (2. V8) (un) +--+: 
+ (Ena VS) (oS) (Apr) J. 


Equating coefficients of the different 2s ((45) must hold for every element 
in Q) we obtain: 
| ha (Uno?) = hy (Ai) (tuna?) 
hs (Un?) — hy (ħal) (tty-39°) 


8) POE — Tea (Prana) (thy v8*) 


(BV) tg — Shy (hna 8) (tig), 
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From the (2, 2) position we write _ 
hy (4,8) = ee Pjan + (ao V) hx (1498) (a SV) had (tin 18?) = 
te e be (ay SV) ohn CS hi { (oV SJUS) - 
T (278) [ (3h) 8] ttn 8) H + + (Ena VS) lha) 8] (u8) }; 
or 
hað (thy 1S?) = (38) hy (h18) (tn?) 


hað (tn-28°) = (88) ha (ha) (Un-25*) 
(41) | 


(37) uy = (88) ha (Fin a8) (118°). 
In general, in the (2,7) position for 1>2, we obtain from equating the 
coefficients of (z8), 
(48) hatis 49? = n (M8) (14-28). 
Using (48) and the first equation of (46) we now have proven the following 
LEMMA. If any u40, istn—1, then h= h (h8). 


Assume now that un: £0. The (2, n— 1) position yields (after equating 
the coefficients of (a%-.S)), 


(49) hy (Ane) (88) = Ay18 
or, transforming (49) by S, 
(49°) (AS) (An-28”) (887) = (Ans) (89). 

The coefficient of (2,.S9V) in the (2,) position gives 
(50) ha (hy) (8S) (Un) = (87) Una, 
while the coefficient of (24.,9*V) in the (8,n) position gives 
(51) ħa (hn-aS*) (897) (Un-19) me (SV) Una: 


But (49) and (50) imply h: (h8) (Ayo?) (t4n-18") (887) = (SF Juna which, 
together with (51) gives hgomh,(hi8). But this last equation, together with 
the first equation of (47) gives $==88, which contradicts our hypothesis in 
this section. We know, then, that up. 0. 

We now turn to the coefficients of (7,97V) in the (3,4) position, and 
find, for all 754n—1, that we get ) 


(52) hy (u8?) = (4,87) ho (8°), 
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which, together with the previous lemma proves that if any u;5<0 for 751, 
we can write hz ==h,(h,S) (h,S?). Continuing, we look at the coefficient of 
(2,S*"V) in the (#,1) position, k = n— 1, and obtain 
(53) hy, = hy (hD). 
But under the induction assumption, namely that hz, = hih): © + (haè), 
(53) implies that 
(54) hy == hy (h8) > > > (bh 8**). 
Now, (54), together with (47) implies that if u,;540, for any 7 == 2,3,-- -, 
n-—2, then 6= 88, which is a contradiction. To date, then, we know that 
u;= 0, when 7 > 1. 

As a final computation, we propose to show that u, = 0. The coefficient 
of (2,2S7V) in the (8,2) position gives 
(55) (8V) uy = hað (An oS?) (t8"), 
but, by (54), we can rewrite (55) as 

(8V ) tu, == 8 (u, 8") hy (AS) - - + (,S8**). 
Rewriting the last equation of (47) as 
(8V)u, = (88) ha (A8) > + + (h8) (u8*), 


and examining the two equations, we obtain == 8S, a contradiction, unless 
u,=0. We sum up all the consequences so far derived as follows: 


THEOREM 4. Let Qang be an algebra where 8548S and tf n—m, 8 
lies in no proper subfield of K, let y(Q,P,U) be an autotopism, and let 


1Q =u + Aty be At Un, then w=" > = Us == 0; also, tf 
Vy | 
VE (Ay) 0 
Past" 7 
VE (hn) 


then hy = h (W8) -© © (hyS*2). 


At this point, we introduce the following notation ; if Qan,9 is the algebra 
under consideration, let 


(56) Ng (x) =e (28) >- + (287) 
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for any vin K. The function Ng(z), is a norm-like function, and if n = m, 
Ng(z) will be exactly the norm of 2 with respect to the subfield F. This 
function will appear often in what follows. 

Using Theorem 4, we can rewrite equation (16) as follows: 


? 
VR(h) 


| ti 


VR(b) 
(57) 
VR(u) 
VE(h)R(u8) 


cre Drage tan 


VR(uS™) R(b) 


where b==h(hS)- + - (hS*-*), and where q == (4V)A(hS)- <- (hS*+*) (ust) 
if t> 1, and &o == (2V ju, a, = (2, V} (u8)h. Equating the (4,1) positions 
of both sides, we obtain 


(58) h(hS)+ + - (h84) (a81) 
m= (2867 V) (u8 (RS) > o (AS**) 


which is an identity. If1< j, the (1,7) position yields 
(59) A(hS)+ + - (RS) (aat) = (ay.VS**)A(AS) > - + (hS!-*) (u81), 
which is also an identity. Finally, if «> j, we obtain 


h(hS) + > + (h92) (any aSi-4)8 


(60) == (SV) (Enga VS) -h(RS) + + + (hGS-*) (ugi), 


or 
(60°) 8h(hS)- + + (hS**4-?) (ugt) == (8V)A(AS)- + + (ASI?) (uSi-), 
or 


(60”) T [Mra] 


This last equation must hold for every j < n— 1, and we restate it as two 
conditions: 
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ôy us” 
a) 7 sy (Nal), 
Sy 8V 
b) Es s=. 


At this point, we must distinguish between the cases n—m and m >n. 
In the case n= m, uS"/u—=1 for all u in K, and [Ns(h)]S =— Ng (h) for 
all h in K, so we must solve 


(61) 1 — Ng (h) 


for some A in K, or alternatively, 8V /8 must be in F. Let H, be the normal 
subgroup of H., where V =I. Then H, has two generators, 


1 1 
k k 


Å, =y 


k(kS)+ + (E9) k(kS)- + - (kS*-?) 


1 


k(kS) + (bn?) 


where k = w, œ primitive, so that k generates the elements of norm 1 in E, 
and 


By, = y (Lo, I, Lo). 


Clearly, A,B, = B,4A,, and 


"—1 
OA) a a R S 


80, 
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. Now, H, is generated by H, and an element 


7 | 7 
VR (hY VR(h) 


Cı =y , P 2 . d 


VR(c)). | VRC) 


y 
VR (hy) 


VR(c) 


(chy (h8): + + (h8**)) where V: ca is the least power of p on 
the property that 66-1 isin F, and where 





aha). 
We know, then, that l 
nr (q*—1 Aon 
(a) =F a 
Also, Hens is generated im H, and D, == y(I, Ry, Ry), as above, so 
nr _(g?—1)! 
Oe ko (¢—1) 


Finally, Gesn s is generated by H and E, ==y(Ln, S, En) whose powers are 
seen to give all n cosets where 


O--: 0 VR(hu) 0 <. Q 


0 ee 0 A 0 V Rhos) PA es W 0 
P . . u š 
-© VE(has-1) 0 0 Lea 


so that we can finally state the following 


THEOREM 5. Let n= m > 2, and choose § so that tt lies in no subfield 
of K. Then, Osn s is a division algebra whose autotopism group is generated 
by the element A,—H, above. The autotopism group is solvable and has 
order 
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nr ee 
ko  q--i 


Proof. Every statement has already been shown except the solvability 
of G which follows from the construction of the group as in the case n= m = 2. 

The case where m >n is somewhat different since, in (60), we have 
neither uS"==u, nor Ng(h) in F, in general. In this case, let H, be the 
normal subgroup of H, where V ==. Then we need solve 


(61) en ` Ng(h) =1. 

To begin with, let w generate the cycle multiplicative group of K. Let u == «#, 
Then (60) asks for all solutions to the equation 

(62) | Ng(h) mez g-an), 

If h =w”, (62) is equivalent to 


wo” (wo) > + + (WPD) m gt, 
or 


(63) vI +g+: + ++ 9g") ==p(1— g") mod(g™—1). 


Let v == „(1 — q), and y gives a solution, Therefore, for any u, there is an 
autotopism in H, such that 10 =~u-+A-0+---+"":0. H, then, is 
generated by 


k(kS) -- (82) k(kS) +++ (kS-*) 


1 
k 


b(kS) --- (kS*2) 


where k generates the cyclic subgroup of the multiplicative group of elements 
z such that Ng(z) —1, and 
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B= y ; Le, . Í $ 


h- ++ (h82) he» + (h§-?) 
1 


he.’ (hS*?) 


where h==w/w%. The order of A, depends on the relationship between n and 
m, and must divide g™—-1. Let o(4:) =t. Then o(H3) =t(g"—1). 
Also, H, is generated by H, and 


Cg m y V . . La, 


Les: (182) 


1 1 
l L 


lees (LS*-?) l e. (1894) 
where V: z—> z is the smallest power of T such that 8V/8 satisfies con- 
ditions (a) and (b) following (60”) and where (60”) is satisfied by letting 
ot = u and l= h. The order of H, is o (Ha): (mr/ko) = (tmr/ko) (g™—1). 
Finally Hens is generated by H, and 

D: =y (I, Ro, Ro). 
We will now prove that when nm, Hime = Gane, and be finished with 


this case. 


Lemma. If m>n and y(Q,P,U) is an autotopism of Oana, then P is 
of the form 
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VR (ho) 
VE (hy) 


Aa 


VR (hna) 


Proof. In equations (31), if we interpret the Hijs as in (29), then 
for all ts4n, we get hin (a;8"+) —0 for all j. But since some a;540, this 
shows that han540. This completes the proof of the lemma. 


We have, then, 


Trrorem 6. Let n> 2, mn and let & be such that 85488. Then 
Gong 18 generated by A,-—D, above, has order t(mr/ky) (q™-——1)?, and i 
solvable. 


7. &G—8S,. In order to be able to use Theorem 1 in this case, we must 
"restrict ourselves to the condition ms&n(S==8S). Some of these algebras 
might be division algebras, but whether they are or not, their autotopism 
groups will be determined here as of general algebraic interest. 

Since the right and middle nuclei are both of the form 


to tH A- 0-H > -+A?-0, 

all z, in K, our previous assertions about the nature of the transformation P 
still hold. Notice that the lemma preceding Theorem 6 was proved inde- 
pendently of any properties of 6, and is therefore true in the case under 
consideration here also, so H = Œ. If we define H, to be the subgroup 
Gg satisfying (42), then H, is determined by the solution of equations (43) 
and (44). Let H, be the normal subgroup of H, in which V eI, and we 
will solve (48) where V == I. 

The first step will be to show that 


hy—h(RS) ~~ + (RSE) 


is Implied by any u; being non-zero. To see this, observe that the coefficients 
of (2,VS**) in the (k,t) position imply the same results for w,., as for all 
the other wps when 6= 88. 
In the (1,7) position where +3 j, (43) gives 
hya (apai) =m È (Epp JU 
(64) + hað (Eria) S (U28) 
tt H hpa (EnD) (U8) 
F Shy (Ent) (Unat) a0 + 
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where the subscripts are all reduced modulo n. But 


yg m To the 4 F hata (pad) +: i 
F hig gop (USI) Shp ter Ept (Una) +: - 


and since 6S = 8, the 8’s exactly cancel when a,4 is transformed by S**, and 
multiplied by fı, and when the coefficients of 2,S** are equated. For the 
coefficient of (tp+4.5'1), we obtain 


(65) hia (Amri) (Upp) eee (tp gS?) Pager 


if k—t < 0, and 
Pgs (het) (Upri) = (Upp) hpi 


if k—1=20. This latter is an indentity, since 
hram h (h8) + + (hS***), Bo (gett) == (ASH) (hE). 


In the previous case, though, we obtain 


440% 1 
ee == (ASE) (AS*)- - (hga), 
which is the equation 


(66) gage Nal) 


operated on by S*4, If +> j, the s are also seen to cancel out, and the 
same equations are arrived at. What we have demonstrated, then, is the 





following 


Lemma. Let §=85,ns4m,and V =I. Then equation (43) ts satisfied 
by 1Q = u, + Aur fe AM tee and Ay h(hS)- + e hK), ho=1, of 
and only if 
(67) ty == N g (h) (wS") 
for all 4. 
| Now, if w40, w40, we have Upi == upt, or Uj=m ty’ u where 
pre wet, Also, if w540, h=: y where Ng(v) ==1 gives all solutions 
for A. The number of solutions p of pte" mm 1 is g’")—1, The number of 
solutions y of Ng(v) =1 depends on p, n, and m, and these solutions form a 
cyclic subgroup of order ¢|(g™-—-1), and are generated by ». Now, for any 
k, l= k&n, there are t0,"(g™—1) (q’™ —1)** autotopisms in H, with 
exactly k non-zero u/s, and hence, the order of H, is 


£(qg™—1) $ (g — 1) E104", 
keL 
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where C+" is the number of ways of choosing k distinct objects from n, with 
no regard to order. The. group H, is generated by H: and a solution of (43) 
using the smallest power of T, say 7%, used in any autotopism of G. Finally, 
Gmg is generated by H, and the autotopism mG Ru, Ru), so that we have 
proved the following 


THEOREM 7. In the case n&m, ô= òS, the autotoptsm group, Gs2,g 
ts of order 


(tmn/k) (gh—1)? $ (gi —1)**0y", 


8. Isomorphic and isotopic algebras. The next topic to be discussed 
is the quesion of isomorphism between two algebras. Oss will be said to be 
tsomorphic to Oen,g if there is a non-singular linear map V of Q3->Q, such 
that (coy)V==2V *yV, for any z, y in Os, where o is the product operation 
In Qs and *, in Qe We can prove the following. 


THEOREM 8. Suppose n&m or if n == m, netther § nor e les in a proper 
subfield of K, then O3 18 womorphic with Q. if and only tf there ts an auto- 
morphism A, of K and an element h of K such that 


(68) (84) =h (h8) + - (hS**)e 
and, tf n2, . 
hS* = h. 


Proof. Observe first that if Qs and Q, are isomorphic, then by Theorem 1, 
the right. and middle nuclei of both algebras are isomorphic, and are all 
elements of the form 2-+A-0-+-: - --+-A*"-0. Clearly, the isomorphism V 
must map the right nucleus of Qs onto the right nucleus of Q. and can be 
considered an automorphism, A, of K when acting on elements of the nucleus. 
Let Qen, g be generated by K and the element Ao, Where àp” == c, and let 


(69) AV = do + Act He Ag May. 


Then, for z in K, (td) V = (zA) * (do + Ad + + + Ag" tar) = (A(28))V 
— (AV) + (284) = (a + ota +e + + Aana) t (2S4). But if a,540 the 
Ao* term gives z9A —aS*d for all z in K which is impossible unless k = 1, 
hence V: A— àh. -Now, V is an automorphism, so we know that MV = (AV) 
= (ào)? == àth (A8) > - - (AS**), and 


APY om Ao"h (A8) © © + (h8) = eh (h8) + > (hA) — 8A. 
Unless n= 2, | 
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(x020 A2) V — [ro th(hS) + - (h82) ] = [ath (AS) ] 
| — Moeh (h3) (HS)? > < (h3) — (A8) V = Aoh (84) 
— \gheh (hayet (hB) 


which implies k= AS". Notice that when m==n, 5” — I and this last con- 
dition is automatically satisfied. On the other hand if A is an automorphism 
of K such that 84A =eh(h8)- - + (AS**) and hO” =h (if n>2), then 
define V: z— gA for z in K, and V: A> oh, At — Aoh (h8): + > (AS**), 
V: Atz— (A'V) (2A). To show that V is an isomorphism, we need only 
verify that (Ata,) V + (Alz) V = [ (Atay) ° (Atz;)] V. But (Atay) V =atV (aA) 
== doh (AS) - + (hS**) (244), 80 


(Ala) V» (A924) V mm AtA (hS) (8%) > © + (RSH) (2814A) (aA ) 
if +-+j<n, in which case 

[ (Atay) © (Ady) ]V = dol! (281A) (ay) (BS) - + (RSH), 
Ifi++j>n, we have | 


dottd-"h (h9) (h32) © ©- (h81) (1481) (24A )e 
= Atih (AS) > > + (hOn) (1AB!) (ay) eh (BS) - - - (h8). 


This equality holds if and only if 
(RS) - - + (BHIn) m (AS) (ASt) < + - (ASH), 


which is true if AS"==A as assumed. If i+j—n, we get the condition 
A = eh(hS): + +> (bS"-*) which was assumed. The case n==2 has been 
discussed by Albert [1] and we do not include the proof here. 
- Finally, we come to the question of isotopy beween the division algebras 
of Theorem 2. 
Two algebras 03,,9 and Qen, g are said to be tsotoptc if there are three 
non-singular linear mappings of Qes, g onto Ozas, Q, P, U, such that 


(70) PLeg = LU, 


where Ls is left multiplication in Qas, and L'e, in Oee,g. The geometrical 
interest in isotopy between algebras is due to the well-known theorem (Albert 
[2],. Theorem 6) asserting that two division algebras coordinatize isomorphic 
projective planes tf and only tf the algebras are isotopic. The investigations 
in this section will allow us to prove: 


THEOREM 9. Lei n= m, and let § and e be two elements of K, neither 
of which les in any proper subfield of K. Then Osng and Qen g are isotopic 
tf and only tf they are tsomorphic. 
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Notice that the argument concerning the form of P given in Section 4 
‘is applicable in this case also, and, multplying the isotopism by an appropriate 
autotomsm of Ons, We can assume that P is of the form 


y 
VE(h,) 


VE (hr) 


We can rewrite (70), then as 
V Bo oe ew yy 
VE (Ay) Ò (an5) >> (an8) 
VR (hn) S(a,9%) -e (a8) 
(70") 
Lo ee Uo ee Masi 
e(fnaS) +++ (Eng) B(tnaS) e (Uns) 
i r ; ; 
e(z, 8) Sou a (2 5*-*) §(u,S**) a ae (uoS**) 


where 10 = up + Au, +: e ++ A" uy. To begin with, if n= 2, then (70) 
can be written 

y 0 do hy 
0 reny) a (aay) 


= (Es) es) Y vR) Ga (at) 


which is equivalent to the equations 
‘ho = (Lo V) to -+ (2, ) hò (4,8) 
d= (oV Jta + (24V )h (up 8) 
hò (aa) = (eV) (218V ) uy + (2o89 Vh (u8) 
h (a08) = (eV) (218V Jtn + (T08 V )h (ud). 
These yield the equations (remember 6°? = I): 
P (eV) up = h (h8) Suo 
R) (eV Ju, = h (A3) (88) te, 
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Since either uo or u, must be non-zero, (71) implies the conditions of Theorem 
8, and hence the truth of the theorem for n— 2. 

Tf n> 2, the same argument used above (i.e. using the (2,n—1), 
(2,7), and (3,7) positions) shows that ts: =0. But looking at the coeffi- 
cients of (2,8*V) in the (k-+-1,1) positions shows, also as above, that 


hy =h (h8) + > (h85) 
holds. 


To prove Theorem 9, if any u,540 for +40, or n—1, the (n,n) position 
of (70) yields 


hni (o8) = (eY) (2V E) hy (ne) H: 
t (eV) (En VOE) hu- (U18) + (Eo VS) hns (U8). 


But equating the coefficients of q, for +40, 1, we obtain the equality (since 
8” =n I) 
hg- (AyS"*) (890) = (eV) hia. 


But An- (A9) = Ng (h) + hes, 80 we have (eV) —Ng(h) (88%), and trans- 
forming by S, we get (eV 8) == Ng(h)8. If u40, the (n—1) position gives, 
hni (0a ®t) mm (eV) tio (28V) +--+, and equating the coefficients of 
(2,8"'1V), we obtain hy.8(hS*") == (eV), or 


(eV) == 8Ng(h). 


In either case, the conditions of Theorem 8 are satisfied, completing the 
proof of Theorem 9. 
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THE FIRST AND SECOND FUNDAMENTAL THEOREMS 
OF LIE FOR LIE PSEUDO GROUPS.* 


By A. M. RODRIGUES. 


Introduction. In this paper we prove two theorems (Theorems 3.1 and 
3.2) which establish a one to one correspondence between regular Lie pseudo 
groups acting on M (see Definition 2.4) and certain sheaves of germs of local 
vector fields of Af. This correspondence seems to play for Lie pseudo groups 
a similar role’ to the correspondence between. Lie groups and Lie algebras. 
The local form of these theorems were in essence already known to S. Lie [6]. 
Making use of the theory of jets of C..Ehresmann the author proves these 
theorems in a global form and under hypotheses which appear to be the most 
natural ones; in particular, no assumption of analyticity is made throughout 
this paper. At the same time some natural questions concerning the relation- 
ship between the pseudo group and vector fields defined by one parameter 
local groups belonging to the pseudo group are clarified. For the definition 
and basic facts about jets we refer the reader to [2]. 

In Section 4 it is shown that, under very mild hypotheses, the PA 
tion of a Lie pseudo group is again a Lie pseudo group. This is used in 
Section 5 to derive the equations of structure of E. Cartan [1] for some 
prolongation of the pseudo group. In this paragraph we follow closely the 
approach of M. Kuranishi ([4], Chapter IV). | 

The writer had his attention called to the infinitesimal pseudo group 
(see Definition 8.1) attached to a Lie pseudo group, by a recent paper of P. 
Libermann [5]. Some of the ideas of that paper are used here freely. 

The author wishes to express his grateful thanks to Professors M. 
Kuranishi and D. C. Spencer for many valuable discussions on the subject 
of this paper. | 


1. Extensions of a vector field. Let M be a connected differentiable. 
manifold of class O” t and of dimension n. A local diffeomorphism f of M is 
a diffeomorphism from an open set of M onto an open set of M; we shall 
denote by U(f) and V(f) respectively. the domain and the range of f. Let 
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+ All differentiable manifolds and differentiable maps considered in this paper are 
assumed to be of class 07, 
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j° (M) be the manifold of all s-jets of local diffeomorphisms of M and denote 
by a: 78(M)—>M and £: 7#(M)— YM the projections which map each jet 
A € 78(M) respectively into its source a(X) and target B(X). 

The s-jet of a local diffeomorphism at the point r€ U(f) will be denoted 
by j.*f or simply j*f whenever the source of the jet is clearly determined by 
the context. Given two coordinate neighborhoods U and V in M with coordi- 
nates (z},--+,2*) and (y,---,y") we define a system of coordinates in 

(aX 8) (U X V)C (M) in the following way: For any s-jet 


XE (aK B) (U XV) let fam (> yy (at,- > +, 4"),° + *) 


1 1, * -+ f, be a local diffeomorphism of M such that X =j,,*f then, the 
coordinates of X are (Tot, y!(',- © +, 20"), Pw nh L Svs, 1S pen, 


where ;,° ° *4, is the partial derivative 
(Tot, + + ,@o™) (see [2]). | 

By a local vector field @ defined in the open set U C M we shall under- 
stand a local cross section of M into its tangent bundle T(M), defined over 
U; we shall use the functional notation @(z) to denote the value of the 
vector field © at the point se U. The s-jet of source x of the cross section 
©: U->T(M) will be denoted by 7,°@. 4,°@ is an element of the vector space 
T.’ of all s-jets at x of local vector fields defined in a neighborhood of x€ M. 
Let f; be the one parameter local group of local transformations defined by ©; 
then we define the extension f;* of f; by the formula f,*(X) = 7*f,0X; 
fi" is clearly a one parameter local group acting on B?(U). 


$ | 
on oa computed at the point 


Definition 1.1. The s-th prolongation ®* of @ is the vector field defined 
in 8"(U) by the one parameter local group fe. 

Given z€ M let A(z) be the submanifold of 7#(M) of all jets whose 
source is s; A(s) == a@74(2). From Definition 1.1 it is clear that the vector 
@*(X) is tangent to A (a(X)) for every X € p (U). | 

For each ZE jt (M) let R(Z):A(a(Z))—>A(B(Z)) be the map defined 
by R(Z) (X) = XoZ+, H(Z) isa diffeomorphism of A(a(Z)) onto A(8(Z)). 

~ Proposition 1.1. Let XER (U) and ZE 4*(M) be two jets such that 
a(X) =m a(Z) then, 
B(Z)_(O°(X)) = @*(R(Z) (X)), 


where R(Z) indicates the map induced by R(Z) on tangent vectors. 


Proof. @*(X) and @*(R(Z) (X)) are respectively the tangent vectors at 
t = 0 to the parametrized curves j#f;0 X and j*f;o (X oZ). The proposition 
follows from the equation R(Z) (7*f;0X) —j*f,o (XZ). 


LIE PSEUDO GROUPS. 267 


Let I*(x), or simply I(x) when there 13 no possibility of nue denote 
the s-jet at z€ M of the identity map of M. 


PROPOSITION 1.2. If ©, and ©, are two local vector fields defined in the 
open set U C M such that j,°@, = j0: then.@,*(I(x)) = @,*(1(2)). 


Proof. Let (21,- - +,2") be a system of coordinates defined in a neighbor- 
hood V C U of z and consider the system of coordinates 


(z*, eee YY Dia * 4a) 
defined in a neighborhood of I(x) in 7*(M). 


Let 0, = 3 64(2,- a) E be the local expression of @ in the local 
{i 


coordinates (z',---,2") and let fp—(---,f#(at,---+,2%,¢),---) be the 
one parameter local group generated by @,. We have 


f*(a, t) =z + 6*(z,t)t-+ O(t) 


' aft (2, t) ôt ee) 3 
HD 544 POs oe) 

Oft(@,t) _ ___ 06s i!) ? 
pch, -0s Bah, dale’ T O). 


A simple computation shows that the local expression of @,° at the point 
I(x) im the coordinate system (2,4, p) is: 


66* (x) 0 
Bri, - +, day GD gt te 


Se 


(1.1)  @,*(Z(2)) — 302) r age 


Proposition 1.2 follows mare from Formula (1.1). 


PROPOSITION 1.3. If ©, and @, are 2 local vector fields defined in the 
open set U C M and j,°@, = j,°®, for a point rE U then ©, (X) = (X) 
for any jet XC 7*(M) such that B(X) =x. 


Proof. By Proposition 1.1 and 1:2 we have, 
01° (X) — 0, (R(X) (8(X))) =R (X=) +8: (I (8(X))) 
= R (X>) 8, (I(8(X))) = 9+ (X). 
For any X € j (M) let Ty be the tangent space of the manifold A (a (X) ) 
at the point X. It follows from Proposition 1.3 that for any X € j*(M) there 


exists a natural map A*(X): T%gx) >Tx. Given a vector r€ 7%g,x) and a 
local vector field @ such that 7,°® =r then 
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A(X) (r) = 89(X). 


Proposition 1.4. A*(R(Z)(X)) = B(Z) yg OA (X) for any X, Z € 7#(M) 
with a(X) —a(Z). 


Proof. Proposition 1.4 follows from the definition of the map A(X) 
and from Proposition 1.1. 


Proposition 1.5. A(X) is a linear isomorphism of Tgm onto Tx. 


Proof. By Proposition 1.4 it suffices to consider the case X =a I (x) for 
any rE M. Keeping the notation as in Proposition 1.2, the components of 
the vector 7,°®, with relation to the natural basis defined in 7’,* by the system 

i } 
of coordinates (a1,+ + +,a*) are (2), LSisn, 15S, 
wy’ Ty Oa” 
l& j&i n. This together with Formula (1.1) shows that \*(J(z)) is an 
injective linear map. To show that A*(/(z) ) maps Ts’ onto Tiie), i rE Tiria) 
a 
By.’ OD ty ‘dp 
of I(x), and let 6‘(z)i==1,- - -,n, be n functions. defined in a neighborhood 
of vE M such that the value of t(x) at the point s is rt and moreover 
64 (x) 
0253, mrs ĝt” 


be a vector with components rt, tfj,- with relation to the bi 


wm 74, ... 1, the partial derivatives being computed at z. If @, is 
ge 
the vector field POPA then, by formula (1), @,*(1(2)) ==r. 
We shall often denote A*(7(z)) simply by A(T). 


PRoposivTion 1.6. If @, and ®, are two vector fields defined in the open 
set U CM then, . 
[ ®,, @, | 3 — [0:8, ®,° | . 


Proof. Let fe and g, be respectively the one parameter local group 
generated by @, and ®,. Since 


[01 8:] = lim (©:—fr(@,)), [% p. 8], 
we have for any ¥ € p7 (U), 
[@1, 82] (X) =A (X) (J's [8 O2]) 
== A(X) (J'e) ( lim 1 (@, —frOz) ) ) 
t 


= A(X) ( lim F (7*8(x)@2— * ax) (fre®2))) 


LIE PSEUDO GROUPS. 269 


= lim A(Z) (j*p¢2)®2) —A(X) (j'a (fe@a))) 
—lim = (0x (X) — (fe®2)*(X)). 


But for a fixed t, f;-@, is the vector field generated by the one parameter group 
(the parameter is u) fguf! [7, p. 7]; then, (f@.)* is the vector field 
generated by (fi O Ju ° frt) 8 om f: Èo Gau? 2 fe”. Therefore (fi+@a) ‘= (f:°) AOP 
and 


[0n ©,]*(X) — lim [01 (X) — (fet) x0: (X)] = [0:°, 0,°] (X). 


2. Lie pseudo groups. Given two local homeomorphisms of f, g of M, 
we say that fog is defined if V (g) CU(f). 


Definition 2.1. A pseudo group operating in M is a set T of local 
diffeomorphisms of M such that: 


1) Iff,gET and fog is defined then fogErT 
2) Jt fer then PET 
8) The identity map of M is in T. 


Let 7*(I') be the set of all s-jets of elements of I. 


Definition 2.2. T is a Lie pseudo group acting on M if there exists an 
integer s = 0, called the order of T, such that: 


1) There exists a structure of differentiable manifold in j#(T) which 
makes 7*(I‘) a submanifold of 7#(M). 

2) A local diffeomorphism f of M is in T if and only if fef E 75(T) 
for all ee U(f). 


Consider a family U, of open sets of M and pat U==(JU;; from 
Definition 2.2 it is clear that a local diffeomorphism f defined in U is in the 
Lie pseudo group T if and only if the restriction of f to each U; is in T. 

Let T be a Lie pseudo group acting on M. For vEM put A’(z) 
= Á (z) NJ’ (r). We shall use the same notation for the map a and for its 
restriction to 78(T). 


PROPOSITION 2.1. A’(x) is a submanifold regularly imbedded tn 7°(T) 
and the dimension of A’ (x) is independent of zE M. 


Proof. It suffices to show. that the restriction of the map « to j? (T) is 
of maximal rank at every point of j: (T). Take X€ j! (T) and put a —a(X); 
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let FET be such that jeff==¥. The map o: U(f)—>j'(T) defined by 
o(x) —j,*f is a cross section with respect to a and e(z) =X. This proves 
that a is of maximal rank at. x. l 


Since T maps a and g are of maximal rank at evéry point of j: (T) 
and since the map (X, Y) —> X o Y is differentiable, as can be readily proved, 
J? (T) is a differentiable groupoid in the sense of [3]. 


Definition 2.3. A vector field ®© defined in an open set UCM isar . 
vector field if the transformations ‘f; of the one parameter local group 
generated by © belong to T for every t. 


PROPOSITION 2.2. A necessary and suffictent condition for ® to be a T 
vector field ts that the restriction of ®©! to j8 (T) is tangent to 7°(T). 


Proof. From the definition of ®* it is clear that the condition is necessary. 
Conversely, if X€ j'(T) and the parametrized curve j*f,oX is tangent to 
7*(T) at each of its points then, j*g;x)f:€ 7#(I') for all ¢ and therefore f,€ I. 


PROPOSITION 2.3. If ©, and @, are T vector fields defined in the open 
set U ee M then, for any constants a, Ge, %0,-+ 4,0, and [®,,@,] are T 
vector fields. : 


Proof. Proposition 2.38 follows immediately from Propositions 1.6 
and 2.2. 


We shall denote by ®(T) the sheaf over M of germs of I-vector fields; 
by Proposition 2:3 @(T) is a sheaf of Lie oon Let j.°@(T) be the set 
of all s-jets of source z of T vector fields. 


PROPOSITION 2.4. A necessary and suffictent condition for a vector field 
© defined in the open set. U C M to be aT vector field is that j,2@€ ee) 
for all zeU. 


Proof. The condition is obviously necessary. Conversely if 7,2@ € j,*O(L) 
for all z€ U then, by Propositions 1.2 and 2.2, @°(I(X)) is tangent to j*(L). 
By Proposition 1.1 @* is tangent to j#(T) at‘all points where it is defined 
and therefore, by Proposition 2.2, @ is a I-vector field. 


By Proposition 2.2, for XE 7T), X (X) maps itgin (T) into the 
tangent space T”x of the manifold A’(a(X)) at the point XY. ` 


Definition 2.4. T is a regular Lie pseudo group of order s if A*(1) 
. maps 7*g(x)@(I') onto Z’x for every X € j? (T)... 
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Clearly, for T to be a regular Lie pseudo group it suffices that A*(I(2z)) 
maps je°®(I') onto Træ) for every ve M. | 

Given a Lie subgroup G of GL(n, R), let T be the pseudo group of all 
local diffeomorphisms f of R” whose Jacobian matrices at each point v€ U(f) 
is in G. T is a Lie pseudo group of order 1 and it can be easily proved that 
T is regular. 

We want now to show that the Lie pseudo groups considered by Kuranishi 
[4] are always regular, although this result shall not be used in the remaining 
of the paper. First, we give a slightly different definition of the prolongation 
of a vector field and show that it is equivalent to Definifion 1.1. 

Let ¢ be a one parameter family of diffeomorphisms of M, satisfying 
the following conditions: 1) The domain of each transformation ¢; contains 
the open set U C M. 2) ¢; is defined for t varying in an open interval con- 
taining the origin of the real line. 3) ¢; depends differentiably on t. 4) qo 
is the identity map of U. The family ¢; generates a vector field © defined 
in U in the following way: For z€ U, @(x) is the tangent vector at 2 of the 
parametrized curve t~> ¢;(z). We now define the extension ©! of @ as the 
vector field defined in B6*(U)C 7#(M) by putting, for each XE B*(U), 
(X) == tangent vector at X of the parametrized curve t> j%g,x)b:0X. 
It is easy to verify that the extension @* does not depend on the choice of 
the family ¢; that generates ®© and, in particular, if we use in place of œi 
the one parameter local group fi generated by @ we see that @*— ©», 


Proposition 2.6. Let T be a Ine pseudo group. If dy belongs to T 
for every t then © is a T vector feld. 


Proof. By the definition of ©!, its restriction to j'(T) is tangent to 
7°(T) ; since © = @*, by Proposition 2.2 © is a T vector field. 


Now we assume that M is a real analytic manifold and that the elements 
of T are bi-analytic maps; we say in this case that T is an analytic Lie pseudo 
. group. Let p be the projection into the first factor of the product Jf X M 
and lef 74(Af X Af, M,p) denote the set of all s-jets of local cross sections, 
with respect to the projection p, of M into M X M. Denote by k: 7*(L) 
— j*(M X M, M, p) the map defined in the following way: Given FE T, k (jaf) 
is the s-jet of source g, of the cross section > (2,f(x)). Clearly k is an 
injection map; put F == k(38(T)). 


Definition 2.5. The analytic Lie pseudo group I is involutive if the 
partial differential equation F C 78(M X M,M,p) is in involution at every 
integral point, in the sense of [4]. 
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PROPOSITION 2.6. An involutive Ine pseudo group is regular. 


Proof. Take a vector r€ Tra) and let y(t) be an analytic parametrized 
curve contained in A’(xr) whose tangent vector at I (s) is r. By the theorem 
of the analytic dependence on the initial conditions of the solutions of a 
partial differential equation which is in involution there exists an analytic 
family ¢: of bi-analytic local maps of M into M such that: 1) €T for 
every t; 2) The parametrized curves y(t) and t—>4,%d; are equal. 3) For 
every t, ¢; is defined in a set containing a fixed open neighborhood U of z and 
ġo is the identity map of U. Let © be the vector field generated by œ+; by 
Proposition 2.5 @ is a T vector field and by construction A(z)(j,*@) = O° (I(s)) 
— ©*(I(r)) = 7 therefore, T is regular. 


3. Infinitesimal Lie pseudo groups. 


Definition 3.1. An infinitesimal Lie pseudo group #, acting on the 
differentiable manifold M, is a sheaf of germs of local vector fields of M 
satisfying the conditions: 


1) If ©, and ®, are sections of E over the open set U C M then, for 
any real numbers @,, a, 4,8, + &s®: and [@1, @,] are also sections of ZL. 


2) Denote by 7.°# the vector space of s-jets of source x of sections of E 
defined in a neighborhood of z. Condition 2) says that there exists an s = 0 
such that a vector field © defined in the open set U C M is a section of E if 
and only if 7,°@ € ja’ E for every z€ U. 


3) The dimension of the vector space j.°H is independent of s€ M. | 


The integer s is called the order of Æ. 
We proved in Section 2 that if T is a regular Lie pseudo group then 


the sheaf @(T) has properties 1), 2) and 3) of Definition 3.1. Therefore, 
we have 


THEOREM 3:1. The sheaf of germs of T vector fields of a ‘regular’ Lie 
pseudo group T ts an infinitesimal Ine pseudo group. 


_ We want now to prove that conversely, given an infinitesimal Lie pseudo 
group Æ there exists a regular Lie pseudo group F such @(T)—ZF#. To 
construct T we define a distribution S in j#(M) in the following way: to each 
point X€ 7*(M) we associate the vector space Sx == A(X) (jf8, EH). By 
condition 3 of Definition 3.1 the dimension of Sx is independent of X €j*(M). 
By Proposition 1.4, R(Z),4Sx = Sez) x) for every Z and X such that 
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. a(Z) =a(X). It is a simple matter to prove that § is- a distribution of 
class C” ; from Proposition 1.6 it follows that S is involutive. 
Let J, be the maximal integral manifold of S which contains I(r) 
and put G == UJ a 
ae i 


PROPOSITION 3.1. If X,Y € G, and X o Y~ is defined, then X o YEG. 


Proof. The map A(Y) sends integral manifolds of S into integral 
manifolds of 8. Since Y€ Jay) and R(Y)(¥)—I(B(Y)) we have 
R(Y) (Jaw) = Jg) Since XE Jay, R(Y)(X) =X YE Fay) and 
therefore Xo Y-*€ Q. 


As a corollary of Proposition 8.1 we have that if X € G then X-*€ G. 

We shall show that G has a natural structure of differentiable manifold 
such that with this structure G is a submanifold of j#(M). Let IC 7*(M) 
be the set of all jets [*(2), re M; I is a submanifold of 7#(M). Given X€ G 
it is possible to find a coordinate neighborhood U of X in j*(#M) coordinates 
(y+: + -yt) and a coordinate neighborhood V of /#(a(X)) with coordinates 
(zt: + +a?) such that: 


1) For all values of the constants at- - -at which are smaller, in 
absolute value, than a fixed number «> 0 the slices y! == a}; > -yf = af, 
T! eg + : qf mat are integral manifolds of S contained in the same maximal 
integral manifold of 8, (see [8], Corollary 1, page 12). 


2) IM V is the set defined by g™! ==" > == g" == 0, 


8) Y(X) =: my (X) = 0, (EX) =: =al) = 0. 
Let WCU be the set of points defined by y” = --=—yi==0. Clearly 
WCG. We take (y1: - -y",y*---yr) as a system of coordinates in W. 
With these systems of coordinates G becomes a submanifold of j#(M) and the 
restriction of the map a to G is everywhere of maximum rank hence, G is a 
differentiable groupoid. 


Let T be the pseudo group of all local diffeomorphisms f of M such that 
jaf € G for all ce U(f). 


PROPOSITION 3.2. There exists a neighborhood U of the set I C G such 
that for every XEU there exists FET, defined in a neighborhood of a(X), 
belonging to a one parameter local group of elements of T, such that 
amf =X. 


Proof. Since the map Xes (a(X)) is of maximum rank at each point 
of G it is clearly enough to show that for every v€ M there exists a neighbor- 
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hood of I(x) in J, with the required property. By definition of Ja, given 
a tangent vector + to Jz at the point I(x) there exists a vector field © 
defined in a neighborhood V of æ such that @* is tangent to G at all points 
where it is defined and @*(I(t)) =r. Let f; be the one parameter local group 
transformations defined by ©. Then, 7,*f;€ G for every t and sE V, there- 
fore f€ T. By a known theorem, varying r in a neighborhood of zero in the 
tangent space of J, at the point I(x), the orbits of I(x) under all one 
parameter groups so defined cover a neighborhood of I (z) in Je But the 
orbit of (x) under the one parameter local group f;* (see Section 1) is the 
parametrized curve {> 7,*f;; this proves Proposition 3.2. 


Proposition 3.3. The differentiable groupoid G ts generated by any 
neighborhood U.of the set I in the sense that given X€G@ there extsts a 
sequence X, ` -Xy of elements of U such that X == X,0X,: + -oOX,. 


Proof. Let H be the subgroupoid of G generated by U. Since G is 
connected it suffices to show that H is open and closed in G. To show that H 
is open it is enough to prove that each set B(z) = HOd, is open in Js. 
Take X€ B(x) and put Y = Fix) NU; V is an open set in Fax). Clearly, 
VoX is an open neighborhood of X in J, and VoXC B(x). To show that 
H is closed we introduce the equivalence relation in G: X, ~ X: uf XLo XE H. 
Hach equivalence class is entirely contained in some J, and the equivalence 
classes define a partition of each J, in open sets; hence, each equivalence class 
is also a closed set in J,. Since B(x) is the eens class of I(x), B(z) 
is closed in J»; therefore, H is closed in G. 


THEOREM 3.2. T is a regular Ine pseudo group and E is the sheaf of 
germs of T vector fields. 


Proof. By Propositions 3.2 ee 3.3 given X € G there exists f € T such 
that 7%a(x) = f ; this and Proposition 3.1 show that T is a Lie pseudo group. 
Let now f; be a one parameter group of local transformations belonging to T 
and let @ be the vector field generated by f;. Since @*(I(z)) is tangent to G 
at I(z) it follows that j,*@.belongs to j,°H for every 2 where @ is defined; 
hence, © is a section of Æ. Conversely, if @ is a section of F then by con- 
struction of G, ©! restricted to G is tangent to G which proves that @ is a 
T vector field. 

We shall now answer the following question: How are two regular Lie 
pseudo groups which have the same infinitesimal Lie pseudo group related? 


` Proposition 8.4. If Tis a regular Lie pseudo group then the connected 
component J5 (È) of the set I in jè (1) is a differentiable groupoid. 
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Proof. Consider the sheaf a ‘of T vector TA ae let T, be the Lie 
pseudo group constructed. as in Section 2, with the sheaf @(T). We shall 
prove that 78(Iy) = j} (T). By Proposition 3.3 there exists a connected 
neighborhood U of I in Je (T) such that each point in U is the jet of a local 
diffeomorphism belonging to the one parameter local group of some T vector 
field; clearly U C 7*(T). Since j*(L) is generated by U we have jT.) C p(D). 
j#(I) is an open sub-manifold of j'r), and the manifolds j*#(T,) and 7#(T) 
have the same dimension; therefore, }° (T4) is open in j*(T). To finish the 
proof it suffices to show that j*(Ty) is also closed in j*(T). To prove that 
je(Uo) is closed in 7*() it is enough to show that for every z€ M, 
A’, (£) = A(z) N j! (To) is closed in A’ (z) = A(z) N j° (T). Take Z E A’ (2), 
Z ¢ A’,(z) and let Jz be the maximal integral manifold of 9 (in the notation 
of Section 2) which contains Z. We claim that Jz C7*(T); in fact, 
B(Z) sd z= Jipe C Je (T) and Z itself is in j* (T). But Jz is connected 
and ZE 7#(1) hence Jz C j#(T). Tz is then an open neighborhood of Z in 
' A’ (x) which does not meet A’, (xz), for two distinct. maximal integral manifolds 
of an involutive distribution have no common point. Therefore, £’ (£) is 
closed in A’ (g). | 


Definition 3.2. The regular Lie pseudo group- T, is called the connected 
component of the identity, of order s, of the regular Lie pseudo group T. 
T is connected of order s if j (T) is connected. ` 


The proof of Proposition 3.4, also gives a proof of 


- PROPOSITION 3. 5. Two regular Lig pseudo groups of ha same order 
acting on M which have the’.same infinitesimal Lie pseudo group have. the 
same connected component of the identity of order 8. 


We have also proved the following propositions: 


PROPOSITION 3.6. If Tisa regular Ine pseudo group of order s then 
there exists a neighborhood U of the set I in j#(T) such that every jet X€ U 
as the jet of an element FET belonging to a one parameter local group of T. 


PROPOSITION 3.7. If T is a regular and connected Ine pseudo group 
of order s then j*(T) ts generated, as a differentiable i by any newgh- 
borhood of the set I or (T). 


4. Prolongation of a Lie pseudo group. Let T be.a Lie pseudo group . 
of order s acting on a manifold M. For each fET let p*f be the local’ diffeo- 
morphism of j°(T) defined as follows: The domain of definition of p*f is 
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B°(U(f)) and for XE B(U-(f)), pef (X) —pfoX. Let pT be the set of 
all local diffeomorphisms ¢ of j*(I') such that for each X € U(d) there exists 
a neighborhood Ve U() of X and an element fe T with p'f| Y =ẹ¢] F. 
Clearly p° is a pseudo group acting on 7*(T). 


Definition 4.1. p'T is the s-th prolongation of T. 


We want to show that, imposing mild conditions on the Lie pseudo 
group T, p'T is also a Lie pseudo group. Let U be a coordinate neighborhood 
of M with coordinates z*---a" and consider the differential forms ¢/, 
Py LSvSs—i, 18), fi° + Jess, defined in 78(U) (see [3],?, 
Chapter IV, $2). 

If X = (0,0, Pires), Y = (0, 0, gly) are two s-jets whose source and 
rath are the origin of R”, put XoY = (0,0, d/,,.-4(9,¢)), lSvss; 

Pli- (p q) are polynomials in Pir- Qaeh for LSkSy 1S, jtt» 
Sn, Put XA (0,0, Pip (p)) and yeni e (p, g) = SPD. The 
expression of the forms ¢/, ¢J,,...;, in the system of coordinates Gi D4 get) 
of 7#(U) are: 


pi = pe! (p) dy* 

Plinio = Pj 8 (p, p) (Ap yg — Pesto’ dy* ). 
Let p.e*: jtt (U) > j!(U) be the map which sends each jet X € 7**(U) 
into its induced jet of order s. For vy &s— 1 the forms ¢/, ¢/;,...;, defined in 
je**(U) are the image under (p,***)* of the corresponding forms defined in 
7°(U) ; we shall denote the forms ¢/,d/;...,. 1S v &s— 1, and their image 
in 78**(T') under the map p,***, by the same notation. For further reference, 


we give here the equations of structure satisfied by the forms ¢/,¢$/4,... 
LS yvySs—2, (see [4], Lemma IV, 2): 


4.1 


"Jy? 


dp! =p A $ 
4.2 delig m E pega T E phg A PEt tieg 
+ Pipe AG LS Ss, ISG jahan, 
where cf,,... 44° "4 r Er are constants. Let p, and pz be respectively the pro- 
jections into the first and second factors of the product 7#(U) x 73° (U) and 
denote by % the closed differential system generated in 43° (U)X 7#(U) by the 
forms 


* Observe that in [3] the map p‘f is defined making j‘f operate on the right; the 
differential forms that we use here are the image of the differential forms defined in [3] 
under the map X€j9*(U7) > X7€ 9 (V). 
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Tt OQO p — Toto p LStSH 
při% a p*ad!, Pb jes m P*a ry 
lsSrvSs—L1l<3n- Sn. 


Put 3! (1T, U) = 7T N J} (U) and let 3 (T, U) be the restriction of & to 7#(T, U). 


PROPOBITION 4.1. A necessary and suficient condition for a local 
diffeomorphism œ of 7#(1,U) to belong to p'T is that the map X € U(¢) 
—> (X,¢(X)) be a solution of 3(T,U)? 

For a proof of Proposition 4.1 see [4], Proposition IV, 6. 

Take X€ j*(M), X = (a,y, Piep), where vt,---+,a" and yt, ey” 
are coordinates around a(X) and (X) respectively. Let @ == §*(y) ka be a 


local vector field defined in a neighborhood of 8 (X). Using Formula 1.1 and 
Proposition 1.1 it is easy to prove that 
064 


0 
4.2 (X) =Z 0 (y + y) Ji DA UTR E LEN un oye? 


Tekni SSSI E] i ‘Jon. 


2 
ÔD jam ty 


Formula 4.1 shows that j+x©* depends on 7#*4g;x)® only. Therefore, denoting 
by Tx the vector space of 1-jets of source X of vector fields defined in a 
neighborhood of X which are the s-th prolongation of local vector fields of 
M, we have a map (X): T*"g:x)-—>T*x defined in the following way: If 
TET ex, and rom tty, then »(X) (r+) == 7'x@*% By definition, (X) 
is a linear map onto T*x; since A(X) is injective, »(X) is also injective. 


PROPOSITION 4.2. Let fT be a Ine pseudo group of order s acting on M. 
If the dimension of 7%1,0(T) ts independent of xe M then the sheaf p*@(T) 
of germs of local vector fields of 7#(1') which are the s-th prolongation of T 
vector fields 1s an infinitesimal Ine pseudo group of order 1 acting on 7*(M). 


Proof. Condition 1 of Definition 3.1 clearly holds for p*@(T'). Since 
for LE (T), n(X) maps jg (T) onto fxp’@(T), the dimension of 
pxp*@(T) is independent of X € 7#(T). To prove that condition 2 of Definition ` 
3.1 holds for p*®(I') we observe that, denoting by œ, wli., the restrictions 
of the forms ¢/, el -j to 7#(T,U), a necessary and sufficient condition for 
a local diffeomorphism ¢ of 7#(T, U) to belong to p*T is that ¢ leaves invariant 
the restrictions of the functions z! oa,- --, g” oa to 7#(T, U) and the differential 
forms wl, w,,...y,.% It follows that a necessary and sufficient condition for a 


* By definition, the map X €U(¢) -> (X,¢(X)) is a solution of I(T, U} if the 
image of U() under this map is an integral manifold of (T, U). 
* This is just another way of stating Proposition 4. 1. 
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local vector field A, defined in an open set V of 7#(T,U), to be a section of 
p°@(T) is that all the Lie derivatives (A) (ctoa),- + -,¥(A) (20a) 
L(A) (o!), L(A) (olre) vanish. But, if A and @ are two vector fields, 
defined in the same open set V of a. differentiable manifold, such that 
jt:A = j,'@ for a fixed point z€ V, then the differential forms (A) (w) and 
£(®)(w) coincides at z, for any differential form w defined in V. Hence, 
a necessary and sufficient condition for A to be a section of p'o(r) is that 
jx € jtx(p@(P)) for all XYEV. | 


Proposition 4.3. If f and $ are two local diffeomorphisms of M 
such that for a fired yo€ M, j yf = jph then, for any Xo€ J (M) with 
B(Xo) = Yo Jx (pf) = fx (pp). 


Proof. Let (2,y,p) and (y,y, p) be two systems of coordinates of 
j*(M) defined respectively in the open neighborhoods. U and U’ of X, and 
Fyf. li X= (z, p), f= (yy (y)sp'(y)) for ye UN, U(f) then, the 
coordinates of (p*f) (x ) are 


(z, y (y), P r d (P i AY) Pr tu) do 1S°33,1SkSv. 


This shows that the jet j"x,(p*f) depends only on the’ partial derivatives, of 
order at most r, of the functions y (y), p4,..4,(y)- 
As an easy consequence of Proposition 4.8 we have 


‘Proposition 4.4. Let I be a Lie pseudo group of order s acting on M. | 
Let f and & be two elements.of T such that, for a fixed point ya € M, 78, 
= yeh. Denote by p*f and pth respectwely the prolongation of f and ¢ to . 
gL). Then, for any Xo € j(L) with B(Xo) = Yo, we have jz” (p'f) = jx.(p*¢). 


Let T be a Lie pseudo group of order s and assume that T is also a regular 
and connected Lie pseudo group of order s +1. -This means that ©(T) is an 
infinitesimal Lie pseudo group of order s-+-1 and T is the Lie pseudo group ` 
of order s-+-1 corresponding to @(T). Clearly. Je (T) is. also connected. - 
By Proposition 4.2 p@(T) ig an infinitesimal Lie pseudo group acting on ` 
je(M). Let I” be the regular and connected Lie pseudo group whose 
infinitesimal Lie pseudo group is nS (r). (Theorem 3.2). We shall. prove | 
that I = pt. 


ProposiTion 4.5. If fe T, then. the prolongation p°f of f to je(L) | 
isin I”. | | 

Proof. Take g€T, if $ belongs to a family i: dor: + “Odes Where ~ 
pis’ "> $xe are one parameter local groups of T then, p*p€ I’. -Since T 
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is regular of order Pie and ae Propositions 8.6 and 3.7 for 
each zE U (f) there exists p ET such that j** ef = Jap and pp I’. By 
Proposition 4.4 4 Mx (pf) == ftx (p'e). for aey A € 78(T') such that 8(X) =z. 
Hence, p*f € I’. 


PROPOSITION 4.6. TC p(T). 


Proof. Let ġ be an element of IY and take X € U(¢); we may assume 
that X = I! (z) for some re M for otherwise we replace ¢ by ġo ptf where 
-FET is such that 7*f == X. Moreover; we may also assume that $([*(2) ) 
== I*(z) for otherwise we replace ¢ by (p'f)"tod where FET is such that 
$(I#(z)) = (p'f) (s ()). Let U be a coordinate neighborhood of M such 
that z€ U; induces a local homeomorphism of j*(I, V7) defined in an open 
set VC U(¢) Nje(E,U). By Propositions 3.2 and 3.3, given X’€ j*(T”) 
there exists f€T such that} (pf) =X’. Then, for each X¥,€ V the jet of 
source Xo of the map X € V— (X,¢(X)) € 7#(T, Uo) & 72(T, Uo) is the jet 
of a solution of 2 (T, U).* Therefore, this map is itself a solution of 3(T, U) 
and by Proposition 4.1; € P (r). 


5. The equations of structure of E. Cartan. Given a manifold M let. 
pst: 7°**(M) —> 78(M) be the map which sends each jet X € 7***(Af) into its © 
induced jet of order s. If I is a Lie pseudo group.acting on M we shall also . 
denote by p;*** the restriction of pe to poy a p" maps 7*(T) 
onto 7*(T). | 

Let M and N be two differentiable manifolds and!p: M >N a differen-. 
tiable map. We say that p is a fiber mapping and that (M,N, pie is a fibered 
manifold if p is of maximum rank at every point of M. 


PROPOSITION 5.1. Let P-be a regular Lie pseudo. group or order 8 
acting on M. IFT is also a regular Ine pseudo group of order s-+-1 then, 
po: JO (T) >° (T) ts a fiber mapping. 


Proof. Take X" E€ jT) and put p (Xt) = Xt. Let Tr be the 
tangent space to A’(a(X8*)) == A(a(Xe)) NJ (T) at the point X*, 
It suffices to show that (p,°t*)ẹ maps Tg» onto T'xs. Let mt: j6 (T) 
—> 720 (T) be the map which sends each element of yee) into the induced 
jet of order s. Then, 


(p i)a o Lett (ze) — 3 (z) O r? 


This shows that (o )a maps Txe onto T x. 
In the rest of this patagraph we assume that the pseudo group acting. 
on M satisfies the following conditions: 
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5a. T is a regular Lie pseudo group of orders s ands+1. 78*(1) is 
connected. 


5b. For every point z€ M there exists a coordinate neighborhood U of 
To with coordinates tt: : s”, and an integer A satisfying the following 
conditions : 


1) Given two points w,,w.€ U, there exists f€ I such that f (w1) == we 
if and only if 21(w,) = 21 (wa), © +, 2P (w1) = g? (w3). 


2) Let N be the submanifold of U X U of all couples (w, w:) for 
which there exists fE r with f(w,) == w, Then, aX 8:(a Xf) (UXU) 
C 4}: (T)—N is a fiber mapping. 


Remark. If.T is transitive on M then the first part of condition 5b is 
always satisfied for h==0. If there exists a differentiable family (fy,.,) of 
transformations of T defined in U and parametrized in N such that for every 
(Wi, Wa) EN, fro, (W) = we, then T satisfies 5b. 

Let 7*(0,U,a) be the set of all jets X€ 7*(T, UV) such that w*4(a(X)) 
=a: tee "(9 (X)) oa 0. Clearly 7#(T,U,a) is a submanifold of 7#(T,U) 
(not necessarily regularly imbedded); the maps 8: 7#(T,U,«)—U and 
pa: 78 (T, U, a) > 3° (T,U,«) are fiber mappings. Denote by (p'T, U,a) 
the restriction of p'T to #2(T,U,a) and let uw, ’wi;,..;, be the restrictions of 
the forms ¢/, o/;,-..,, to #4(T,U,a). Take a maximal set wt: -’w™ of 
‘linearly independent forms, at the point I*(2,), among œl, ‘w4,...;,, 
1=vss—1 and complete it to a maximal set ‘ot: - om, wt: -om of 
linearly independent forms among wt, opes ISS vs, at the same point. 
Let V+ be a neighborhood of I**!(x) in the manifold j**(1, U, a) where these 
forms remain linearly independent. By formulas 4.2, we have in V*t! the 
following equations 

d'ot = totol A “wk -$~ at ot A qr 


where cty and atp are functions defined in V**! invariant under the restriction 
(pT, U,a)| VT, U, a) to Vert. Let V* be a sufficiently small neighbor- 
hood of I(x) in 7#(T,U,a) and r: V*~» V+! a cross section with respect to 
pat. Put wt = (p) ut, w* == (p) w By formulas 4.1, at each point 
of V#, the forms ’w*, wò generate the space of linear forms which vanish on 
the vectors tangent to the fibre of p,tt!: J (T, U, a) >}: (T, U,«). Hence 
the forms ot, wè form a basis of the space of linear differential forms on V”. 
Moreover, 


dot = 4tetpw? A o Hatna A DA, 
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where chx, atp are functions defined in V* invariant under (pI, U,a)V*%. 
At each point of V° the forms wt- +w™ generate the same vector space as 
the restrictions of the forms ¢/, $4;,..y,, 1Svss—1, to V*. By Proposition 
IV, 8 of [8], a necessary and sufficient condition for a local diffeomorphism 
f of V" to belong to (p'r, U,a)| V° is that f leaves invariant the restrictions 
of the functions gioag---aog to V? and the forms owt: w% We have 
proved the following theorem: | 


THEOREM 5.1. There exists a neighborhood V* of I! (z,) in 78(T,U,«), 
functions gi- + -g, and differential forms w’ - -w%,m+---m% defined in 
Vs such that: 


1) A local diffeomorphism f of V? belongs to (p*l, U,«)| Ve if and only 
if f leaves invariant the functions g*- > -g* and the forms wt’: -w". 


2) The differentials dgt- - -dg* are linearly independent in Fe. 
The differentials wt- - <w", wl- -> w": are linearly independent in V*. 


3) dot==tetpwl A of + atpul A a 
where ctp and a‘, are functions defined in Ve invariant under (p'T, U,«)| Ve. 


Definition 5.1.. A regular Lie pseudo group T acting on a manifold M 
is a Cartan pseudo group if: 


1) There exist functions gı’ ga and differential forms wt: +m", 


w1- - +o definde in M such that a local differomorphism f of M is in T 
if and only if f leaves invariant the functions g, -+ga and the forms w'- - -w™, 


2) The differentials dg,- > - dg, are linearly independent and the forms 
wis + sw, wte + +a form a basis of the space of linear forms at every 
point of M. 


3) dot =m cto A wt -Hatna A wò where the ctm, a, are functions 
defined in M invariant under the transformations of T. 


Definition 5.2. Let (M,N,p) be a fibered manifold and let f, f be two 
local diffeomorphisms of M and N respectively. We say that f is a prolonga- 
tion of f if p(U(?)) —U(f) and fop—po}. 

Summing up the results of this paragraph we have the following theorem : 

THEOREM 5.2. Let I be a Lie pseudo group acting on M and satisfying 
the conditions 5a and 5b. Then, for every point zo € M there ests a neighbor- 


hood U of a, a fibered manifold (U,U,p) and a Cartan pseudo group f 
acting in U with the following properties. 
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1) For each c€ U there exists a neighborhood V of I° (£) C j*(T) such 
that, for every FET with jyfE V for all y€ U(f), there exists fe I which 
is a- prolongation of f. 


2) Given FET, for aat @€ U(f) there’ exists a noes V ofz 
such that 7| V is a prolongation of an element f ET. 


3) If hhée BU) =U) and fa and fea are the prolongation of 
the same element of T then h lp 


INSTITUTE FOR ADVANOED STUDY. 
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CUSP FORMS ARISING FROM HILBERT’S MODULAR FUNCTIONS 
FOR THE FIELD OF 3*1 | 


By Harvey Coun.’ 


27. Introduction. The first two parts ([16] and [25]) of this series 
show how the decomposition into four and three integral squares is as easy 
a problem in the field of 24 as it was in the-field of 54, (see [5] and [12]). 
We also saw that for the field of 34, the results are “almost” as simple, but 
are obscured by the presence of unknown cusp forms. In this paper, we shall 
see that the cusp forms thus arising (for four squares) for the field of 3% 
are really a blessing, in that they make for a particularly interesting modular 
transformation theory. This is perhaps consistent with the apparent paradox 
that Hecke’s pioneering work on class number. [17] reveals formal simplifica- 
tions in k (33) not present in the other fields. l 

We begin by summarizing the decomposition formulae for an alegbraic 
integer y as the sum of four squares in R( D4) for D—1,5,8, and 12. We 
count the number of ordered triples (é, Es, És, é) whose elements are integers 
in &(D*) for which 


(27. 1) y mm $3? -H Ea? -H Éa? + E. l 
It is necessary that y be totally positive, and when D=8 or 12, it is necessary 


that y also be of the form a -+ bD? (a and b rational integers). Now we let 
A,(v) denote the number of such decompositions, (with D understood), and 


= we let 


| D(p)=S|N(v)|, p/v —integer 
ea D*(u) = NO). p= odd integer, 


where the summations are over the (ideal) divisors of p as indicated and an 
odd integer is one of odd norm; e.g., here N(u/v) odd. (There are obvious 


* Received August 8, 1961. 
* Work supported by Research Grant G-7412 of the National Science Foundation. 
` Abstract appeared in Notices of the American Mathematioal Society, vol. 8 (1961), p. 55. 
* The present work is a continuation of items [16] and [26] cited among the refer- 
ences below. Sections and bibliographical items are numbered consecutively, $$ 1-11 and 
references [1]-[15] appear in item [16] while $§ 12-26 and references [16]-[23] appear 
- in item [25]. Notations are generally preserved with the main exception that we use 
O(d,0;7) of [25,§14] in preference to Oa, oe) ce [16, § 3], (with the roles of o and d 
interchanged), - 
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specializations of course when D—1, and v==-N(yv) is a positive rational 


integer while the » are just positive divisors, etc.) The previously known 
results ([4], [5], [16]) are given in the following table: 


FORMULAS FoR A,(p) 


D 2 Aala) if BTN (a) Aela) iE 2 |N (a) 
1 2 BD(n) 48D* (p) — 24D (u) 
(Jacobi) 
5 4 BD (p) 120D (p) — 144D* (u) 
(Götzky) 
8 8 8D*(u) 48D (u) —84D* (u) 
12 8 4D* (u) + L(y) 24D (u) —42D* (u) 


Here 4L(a) is the error function (called E (p) in [16]), which will be shown 
in §§ 36-38 (below) to vanish if 8| N(x). The formulas above can be-put 
in many different forms but the ones above are believed to be the most con- 
venient for all four values of D simultaneously. 

The error function 4Z£(p) is the most immediate object of our inves- 
tigation. We shall show that D(z) is very much like the Ramanujan function 
t(n) with corresponding multiplicative properties, proved in a manner 
reminiscent of Mordell’s method [81], even complete with a corresponding 
Hecke-transformation theory [29], (see §8 39-40 below). More significant, 
however, is the fact that L(y») 0 whenever certain types of prime power 
factors are present in „p. These results are contained in Theorem 34.1 (below). 
The corresponding modular-functional identities, which arise in the course 
of these theorems, are also of value in that they give rise to a set of modular 
forms of dimension —2 in two complex variables, (denoted by M (r,r), 
P(r,7’) and K(r,7’) in §37 below), whose ratios display properties like the 
ordinary modular invariants and which are probably the simplest case of 
Hecke’s bi-quadratic complex multiplication theory [17]. 

A fruitful development has been joint work suggested by G. Pall [26] 
using the reduction of the representation problem (27.1) to a completely 
rational problem in quaternary forms (with a side condition). There it is 
shown directly that in #(124), »=-a-+-b-124>550 is always representable as 
the sum of four squares, (which has not yet been completely proved from 
modular functions theory alone, particularly for » odd). Here the remark 
should be made that the results of Gdtzky and Maass for R(5%) had not been 
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extended earlier to other fields because when D45 one does not know all 
the classes in the genus of $? + é? + é? + &? or &?-+ é? + &? for R(D4), 
as required by Siegel’s method [15]. Although this difficulty was circum- 
vented by constructing modular invariants in [16] and [25], nevertheless 
when a reduction to rational quarternary forms is made, a well developed 
genus theory is possible, which even promises to account for the interesting 
behavior of L(a), (of §41 below). The present paper continues to develop 
modular functions of two complex variables as the principal tool. 


28. Notation. Preserving the earlier notation we let r and 7’ be two 
independent complex variables with Imr > 0, Imr <0. We let lower case 
Greek letters generally denote integers in the field #( D4) and we let roman 
letters denote rational integers. In most of the paper D'= 12, but we shall 
occasionally state results for D—8. In either case we let e denote the funda- 
mental unit and 7 denote a prime divisor of 2 in the following fashion: 


«= 2 + 3$, c= ] + 28 
y= 1-4 38, = 2h 
(28.1) N(e) =+ 1, N (e) =— 1 
7? = 2e, n = 2 
e=1 +n, e=1 47 


As before, we define norm N and trace S to act on conjugates in R(D4) 
(denoted by primes) and on r and 7’ in like fashion. We do not always 
show both variables if like operations are being performed on each. We use 
the rings 


(28.2) D= [1e] = [1,7] 
and 
(28.3) Da = [1,29] = [1, Di]. 


We also let ©* and ©,* denote the totally positive integers in each. The 
functions are written as Fourier Series in terms of 


e (ĉr) — exp riS (¢r/ D) 


(28. 4) cepa 


Thus our basic interest is in 
(28.5) @(d,c31) = X e(vdy + [v + cn/2]*r) 
yeh 


and the earlier papers ([16,$6] and [25,821]) considered the “singular” 
series (for D = 12) 


G 
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(28. 6) Qoo (r) = A BEENA) 
where i 

; 4D* (p), oe) 
(8.7) BAD fap, aD, BINUS 


Then @(0,0;7)t— R(T) equals 


(28. 8) 4A (r) = RA L(e)eler) 
where a 
(28. 9) L(p) = 44 (u) —B* (u). 


For D == 8, more simply, ®* equals the corresponding singular series Qoo(r). 


29. Definition of some groups. We are interested in transformations 
from (r,r) to (turi) 
ar + B a's! + BY 
9, at á = 
(2 1) Ti yr me 8 ? TI yr + N 


subject to the condition that a— fy is a totally positive unit. In using 








matrices we make the convention that the matrix (° 5) will denote the 


aggregate (2 i ) where w is a unit. Capital German letters will be used 
F 


ô 
for groups and small German letters for elements. The identity will be 
denoted by e. 
We consider the following groups: 
Q the complete Hilbert group for which «ô — By is a totally positive 
unit, 
© the sub-group of Q for which a8 — fy is the square of a unit, 
§ the sub-group of Œ for which the elements a, B, y, 8 lie in ©: 
(using an appropriate unit factor œ), 
R the sub-group of © for which 


(= (62) (2) ean 


the sub-group of & for which 


a B\ (57 7) W =) 
o(° 5 = ( o> i rly De (mod 4) 


for some choice of sign, {<= 0 or 1, and p, o in ©. 


Ce 
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THEOREM 29.1. The following coset properties are valid: 


D = 8 D = 12 
(@) a= © odet (e 1) 
© e= fet (V+ G +E DI 
(c) Ge efet (G a) +5 3) 
(d) & == R afet es, Pee | 


Proof. The result for (a) is obvious. The result for (b) was proved 
in [16,§ 3] in another form, but we might first note that every group element 
of Q is congruent (mody) to one of the elements 


1 0 0 1 1 i i 1 0 0 1 
a. + i), C 5) G i) (; 7 G i). C i) 
An examination of the individual cases modulo 2 can then give the result 
directly, (since the factor w==e==1-+y4mod2). The result for (c) is 
evident from the matrices (29.2), taken modulo 2 this time, since every 
integer of ©, is congruent to a rational integer. 

The last result, for (d), is shown by noticing that ê= — 1 + 2y (mod 4) 
when D == 8 while ẹê==—1 (mod4) when D==12. Concentrating on the 
latter case, we see if a==1 (mod?) but as41 (mod 2y) then — a = ea = 1 
(mod 27). Thus any group element of &, by proper choice of w, corresponds 
to the matrices 


C -4 2% 28x ) ae 28: 1+ T 
RY 1 -+ 273; 1 + 278, RY1 


for properly chosen @,, Bu y1, ô, in ©. By the determinant condition, how- 
ever «==, (mody), hence the two cosets occur depending on whether 
a, = ô 0 or 1. 


Q. E. D. 


The groups shown indicate that “ D == 12” is richer in subgroups than 
“ D8,” (actually to our advantage). The invariance properties leading to 
these sub-groups can be derived independently of modular functions by re- 
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calling that every fraction ¢/8 in R(D4) is congruent modulo 2 to one of the 
six quantities | 
(29. 3) 0,1, ©,¢,y,1/». 


Here œ 1/0 and 1/y are both “infinite” elements and the rational opera- 
tions can be performed as usual [16,8 6] (barring indeterminacies). We note 
the (unordered) triples: 


[00] = {0,1, œ}, [01] = {0,«, 1/9} 
[10] e fe, T © h [11] = {1, y 1/7}. 


THEOREM 29.2. The group § can be defined as the sub-group of © 
which preserves the triple [00]. The cosets of G/H transform [00] into 
[00], [10], [01], or [11] in the order shown in Theorem 29.1(b) and the 
group & can be defined as the sub-group of § which preserves the triple [11]. 

These properties of ©, §, and & can be proved by inspection. We make 
no effort, however, to be equally elegant with %. 


(29.4) 


THEOREM 29.3. If we define ©, as the sub-group of © whose elements 
are ==e (mod 4) then X is generated by 


1 2\ /1 & 0 1\ /8 0 
ay e(o i) (o r) = 3)? (o i): 


The proof, again, is detailed but straight-forward. For example, working 
with the generators listed above, we can construct 


G*) (290 H-(Ch oy). 


We do not make any effort to explore other quotients (such as %/€,) 
since they are not directly required for the ensuing analysis. 


80. Generators. It was noted in [16,82], by virtue of the Euclidean 
algorithm, that sufficient generators of @ are 


or) (a oo a) (0 7) 2 GG 5): 


In general, the problem of verifying a set of generators for an arbitrary sub- 
group of Œ is quite difficult. We might easily conjecture that a sufficient 
set of generators of § is the following: 


(80.2) (i 0) (0 h Tea 3): 


HILBERT’S MODULAR FUNCTIONS. 289 


but it is not clear that this result is true. Let us call 6* the group generated 
by the elements (30.2). We can prove the following result which is almost 
as useful as knowing if $* equals §: 


Leama 30.1. If 


1 7 0 —1 1 y 
(30.3) s= (4 i; a= (3 oa? B= (5 1) 


are the coset representatives in Theorem 29.1(b) and if g; is any one of the 
four elements in (30.1) then the 12 elements 8,g; each determine an 8, such 
that 3.98.77 me hF lies in H1 
This result is proved by actual trial and error, and it is needed later on. 
It would also seem plausible that X is generated by the last four matrices 
in (29.5), (which would generate €,), but, again, a general device for 
verifying generators is beyond the scope of this work. 


31. Functions defined on a group. We shall be dealing with functions 
(or forms) defined on a sub-group Wt of Q and of negative even dimension 
— 2w. These are functions of r and v (but abbreviated as functions of 7) 
for which 


(31.1) FE (Or) = F (1) /N (den hr)?” 


where h is a transformation in M. Here 


(31.2) hr = (ar + 8)/ (yr -+-8), 
and the “norm of denominator” means 
(31.3) N (den $r) =N (yr +8) = (yr +8) (Y7 +8). 


We make the usual restriction that F (7, 7’) have no finite singularities and that 
F'(r)/N (yr +-8)°® approach a limit as yr+-8 and yr -+8 approach 0 
vertically for y£0, and, (when y = 0), F(r) approach a limit as r and 7’ 
approach œ vertically. If these limits are zero we call F (r) a cusp function 
(or cusp form). 


Turorrm 31.1. If F(r) is defined on $* then we can define the 
following four functions: 


F (0,037) =F (r) 

F(1,0;7) —F(r+7) 

F(0,157) =F (— 1r +11) /N (r +0) 
P(1,137) =F (Ir +7]/Lr + €])/N (r + €)°*”. 


(31.4) 
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These functions transform under © according as the triples (29.4), and 
F(r) ts defined on §. 


Proof. For convenience, let us omit mention of the norms of denomina- 
tors, which trivially take care of themselves. The functions in (31.4) are 
of the form F'(8r) ; we apply the substitution of gr for r to see how F (8r) 
transforms, (where 3, refers to (30.3) and g refers to (30.1)). Now, by 
Lemma 30.1, 3:9 = "8, thus 


(31.5) F(8igr) == F (O*8xr) = F (8x7) 


by the invariance of F on §*. Since $* C § then gr? == h* € G and F 
transforms as though it belonged to §. Thus Theorem 29.2 implies (31.4). 


Q. E. D. 


We now recall that ®t (r) == @(0,0,7)* is defined on § with w == 1 and 
leads to the set (28.5). 

We recall, from [16,86], that a function Y,(2r) =0,(r) exists which 
is defined not only on § but on Œ (in fact on Q); while the singular 
series Ooo(7) of [16,86] was likewise defined on §. (These functions need 
not be reproduced here.) We shall need the transformation equations of 
F(r) —F(0,0;7) a function belonging to $: 


F(d,c;-—-1/r) —H(c,d;7)N(r)? 
F(d,c;er) == F(d,¢;7) 
(P16) | F(d,e;r-+1)=—F(d-+c¢,c¢3r) 


F(d,c;r +n) =F (d+ 1,c¢;r) 
where d and c are determined modulo 2. 


In concluding this section, let us note that the behavior of the denomina- 
tors ignored in the proof of Theorem 31.1 can be explained by noting 
the invariance of F'({r)/W)(2r)” or, even more simply, the invariance of 
F(t, 7’) (drdr’)”. 


82. Conditions for determining functions on §. In [16,89] we saw 
that the only functions of dimension — 2 defined on § for D=8 are those 
mentioned above, namely @(0,0;7)*—=OQpo(r) and (2r). 


For the remainder of this paper we consider only D = 12. 


To accomodate the case of F{7) defined on § and with dimension 
—— 2w 54 — 2, we must repeat part of the procedure of [16,810]. Make the 


transformation 
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(82.1) Tmut =u N. 
Then define T; 
(82.2) FO (u) = (0/0) *F (1,157) an 
It was seen that if we can show | 
(32.3) PO (u) = FO (u) =- - sra 
then for Reu > 0 | 
FO (u +. 88) = PO (u) 
(32. £) FO) (—1/u) = FO (4) utr, 


For a cusp form, of course, FP® (u) —>0 as Imu—-o. 
Actually #(1,1;7) has a series expansion 
(82. 5) l P(1,1;7) = È} Age(pr), 
: ` Bet 
since 
P(L,137-42) = F(1 134+ 2) =F (1157). 


If we substitute (32. 1) together with 


(32.6) pa at B38, 
then we obtain, by a brief calculation, sa 2 

© . a 
(82, 7) =- F® (u) = > exp riau/3 E Ay (wtb )*, 

a=t mED+ 


(under the convention 0° = 1, for t==0). 


We recall an earlier definition of a symmetric function as one for which 
F(r) is unchanged under the change of sign of the radical 34; an equivalent 
- and perhaps more useful form is F (r,r) == F(—7’,—71).- It is easily seen 
that the symmetry carries over to all F(d,c;7r) since the- conjugates of 8, in 
(30.3) determine the same cosets. But then Á= Ax and -++ db is balanced 
by —b in (32.7). Hence for symmetric F(r), F)(u)=0 for odd t. 

Now by the method of [16,§ 10] it suffices to know that 


(32. 8) , FO (u) = == FO (u) ae: == PHO (u) =0 


in order to assert that F (r) ==0. We recall that the proof consists of Honn 
©(1,1;r) vanishes only on the manifold v == 0 (called the “zero manifold”) 
and on images of this manifold under © (with simple zeros in v). 

When w=-1, we saw for symmetric F the only solution to systems (82.4) 
for 0 ¢53 occurs when f==2 (see. [16,8 10]), and it accounts for the cusp 
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form A(r) as the only other function defined on § to within a constant factor, 
in addition to those mentioned in §31 (above). 

We note more generally that a cusp-form solution to (32.4) is of the 
type 
(32. 8) PO (u) = [T (u) |? fe (E (u) Y (u) u) — 1% 


where I(u) is Hecke’s modular invariant [16,$10] and s, =w -+ [t/2], 
Sa = [ (5t + 10w)/6]. If the degree of the polynomial f, is s, then, since 
I (u) behaves like exp — 2riu/34 as Imu — œ, it follows that 


(32. 9) FO (u) == 5 Cn €Xp Qrinu/3A, P aP 
where = 
(82.10) 8g =m [4/2] + [(5t + 10w) /6] —w—t—sSt/3 + 2w/3— 8. 


Since tS 4w—1, if so = 2w then s <0 and the polynomial f, must vanish. 
We summarize our results as follows: 


THEOREM 82.1. The only symmetric cusp forms belonging to 9 and 
of dimension —2 are constant multiples of A(r). 


THEOREM 82.2. A cusp form belonging to § and of dimension —2w 
vanishes identically tf the expansion (32.7) begins with a term of order a È 4w. 


33. The types of primes. To understand the coefficient function D(z) 
we must first consider the factorization of an arbitrary integer u of ©, (always 
for #(34)). The rational primes 2, 3, q, p, r lead to primes in © in the 
following manner: | 

2 = (BE-+1)2/(2 + BB) = q?/c 
3 = (31)? (Stem 3 +2- 31€ D), 

If q= + 5 (mod 12), g is unfactorable. 

If p= 1 (mod 12), we can uniquely represent p == a?—12b? or p = mr 
where, (choosing a œ> 0,b > 0), 


(88.1) m = 1-1. 2+ 85b € Dat 


If r=— 1 (mod12), we can uniquely represent — r = a? — 12b°, (but 
‘can not so represent r). Again, (choosing a œ> 0, b > 0), T= — pp’, where 


(33.2) p =a -+ 2b: 31E D, but ¢ Oot. 


Thus we see the prime divisors of 2, 3, r (as well as their associates) 
can not belong to ©.* while prime divisors of p and q can be chosen to belong 
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to ©,*. We shall. continue to use the symbols p, q, and r in the current 
meaning. | , 

It is especially significant that we can have p == u u3 where (4,42) =1 
and pE %,* while u, and ua can belong just to Ot (and not ©,*). 


34, Statement of multiplication theorem. The theorem for expressing 
L (pips) in terms of L(y.) and L(u,) is quite elaborate. In preparation, 
recall from $28 above that for pE O,+ 


(34. 1) 4L (p) = Aa (u) —B* (u). 
We verify, to start, that L(ue) == L(p), and, 
(84.2) L(1)=1,  L(2)=2, Lire) ——2. 


THEOREM 34.1. Let pE 0,* and let 
(34. 3) p= nnp p 18 odd, 
Then s > 1 necessarily and, either p or pe or both €O,*. Thus 


2L(p) if pE Det, 8 = 2, 
L(g) — — ÊL (pe) tf pe E€ Dt, 8 = 2, 
Of s23. 


Next factor an odd uE D,* as 


(34.4) 


(34. 5) u (88) II gtml pp Fh e 


(where qu m} and py are of the types listed earlier in this section, and, of 
course, two different m or py can be conjugates). Then 


(34. 6) L (a) = L (8%) J] L(g) L (aj) D (p34) 
tf a and all dy are even, while 


(34. 7) L(p) =0 


tf a or some dy is odd. 

The primary components can each be treated by 
(34. 8) L(p*t) — (—r1)4? and L(84/*) = (—8)e/ 
for a or d even, while starting with L(q) or L(x). 


L(g) == L(g) L(q>*) — PL (qr?) 
ene) L (n°) = L(x) L(a) — pL (1%). 
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35. Some empirical conjectures. We append a table of values of L(q) 
and L(r). The table was calculated by hand by Mr. T. Haskell and Mr. R. 
DeVore, using formula (28.9). The values of neo) and L(2r) were i 
calculated for checking by (34. 4). 

- On the basis of these values we would venture the a that 


(36.1) L(g) —2q if g==5 (mod 12), | 
— $10 or 2 if p==1 (mod 24) 
G a= l 14 or 22 is p= 13 (mod 24). 


In the case of g==— 5 (mod 12) the numerical evidence is very a 
but with greater temerity we observe that L(q)==2 (mod 24). 

If this calculation were programmed for a computer, undoubtedly enough 
data could be gathered to make. congruence conjectures which could be trans- 
lated into identities on modular forms, as has been done by M. Newman 
for the partition function using the modular group in one complex variable. ` 


. Table of L(q) 


q==5 (mod 12) | > q==— 5 (mod 12) L 
. Š 10 y. 2 

i7 34 o 19 26 

29 58 "sB — 46 

41 82 E 43 — 922 

53 ` 106 © bY 122 

| © 9, 142 


Table of L(a -+ 2034) for p == a? -— 12b? 


p a b L `p au 


b L 

13 5 1 s2 421 23 B 22 
37y. Y a 10 483 25 4 2 

61 13 6 14 457 835 8 10 
73- ll 4 10 541 29 5 46 
97° 17 ° 8 —14 5YY 25 9 —46 
109 1l E sp 601 37 8 26 
157 .18 1l 14 613. 26 T 2290 
181 -17 3 —26 661 31 #58 38 
198 .25 6 2 673 49 12 50 


HILBERTS MODULAR FUNCTIONS. 295 


p a b L p a b L 
Roo 23 5 2R 709 4} 9 a0 
241 17 2 — 14 1383 29 83 — 50 
277 17 1 —26 TT 4y 11 —26 
alə 19 2 = 2 769 31 4 2 
337 23 4 34 829 a9 1 46 
349 19 1 14 853 ai 3 —58 
373 31 7 38 877 43 9 — 34 
397 37 9 — 34 937 3y 6 26 
409 29 6 —38 997 55 igs — 10 


36. Unit multiplier. We shall be concerned with the following series 
(summed over u€ Qo"): 


(36. 1) A(r) = A(0,05r) = E L(n)o(ur). 


We first note, in accordance with equations (31.6), that A(1,1;«r) as a 
function of r belongs to §*. It is symmetric, since it must equal A(1,1;¢r), 
hence it is proportional to A(0,0;7). Then by checking the leading coeffi- 
cients (which requires a return to ®,,*(7) and Q,,,(r) of [16,§6]), we see 


(36. 2) A(1, 157) = A(0,0;er). 


Next we consider the sum of the functions A(0,0;7) + A(0,15r) 
+A(1,0;7) +A(1,1;7). It is a cusp-form defined on G hence on §*; but 
since the non-vanishing cusp-form A(7r) is defined not on & but on §%*, it 
follows that the sum is zero, or 


(36. 3) O=A(0,0;7) + A(0O,1;7) + A(1,0;7) + A(1, 157). 


This last result can be simplified if we notice from (36.2) and (31.6) 


(36.4) A(O,137)—=A(1,157-+) = A(0,05er-t eq) + A(er-+7) 
since e= y (mod 2). Likewise 


(36.5) A(1,0;7) =A(r-+7) 
hence the identity (36.3) becomes 
(36. 6) A(t) + A(re) +.A(re-+ 9) + A(r +7) =0 


or, coefficientwise, summing over pE Ñt, we have 


DL (p)e(ur) + L(p)e(uer) + Ln) @ (wer) e (un) 


ee) + L(u)e(ur)e(pn) = 0. 
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Since e(n) =1 if 2] p» and —1 if 2f (36.7) reduces on the left to 
a È, LE (u) + L (pe) ]e(ur) ; hence 


(36.8) L(p) ==—L (pe) if pE 20°. 
87. Even multipliers, The most difficult identity is actually (34.4) 


involving multipliers of powers of n. We consider the “‘ four-valued ” functions 


P(r) = A (0,0;7r) +A(1,15;1r) —A(1, 037) — A( 0,157) 
(37.1) M(t) =A(0,03;7) —A(1,157) + A(1,037) —A(0, 157) 
K (r+) = A(0, 037) —A(1,13;7) —A(1, 037) + A(0, 157). 


By the transformation equations (31.6) for A(d,c;r) we find 


M(r+-+1) = (r) M (r+) = M(r) 
(37.2) K(r-+1) =—P(r) (37.3) Kt +7) =—K(r) 

P(r+1) =K(r) P(t +7) =—P (r) 

M (er) =— M (r) M(—1/r) =K (7) N (7)? 
(37.4) K (er) =— E (7) (37.5) K(—1/r) =M (7) N (7)? 

P (er) == P(r) P(—1/r) =P (t) N (7). 


Note that by virtue of (86.2) the substitution 7, ==er can be evaluated thus 
making the whole group © accessible. 

The important result, immediately, is that the identity (34.4) is con- 
tained coefficientwise precisely in G(r) =~0 where 


(37.6) G(r) =— A(T) — A (r +7) + 2{A(2r) — A (2er) 
l —A (2r + 9) + A(Rer + 4) }. 


Actually G(r) does not have enough useful invariance properties but we can 
set 


(37.7) H (r) = G(er)— G(r) =M (7) — 4K (2r). 
We shall eventually show H (r) =0 and we might pause just to notice that, 
with some minor rearranging, 


H (r) = 4 $, L(2v)e(2r7) —8 & L(v)e(2vr) 
xei r E Dat 


(37.8) ni» 
+8 3 L(v)e(2rer). 
ntye Dot 


The reader can verify that the identity (34.4) follows from H (r)==0. We 
shall, however, have to go sightly further and form a function also invariant 
under rı == — 1/r, namely 
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(37.9) ®(r) —4[H (7) +A (—1/7)/N (r)*1. 
Using the identities (87.5) we write 

(37.10) H (—1/r) /N (7Y =— (7/2) £4. 

Thus 

(37.11) (r) = 440 (+r) — H (7/2), 

and 

(37.12) @(r) == 4M (+) —16K (7) — M (7/2) + 4K (r). 


Note that if (r+) s=0 then by (87.11) it would be necessary that H (r) ==0, 
(since otherwise no order at œ could be defined for H in terms of Fourier 
series). 


38. The vanishing of $. As a first step we verify that © is defined 
on <j. We remark that by (87.12) and (37.2)-(87.5), (+) is invariant 
under the last four matrices in (29.5). Furthermore ®(r) is invariant under 
©.. To see this we first note that each A(d,c;7) is invariant under those 
elements of § which are in ©,, namely the set of matrices congruent to 
e(mod2), (indeed the elements of ©, leave the quantities (29.3) all 
unchanged). Hence M(r), K(r), and P(r) are invariant under these 
matrices. Furthermore, if r is transformed according to an element of ©, 
then both 2r and 7/2 are transformed according to an element of €,. We see 
this, for example, in the case of 27, if we write tı == [ar + 8]/[yr-+8] as 
(271) = [a (27) + 28]/[ (er) y/2 + 8]. 


We now use Theorem 29.1(d) to express 
(38.1) S=Mhth+:: ++} 


where 
1 0 1 —l1 1 0 

t= (5 i) fy == G i) ta == (i o 
2) 

=(P en ) tum (1 +20 =] TE (7 2q ) 
OX 8p Icn —2 1 —1 1—% 
We then form a new function, 
(38. 3) FE (r) == F(0,037) —U © (tyr) /N (den ter)’. 


This function is defined on § and is of dimension — 12, (w==6). It is a 
cusp-form by virtue of the known behavior of A(d,c;7). We shall show that 
. in its expansion (32.7) A,=-0 when a <24. By Theorem 32.2, this will 
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complete the proof that F(r)==0 hence &(r) =0, (since all tyr have. the 
same range). 

To form: F(1,1;7,) from F'(0,0;7), we must set r—[7,+7]/[m + €l 
according to (31.4). But by the transformations permissible on ®, 


(38.4) (tar) =(r—1) = @(—1/[71+ €]) = (rı + E)N (7, + €)? 
and 


@ (tar) /N (den tar)? = ®(7/[—7r + 1])/N (—r +1)? 


ee) = G(ri+7)N (rı +6)”. 

Thus, re-grouping factors in (38.3), we isolate ®(r, +e) and ®(7,-+7) 
yielding 

(38. 6) F(i,1371) = ®(r1 + €) ®(7, + 7) O* (r), 


where * is a collection of the remaining factors. Dropping the subscript, 
we note (38.6) represents #(1,1;7) as the product of three cusp-forms in r, 
the first two of which are very familiar through the expansions (37.11) 
and (87.8). 

We now verify by actual calculation that the identities (34.4) are valid 
when „=a -4+ 2634 satisfies the inequality a <24. Then in the Fourier 
expansion for ®(r) = È A,*e(vr), A,” =— 0 when v—=r- 334 for r= 12, and 
thus the expansion #’(1,1;7) = X A,e(vr) has as non-zero terms only those 
A, where y==r-+s:34 and r= 24. Then from Theorem 32. 2, P=0. This 
calculation was quite lengthy and was therefore omitted. We included the 
table in §35 (above), which may be a useful by-product. 


39. Odd prime multipliers in ©,*. We let x denote a general prime 
of type q or m (in § 33); thus «x € ©,*. In accordance with the Mordell-Hecke 
method, we form 


(89.1) TA] = Aer) + Alle + 8/1) /N (0) 


where £; runs over all | N (x)| residue classes modulo x, chosen, however, so 
. that £;€ ©, (which can be done since x is odd). Subject to this condition, 
Tx[A(r)]| is independent of the choice of 8, in fact if B—B*€ Da then 
A([r+ B]/x) =A([r+ 8*]|/x) by the fact that A(r) belongs to §. 

Then it is immediate that Tx[A(r7)] is invariant under the substitution 
m=T+1, 7y=7-+ 27, and r,=er. To see the effect of 7,——1/r, 
note A(—K«/r) =A(r/x)N (r/x)*, while A([71. + 8]/«) = A([—1-+ Bri|/er). 
But if 8 is one of the above residue classes prime to x, then we can find a 
E ET T in D+ such that 
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(39.2)  [&(—1-+ Br) + Eexr]/[€a(—1 + Br) + ér] = [r + 8*]/ 


where éé, —&£ == 1 and 8* is defined by — 88* = 1 mod x, 8* € O. Indeed 
if — 887 -+ éx = 1 we can let é& = — 8*, f= É, ém — xk, & =. 

We can perform an explicit series expansion of Tx[A(r)] ne (36. 1) 
and the “polygon” theorem [25, §18]: 


Od cTp 
(39.3) eer me eect fk | =I (p/x)| N (x)|, 


where I(: + -) ts 1 or 0 depending on whether or not its argument ts an 
integer. Thus 


(39.4)  Tk[A(r)] eke (u)e(xar) + L(ux)e(ur)/| N(x) |} 


Hence 7x[A(r)] is symmetric and proportional to A(r). The factor of 
proportionality is immediate if we examine the term in e(r), in fact, 
(39. 5) Pel A(r) ] = [L(«)/| N (x) [JA (7). 

We henceforth define L(u)=0 if p ts any element of the field of 33 
which is not in O,_*. Then the identities (39.4) and (39.5) can be written 
(for p E€ D2"), 

(39.6) L(p/x)| N (x)| + L(px) = L (p) L(x). 
Following the method of Mordell [31], we can take u= xt and inductively 
establish, (for == 1 and g€ ©,*), 


(39. 7) L(x?) | N(x) | +. L(t) = L(x) L(x), 
and if o is prime to x, 
(39.8) L(xt*o) | N(x) | -+ Likto) = L(x) L(x te). 


Thus L(x'o) == L(x')D(o), which is part of the multiplication theorem. 


40. Modification of Hecke’s Operators. It is clear that if x and A 
are two primes of type g or ~ (not necessarily distinct) then the operators 
Tk and T, must commute, (as would happen in the one-variable theory). 
Indeed 


(40.1) Del DalA (+) ]] = [E (x) L(A)/| N(x) W(x) [J A(z). 
The explicit formula is of some later interest: 


Pel Py[ Ar) ] |] = A(t) + = A([Ar + B]/«)/N (x)? 


(40. 2) 
+ 2 A([ xr + xy]/A)/NQ)? + 2 ACLs + y)/ + B) 1/6) /N (PNA), 
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where 8 and y are residues (modx) and (moda) respectively and are chosen 
in ©,. Summing by coefficients, as in the last section, we obtain the following. 
identity (making frequent use of (89.3)): 


BS (Pw elerer) + Dw) Qur/)L(H/0)/| N) 
ues + L(p)e(rpx/r)L(xp/d)/| NO)| 
+ L(p)e(rp/nr)l lA) V(x) (A) }} 
= E LOLOL) NON), 


We then obtain the following analogue of (39.6): 
L p/e) + L(me/d)T(w/d)/| N(x)| + LAOA) NO)! 
+ D(xdrp)/| NON A)| = LOLA) N (ANA), 
for » in ,*. The apparent “lack of symmetry” in the I (e - -) is needed to 
take care of the case where à == x. 


Let us now change our assumption slightly, and let x and A be odd primes 
for which 


(40. 5) xn >0 >x, KE Da 


(40. 4) 


and likewise for à, whence xA€,*. For this purpose we would choose x 
and à to be primes of type p or 3ħe. Clearly Tk[A(r})] can not be defined as 
in 839, because the imaginary parts of 7 and z” would not maintain sign. 
We assert, nevertheless, that the identities (40.3) and (40.4), obtained by 
joining (40.1) and (40.2) are still valid, (as though the composition of two 
“invalid” Hecke operators were “ valid”). To see this, note that in the case 
where x and A are in ©,* the validity of (40.1) and (40.2) is due to an 
explicit use of linear transformations of type (89.2). The existence of these 
transformations did not depend in any way on whether or not « or A lay in 
Dt as long as they were in ©. The only difficulty was that the imaginary 
parts of the arguments in (39.1) had the wrong signs. The signs, however, 
come out right in (40.2) as long. as xA€*. We therefore know that 
Tr[T,[A(r)]] is equal to A(r) times a constant, ,say) C(x, A). 

If we evaluate C(x,A) by examining the term in e(r) on the left hand 
side of (40.38) we see 

L(xà) if KA 

(40.6) [N (xà)| C(x, à) = Ea if k=. 


Actually we shall see in the next section that C(x,A) ==0 whenever x and A 
satisfy (40.5). Thus, according to our extended definition, L(x) = D(A) = 0 
justifying (40.1) etc., in the literal sense. 
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We therefore regard (40.4) as a formula for relating L(a) to L(pxd) 
or for adjoining two prime factors at once. The basic analogue to (389.8) 
becomes (with » prime to xà) 


L (x?##4) 2441) -+ | N(a)| L(x2t+1) 28-4) 


(40. Y) J | N(«)| D(A ktt) -+ | N (AN (A)| D(x2#-1)2u-1,) ==: () 


From this, the multiplicative property is immediate, as in the last section, 
while (34.8) can be built up similarly, by induction, starting with (40.6) 
with C(x,A) 0. Most of the details must be left to the reader. 


41, Evaluating the constant. We now consider 
(41.1) Tel Ty(A(7) ]] = C(x, A)A(r) 


with x and A odd primes subject to the conditions of (40.5). We wish to 
show C(x,A) 0, and in any specific case we can verify this value by 
calculating the coefficient of e(r) on the left-hand side of (40.3). We note, 
however, that 

(41.2) O (ri, Ax) CO (xa, An) = Cer, An) CO (xa, Ay) 

; C(x, A) = CCA, x). 


These associativity and commutativity properties of Hecke’s operators can first 
be established by inspection of (40.1) and (40.2) for xı, Ay, Ks, Ag in Ds". 
Then, all we need do is note that the same linear transformations are still 
present when x, Ay, Kg, Àg are not in ,* but are taken more generally. 

© Consequently, if C(x,«)=0, then C(x,A)==0 since C(x,A)C(x,d) 
em O(x,«)C(A,A). We can verify directly that C (3%, 3%) == 0 hence, from 
now on, x and A are chosen to be strictly of type p (see §33). We now need 
only show C(x,x)==0. Since C(x, x) == C(x’, «’) then C(x, KOCK’, K^) = C(x, K)? 
and it suffices to show C(x, x’) == 0, or, by equation (40.6), it suffices to show 
L(xx’)==0. If we let k==|N(x)|, this amounts to the statement, (from 
(28.9)), that if k is a prime ==— 1 (mod 12), 


(41.3) A, (k) = 4D* (k) = 4(1 + k)? 


Actually using a method of Pall, this last relation can be proved directly 
by transforming equation (27.1), (with v= k), into the rational equation 


(41. 4) k? == to? + 12 (t + ty? + ta?) 


and showing this equation to have (1 ~- k?)/2 solutions. Here, although the 
quarternary form in (41.4) belongs to a genus with two classes, Pall has 


Y 


302 HARVEY COHN. 


shown the number of representations by each class 1s the same under certain 
conditions arising from k = kx’ in (27.1), effectively simulating the condition 
of the single class in the genus. We do not give details here because of joint 
work to appear soon [26]. It would be desirable to prove C (x, A) ==0 com- 
pletely by modular functions, but no such method seems apparent at present. 


42. The zero manifold. We conclude with some remarks on the func- 
tion A(r, r) =A(0,037,7”) on the zero manifold 7==—7’ = p, as described 
in $34 (above). We call 


(42.1) A® (u) == (0/0v)*A (1,157) 


and from A(1,1;¢) —A(er) it follows that 
(42.2) A (u) = (wi) oxp win/34- I LI (a + 38) (2 + 38) 14 
a=1 b) i 


summed over all b for which a+ b33 is totally positive, and subject to the 
convention 0° = 1. 
Now A® (u) =0 by [16, §10] leading to the identity 


(42. 3) L (2a) -2 S L(+ bat) (2 + 38)]. 
On the .cihee atro an 

(42. 4) A® (u) — (wi)? X €(a) exp 2riau/ 3è 

where 

(42.5) g(a) =S LI (2a + b3) (2 + 31) 10°, 


Here (1) =1, (2) =6, (3) =— 27, (5) = 498, etc. We can verify, 
again, by Mordell’s method [31] that é(a) is multiplicative. The basic 
equation is 


(42. 6) p'é(a/p) + €(pa) =é (p) éla) 


if p is a prime 3 and the definition of ¢ is extended to zero for non-integral 
arguments, while even if 3 | a 


(42. 7) E(8a) = €(3)€(a). 


From these equations, by the same method, we see 
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(42. 8) | £(3") = €(3)* 

and 

(42.9) E(p™*) mm E(p")E(p) — PET), press 
and, finally, if (a,b) = 1, then 

(42.10) E(ab) = é(a)é(b). 

To see equation (42.6), we construct the operator 
(42.11) Usp (u) =p (pu) +5 p ([u + b3]/p)/7" 
for p a prime 43. Then we show that if (u) transforms like l 
(42. 12) (w+ 38) = (u) 
and 
(42. 13) $(—1/u) = o(u)at 


then so does Up¢(u). The non-trivial step consists in showing that if 
O<k<p, and —3kl==1(modp), then, with f(u)=—¢([u+k-34]/p), 
f(—1/u) == ġ([u + 1-34] /p)- (pu)®. In fact from — 3kl = 1 ——Bp we can 
write 
(42. 14) — L- 38(— 1+ ku-34)/pu+ B _ utia 

— p(—1- ku: 3t) pu + k- 38 p 
while the transformation u = (A -3łu + B)/(Cu + D31) can be shown (see 
[30]) to be generated by the transformations shown in (42.12) and (42.18). 
Now we saw [16,8 10] all cusp solutions to (42.12) and (42.13) are propor- 
tional to a single one, say A®) (u), hence, finding the proportionality constant 
from the term in exp 271u/34, we see 


(42. 15) Up A (u) = E(p)A® (u) /p". 


The relation (42.6) comes from the Fourier- series. 

To take care of p = 3, as in (42.7), we must examine the individual terms 
of €(a), (although, a proof using only Mordell-Hecke operations would still 
be of some interest). From (42.5), if 31a, 


(42. 16) E(3ta) =Z LI (20:3 +b: Bi) (2 +4: 88) 13, 


(using the extended definition of L for convenience). Let b= 3*r, and 


38-338, if t>s 


42,14 w= (24-3? E 
( ) y= (2a: 8t -+ 3er: 38) ae if iss, 
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where 3#{8, or 8. By Theorem 34.1, L(ye) =0 if t> s, hence 3*|} and 
if we set b= 3'B, 8, = (2a + 34B), and L(ye) == L(3*)L([2a + 31B] (2 + 38)) 
whence, 

(42. 17) (3ta) = (— 27) 'é(a) ; 

completing the multiplicativity. 


Here, Hecke’s Euler-product form [29] can be applied in the conventional 
manner: 


(42.18) Se (a)artm (1-4 27-8) TT (1— Elp) + p). 


43. Concluding remarks. In brief, the preceding investigation of the 
cusp function A(u) suggests three major lines of development. 

First of all the complex multiplication structure in §§ 36, 37 suggests a 
possibility of extending the class-field theory to totally complex quadratic 
extensions of #(84) by singular moduli in an explicit manner as was done in 
the quadratic case [27] and outlined by Hecke for the biquadratic case [17]. 

Secondly this same structure makes available the functions y,(r,7’) 
— M (7) :K (7) and Walr, r) = K (7) : P(r) which are invariants (to within 
a finite number of values) under ©. Actually, we can just use | 


(43.1) K (t) = ee (v) [e(vr) — e(ver) | 
since, by (37.2) and (37.7), 
(43. 2) P(r) =K(r+1), M(t) =4K (27). 


We can also obtain absolute invariants ¥,, ¥, under Q and in this way obtain 
a pseudo-conformal map of the fundamental domain of © in r, r’ space onto 
a finite covering of the %,, Y, space in various ways. This opens the possi- 
bility that we might define invariants by pseudo-conformal mapping as done 
in one dimension for the Klein [2] and Hecke [28] invariants as in Poincaré 
[33]). At any rate the topology of the covering could reveal the dimension 
of the modular forms. The use of the Bergman kernel function [24] by A. 
Selberg [34] is indicative of the further possibilities of geometric function 
theory. 

Finally, the vital role of the zero-manifold is perhaps related to the pro- 
jection of the representation by sums of squares in #(84) into rational 
quaternary problems which Pall has shown how to use to advantage [26]. 


Added in proof: Dr. H. Braun has kindly called attention to work of 
Dzewas [35] consummating Siegel’s genus method (see §27 above) but not 
overlapping the methods of the present series of papers. 
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Errata for Part I (i. e, [16]). 
Page 301 equ. (1), |b|? should read- 2] 6.|4 
312 equ. (47c), volt) “ “ yo(2r) 
“ 816 equ. (62b), (u)  “ «Ty (4) 
Pya(u) “ “ Ty(u) 
“ 819 equ. (78b) Ty(u) “ € Pafu) 
Tyi(u) ©“ (u) 
“ 320 line 7 E11(7r)/@1,1(r) should read 21,1 (7) /@1,1*(r) 


Errata for Part II (i. e., [25]). 
Page 44 line 26, one (not both) should read both 
< 49 equ. (22.8), Ty)(u) “ «Ty (#) 
Tya(uy “ © (u) 
UNIVERSITY OF ARIZONA. 
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A GENERALIZATION OF A THEOREM OF HECKE.* 1 


By Dowatp L. MOQUILLAN. 


Introduction. Suppose K denotes the field of elliptic modular functions 
of prime level p, and j the Weierstrass absolute invariant. Then K isa Galois 
extension of C(7) with LF (2, p) for Galois group and every element of this 
group gives rise to an automorphism of the vector space of differentials of the 
first kind in K. In this way we get a representation of LEF (2, p) with corre- 
sponding character Y say. In two papers (cf. [3], [4]), Hecke determined 
this character completely, i.e. he determined how X decomposes into simple 
characters. When ps=3mod4, LF(2,p) has exactly two simple complex 
characters which happen to be complex conjugate, and Hecke discovered that 
the difference of the multiplicities of these characters in X yields the Dirichlet 
expression for h(—-p), the class-number of @(V—p). However, Hecke 
derived this remarkable fact by computation and the underlying reason for it 
is not yet known. With this problem in mind we shall investigate whether 
Hecke’s result is restricted to prime levels p satisfying p==3 mod 4, or not. 
It turns out that there exists a rather natural generalization for those levels n 





t 
such that — n is a “fundamental discriminant.” More precisely, if n = [I p; 
$=1 


where the p; are distinct odd primes and n==3 mod 4, n > 3, then LF'(2,n) 
has 2%t-1 simple characters of class (G@) (see definition in Section 1) and a 
certain alternating sum of the multiplicities of these characters in X equals 
x1h(—n). 

We shall say a few words about our method. Let K, C K be the fixed 


field of the cyclic group (T) generated by T == + Then, of course, 


1 
0 1% 
K is a Galois extension of K, of degree n with (T) for Galois group. Using 
the Riemann-Roch theorem, (cf. [2], [8]), the multiplicities of the simple 
characters of (T) im resm X are computed. This is done in Section 2. 
Then, denoting the simple characters of LF(2,n) by {x} and the multiplicity 


of X in X by my we have X = >) mxx and consequently resp) X =~ $, mx resyr)X. 
x x 
The relation between the mx and the multiplicities computed in Section 2 
* Received November 16, 1961. 


1 This paper is part of the author’s Ph. D. thesis written under the direction of’ 
Professor J.-I. Igusa at the Johns Hopkins University. 
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will then be found in Section 3 and the desired generalization of Hecke’s result 
is obtained. The case where — is an even discriminant may be found in 
my dissertation. Also we note that the methods used are elementary and 
purely algebraic. | 


1. Preliminaries. Let r be a complex variable with positive imaginary 
part and n a positive integer. Then the transformation r— (ar -+ b)/(cr + d), 
where a, b, c, d are integers, ad—be=-1, as= d= 1 modn, b= c= 0 modn, 
is an analytic automorphism of the upper-half plane and the group of such 
automorphisms has a fundamental domain which can be compactified to a 
Riemann surface. A complex-valued function f in the upper-half plane, 
which is invariant under this “principal congruence group modulo n” and 
whose singularities are algebraic in the sense f becomes a meromorphic func- 
tion on the compact Riemann surface is called a modular function of level n. 
For instance the Weierstrass invariant 7 is a modular function of level 1 and, 
furthermore, every modular function of level 1 is a rational function of 7 with 
complex coefficients. In general, the modular functions of level n form an 
algebraic function field of one variable whose field of constants is the field C 
of complex numbers. We denote this field by K. Also, we shall denote by 
SL(2,n) the special linear group of degree two with coefficients in Z/nZ and 
define LE'(2,n) by 


LP (2,n) — SL (2,n)/( j "| 


0' 1 
The order of LF (2, n) is $ġjnọ(n)y (n), where d(n) is the Euler function and 
y(n) =al G -+ 1/p). 


The cases n= 1,2 are exceptional and the orders are then no(n) (n) 
== 1,6. The following result is basic: The field K of modular functions 
of level n ts a finite Galois extension of C(j) with LF(2,n) for Galois 
group and K ts ramified over C(7) only at j= 0, 128, œ with ramification 
indices 3, 2, n respectively, Furthermore the inertia groups over these places 


i 0 


=a E (3 1) in LE(2 n). Actually, this structure of K as an 
extension of C (7) is all we need in the following. We note also that these 
properties of the field of modular functions of level n are proved algebraically 
[7]. 

In the following we shall assume that n = ppa - -p; where the p, are 
distinct odd primes for t==1,2,---,¢, and that n=3mod4; —n is then 


are conjugate respectively to the cyclic groups generated by a = 
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a fundamental discriminant which we shall denote by d. Using the Legendre 
symbol (a/p), we introduce the Kronecker symbol (d/a) as 


1 


(d/a) =I (a/p). 


Definition. Let a be an integer which is relatively prime to n. If (a/p) 
== 6, for +—=1,2,- - -,¢, we shall say that a is of type (8) == (e3, és," © -, é), 
written a~ (e) and call s(e) the number of e; == — 1 where i—1,2,---,¢. 
It is clear that if a~ (e) then (d/a) = (—1)*@. 

We note that the correspondence a— (e) gives rise to a homomorphism 
of the group of units of Z/nZ to an abelian group of type (2,2,-- -,2) 
(t-factors). By the Chinese remainder theorem, we see that this homomor- 
phism is surjective and that a mod n is in the kernel if and only if there 
exists a solution of the congruence t?==amodn. Since the group of units 
of Z/nZ is of order (n), the kernel consists of d(n)/2* classes. We shall 
denote representatives of these classes by {a}, where 1==1,2,- - -,@(n)/2*. 

Now the group SL(2,n) is isomorphic to the direct product of the 


b 
1) modn to 


t ‘ 
II : 2) mod p; Therefore, by a general theorem, all simple characters x 
{=1 


SL(2,m%), t==1,2,:--+,¢ under the map which sends (; 


t 
of SL(2,n) are of the form Jx, where % is a simple character of SL(2, p;) 
l ii 


for t == 1, 2,: : «t, and conversely. A modified table of characters of SL (2, p) 
appears at the end of the paper; it is adapted from a complete table as it 


appears in [12]. We note that the values of the characters at (5 1) and 

(3 4 differ at most by sign, and also that there are four characters with 

values which are quadratic irrationalities, i.e. y. ys. We shall call these 

the characters of class (G) of SL(2,p). Let B=(j 4 in 8L(2,n), 

E; = (5 i)i BL(2, m), F =— E, Fy=-—H,. *The simple characters of 

LF(2,n) are precisely those simple characters of SL(2,n) for which 
t 

xX(E) =x(#’) and consequently J] x% is a simple character of LF (2, n) if and 
ist 

only if 


[Lx(#) =IL%(Fi). 
{=i €=1 


; 
A character JI x of LF(2,n) will be called a character of class (G) if X is 
ran 
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a character of class (@) of SL(2, p) for 1—=1,2,---,¢. The number of 
such characters is 


at + at "EE came 92t- 


2. Generalized Hecke Formula (preliminary form). Let (T) be the 
cyclic subgroup of LF(2,n) generated by T =—= + (5 i) and K, the corre- 
sponding subfield of K. Let Q be the vector space of differentials of the first 
kind in K. Then every automorphism of K gives rise to an automorphism 
of Q and in this way we get representations of LF(2,n) and (7). The 
corresponding characters will be called X and X, respectively. Of course 
Xo=res7)X. Now (T) has n simple characters ya defined by ya(T) = e(a/n), 
a=(0,1,- + -,n—1, where e(z) = exp (riz). In this section the multiplicity 
Na of Ya in X, is determined when (a,n) —=1 and the connection between 
these multiplicities and k(— n) is established. 

Some lemmas are needed. A typical element of LF'(2,n) will be denoted 


a b 
by + (7 3). 


Lemma 1. Let r be a dwtsor of n. Then the number of elements of 
LE (2,n) such that (e,n) ==r ts n?b(n) /2r. 


Proof. If r—n the result is immediate. If r= 1 then b= c (ad — 1) 
modn and the result is'again immediate. Suppose now that 1 <r <n, and 
for clarity say r= pip, ` +p, with 1S s< t. The natural homomorphism 


.t t 
from. LF(2,n) to [[ LF (2, p) defined by + ae modn—> +(7 A 
{21 c d {=L c d 


mod p; is surjective and has kernel 
a 0 ee | 
+ ( ) fame se mod py for i= 1,2,- “th. 


which is of order 2*1. Consider the image of those elements for which 
(c,n) =r. It consists of all those elements of the direct product in which 
the first s factors have c==0 and the remaining factors have c£0. The 
number of these elements is ne {n ) PaPa: © -pe/2*. Multiplying by the order 
of the kernel gives the desired result. 

In order to state the next lemma, we introduce a notation. If ¢ is a 
real number then <s> denotes the fractional part of v i.e. <x) —=2-—[z], 
[z] being the largest integer < z. 


Luma 2. Let d==—n and let r be any divisor of n different from n. 
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Then >\(d/a)<a/r> = 0 where (d/a) is the Kronecker symbol and the sum- 
mation extends over a complete residue system modn which are relatwely 


prime to n. 


Proof. If r==1, there is nothing to prove. Suppose therefore that 
1<r< n. Without loss of generality we can take r== pipe: > *p, with 
l<s<ct. Let B==-+r be a (fundamental) discriminant and C —d/B. 
A complete set {a} of residues modn which are relatively prime to n 
is obtained by taking a—cB+ dC with 0<db<|B| and (b, B)=1, 
0<c<|C| and (œ C)=1. We then have (d/a) —«(B/b)(C/c) where 
«= (B/C) (C/B). 

= To obtain the members of {a} for which (d/a) ==1 we can choose b 
arbitrarily but for a fixed b, c must be chosen so that (C/c) = e(B/b). For 
a fixed b there are ¢(|C|)/2 such c. A similar statement holds for the 
members of {a} for which (d/a) =— 1 but then for a fixed b the condition 
on c is (C/c) ==—e(B/b). Consider X<a/ry where the summation is over 
all a for which (d/a) ==1. It follows that this is pa > <(cB + 0C)/r> where 


here the summation is over all b, but c is subject to (C/c) == ¢(B/b). By 

our remarks this equals ¢(|C|)/2-:<bC/r> since r=| B}. Now clearly 
b 

> <a/r> where the summation is over all a for which (d/a) == — 1 gives the 


same result. This proves the lemma. 
Now let H be the subgroup of LF(2,n) consisting of elements of the 


form + 5 : , and let L be the corresponding subfield of K. We note that 


L is of degree y(n) over C(j). With the aid of Hilbert’s Galois theory [6], 
ramification in L and Keo will now be discussed. We note that K D K, DU. 


Lemma 8. There are 2* places of L over j ==, one place with ramtfica- 
tion index r for every divisor r of n. These places of L are unramified in Ky. 
A place of Ko which ts over j = 0 or 12° is unramified in K. 


Proof. Decompose LF'(2,n) into left cosets by H. Now (T) is an 
inertia group of K over C (j) at j =œ and (T) operates on this homogeneous 
space. Hence the space splits into orbits and if oH is a point of the space, 
then the multiplicity of the orbit to which oH belongs is the order of the 
group (T) NoHo. According to Hilbert’s Galois theory, there is a one-to- 
one correspondence between places of L over j ==œ and these orbits. Further- 
more, a place of L will be ramified in K with index e where e is the multi- 
plicity of the corersponding orbit and an inertia group of K over L at this 
place is HMo%*(T)o. Consider (T) NoHo. This has order r if and only 
if it equals (7") where mr==n. But then ; 
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. 1+cdm dm 
-1 ò Tm) py we 
ae (1 oe 


and this is in H if and only if c==0 mod r. However: (c, m) —1 since other- 
wise (T) \oHo would strictly contain (T=). Therefore, using Lemma I 
we see that such o’s give n/r cosets oH. Since each oH belongs to an orbit 
consisting of n/r points, the number of orbits determined by such o is 1. 
This proves the first part of the Lemma. We note also that an inertia group 
of K over L at this place is (T=). Now, if Pisa place of L over j = œ whose 
index is r, we decompose H by (T) and let (T™) operate on this homogeneous 
space where mr =n. But clearly (T™) No(T)o>= (T»*) for al o in H 
and the second part of the lemma follows at once. Finally we decompose 
LF(2,n) by (T) and let A operate on this homogeneous space where A is an 
inertia group of K over €(4) at either } = 0 or j == 12%, An inertia group of K 
over a place of K, must have the form (T) Modo. But A is conjugate to 
either the cyclic group generated by + Ci E by =+ a =) 
and so the only element in A which’ has trace. 2 is the identity. This 
completes the proof of the lemma. We note that the first part of this result 
is contained in [7]. á | 

Now let {+ a;} for i= 1,2, +, p(n)/2 be a complete system of residues 


mod n which are relatively prime to n, and let os ae (“ hey | Let P, be 


the place of L with ramification index n/r over j==co. There are o({n) /2 
place Qr1, Cras - - of K, above P, and we denote by P, a place of K above 
Or, for i= 1,- © -,ġ(n)/2. We can assume that 9,(P,,) — Pr; and conse- 
quently, if ¢, is a local parameter at P,,, then S,(t,) = t; is a local parameter 
at P,; There is an element 6 in K such that K=K,(0) and 0” =f is in 
Ky, and if p=, with (a,n) —1 is a simple character of (T), we can also 
assume T: 6->y¥(T)6. Denote the order of 6 at P,; by Mmr and as before 
let m = n/r, Now T™: t;—> 6(8,m/n)t, mod t,? for some integer s, and so 
T™: §—>e(mr8-m/n)6. As a consequence 


Mr 8m =am mod n OF Mr 18, == a modr. 


We can certainly take (s, n) =1 and then if Sc= l mod n, we finally get 
m,,,==¢c,amodr. Taking into account that ae == t, and LS, KT arm 
we find that m,ı= a cra mod r for i= 1,2, - -,¢(n)/2. 

We now fix a differential dr in Ky, and call Qy the complex vector-space 
of differentials of the first kind à in K such that T: o—>y4(T)e. Itis clear 
that dim Qy is thé multiplicity of y in Xo, and that w€ Qy if and only if 
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6-'w == ¢dz for some p E Ky. Consequently dim Qy is the dimension (over C) 
of the vector-space of functions ¢ in K, such that @ddz is a differential of 
the first kind in K. We denote this dimension by Nz. If we let v,, be the 
valuation of K, at Q.: and v be the valuation at a typical place p of Ky 
which is unramified in K, then the conditions on ¢ are easily seen to be 


rUra(h) + Mri tr— i+ rv,4(de) = 0, 

— r(p) +1/n-0(f) + 0(de) 2 0. 
Letting w,, denote the least positive residue of m,,mod7r, dividing the first 
condition by r and taking the integral part yield the equivalent conditions 

Ural) + (Mes— Wrs)/t + 1-+ trilde) = 0, 
»($) +1/n-v(f) + 0(de) =0. 
Therefore, applying the Riemann-Roch theorem for the function field K, of 
one variable [cf. 1], we get 
Ne= go —1 +8 

where gp is the genus of K, and in the sum § each divisor r of n with r>1 


(n/a 
makes a contribution. $ <— a7ac,/r>. Consequently 
: 4=1 š 
Na = go —1 +2 E D <— auac,/r> 
r a 


where the summation is over all divisors r of n and (n)/2* representatives 
a; of classes of type (1). Now N.= N, if a and b are of the same type (e). 
Calling this multiplicity Nte), recalling that (d/a) == (—-1)*¢) if a~ (e) 
and using Lemma 2, we get 


2 (——1) *N (4) =— 2t (d/cy) 2 (d/a)-a/n 
= + 2F'h(—n) (n> 3), 


where h(—n) is the class-number of Q(\/—-n). The result of this section 
can be stated as a : 


THEOREM. Suppose that n == ppa’ > -pı where the p; are distinct odd 
primes for i=1,2, < -,t, that n >83 and n==3 mod 4. Let X, be the repre- 
sentation of (T) on the vector space of differentials of the first kind in K, 
the field of modular functions of levein. Finally let N, denote the multiplicity 
of the simple character ya of (T) in Xo, where (a,n) —1. Then Nom N, 
if a and b are of the same type (e) and calling this multiplicity Nie), we 
have z (—1) ON (9) = + 2th (— n). 
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3. Generalized Hecke Formula (definitive form). Let x be a typical 
simple character of LF(2,n) with multiplicity mx in XY ie. X= i mx. 


x 
Suppose now that resir)x = Si ra*¥a +: < > where in the summation only those 


characters ya of (T) are included for which (a,n)=<=1. Then, with the 
notation of the previous section Ng== >, mxta%. Thus every x makes a con- 


x 
tribution to Ng and as a consequence to X, (—1)*N(,.). In this section 
6 


these contributions are examined. In this connection the following remark 
will be useful. Suppose we fix a proper subset of the set of all (e) by 
demanding that e be fixed for 112 u with u < it while e; is arbitrary for 
u<jsst. Call such a subset #,. Suppose further that x is a simple charac- 
ter of LF'(2,n) with the property that rg%¥ == 1 if a~ (e) where (e) € Hy, and 
T,X == 0 otherwise. Then the contribution of x to $ (—1)*N,.) is clearly 


(8) 
mx >, (—1)*., This is zero since u < t, and so such a X may be omitted 
(6) € Be 


from our calculations. We shall also require the following simple lemma. 
Lemma. Suppose G, Gi, G, are finite groups wth G=G, xX G: Let 

db=did, be a simple character of G in which ¢, is principal, and let 

H = H, X H, be a subgroup of G and y = yi4: be a simple character of H 

in which y, 1s not princtpal. Then the multiplicity of y in TesSg p 18 zero. 
Proof. We have 


2X (hy (h) —— E D bi (hi) ha (Re) pr (hr) pa (ha) 
heH hi € Hy Wye Hy 
m= > di(hi)ys (Ar?) È pelha) We (he) 
k € Hy hs € Hy 


and this is zero since the first factor is zero. 

It follows easily from this that if x, is a simple character of SL (2, p) 
where i == 1,32,; < -,¢ such that X== XXa © '°X: is a character of LF (2, n) 
and x; is principal for some t then the multiplicity of ya in res;r)X is zero 
if (a,n) =1. 

Now since we are only interested in the values of the characters on (T), 
it is apparent from the table at the end of the paper thet the simple characters 
of SL(2,p) are essentially of three types: 


1) x, the principal character. 
2) $, $(E) =p+ y (F) = (—1)*(p+y) 
(T) =y, 1Sr S p—1, 
and y == 1, z == g if ġ is x@ 
y=— 1, z=8 if ¢ is x® 
y= 0, z= 0 if ¢ is XM 
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3) y, y(E) —$(p4+5), (F) = $8(—1/p) (p +8) 
` (Tr) = $8(1+-8(r/p)9), 1ST S p—1, 
where § == -+ 1 and g = + G(p) where G(p) is the Gaussian sum > (a/p)e(a/p). 


The ys are the characters of class (G) of SL(2,p). 
' Now if x is a simple character of LF(2,n), then as bas been remarked 
X==XiXe" * * X4 where X; is a simple character of SL(2,m) for l=+St 


and TL x (21) - Ila (FP). We wish to compute È x(T")ya(T7) when 
(a,n)=-1. By ihe lemma we can restrict ourselves to the case when each x; 
isa d; or a y, where ¢ and y have the meanings assigned above and the sub- 
script “t? refers to SL(2, pı). By a re-arrangement if necessary we can 
assume X ==," - -‘Wmdmir * pe To make the computation we sum over 
the complete residue system modn defined by r= 118, + Tesa- + ++ 1481 
where = n/m and 0% p,—1 for1—1,2,---,¢. Summing first over 
those r for which (1,n) ==1 gives 

m t m 

1/2: I8: II y È (ILLI 84 (r/pe) ge] )e(—ar/n). 
t=1 jzmel (r.:m)=1 k=l 


Multiplying out the last product in this expression, summing over r and using 
the definition of Gaussian sum we get 


m t m 
1/27. (—1) M H yeH [1 — 8e (— aSk/ Pr) gr (pe) |- 
izi j=m+i k=1 
We put bi = (—as/p,)9iG(p;). Our expression then becomes 
t m 
C 1/27: (—1): TI v TE (eb): 
Summing then over those r for which (r,n) > 1, 


(rn) = Pu’ © ` Pm Prr’ © ° Pi 
say, gives by a calculation similar to the above 


w m v t . 
(2) 1/2": (—1)" [I (&— b) II (+8) (1) II ye II (pity). 
1 j=w+1 k=zw+1 lawl 
Finally, summing (1) and all expressions of the form of (2) gives 
m t 
1/2™- H [ (pi + &) — (ê&— b) ] LT Last y) — yl. 
Consequently 
m t 
EX(T") ya (T) —1/27- TI (u +b): TL pr 
r = Imm 
Now g= uG (p) with ep—=+1, and G(p? = (—1/p)m for 1Sist 
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and so our sum is n/2™ - i [1 4 x (4/P) (2/p4)]. Th i is clear that this i is zero 


unless (a/p) = e (3/pi) pm 1 <i< m, ‘and then our sum equals n. And 80, 
by a remark made in the beginning of this section x will contribute nothing 
to X (—1) 9N w if m<t. However when m=t, X will contain Ya once 


(e) 
if (a/p) = 6;(8/p:) for every t, and not at all otherwise. 
The preceding argument shows that the only characters of eee) which 
contribute to 2, (—1)9N ie are those of the form X= Wie’ -W i.e. the 


characters of a (G). Now y(T") =f: &[1 + 8 (r/m) g] where ê= + 1 
and g= + G (p) for 1&iSi We shall say that x is of type (e) 
== (61, 62,” ° *, €t) when g= a (pi) for 1=+=t. We have shown that if 
X is of type (e), then the multiplicity of ya in res(mx is one if a is of type 
(e, ez," . "8r ) where e == ($;/pi)e; for 1<i<t and is zero otherwise. 
It is easily seen that LF (2,n) has 2** characters which, are of type (e) for 
each (e). We denote these characters by. X(«)*, and their A in X 
by niet where 1<i<2Qt, Then . 
Xo = = ma * TESIT Xeo) = pa Tha) 3 ye 


21-1 


Consequently No — =e)! and ` 


2 (— 1) ON o) -Ù (a/p) È D (— 1n 
(a°) q=1 O (e) i=l 


and so by the theorem in the previous section, 


gi-i 


X= X X (—1) Onet = + 2h (—n). 


(e) i=1 


We can therefore state our 


Main THEOREM. Let n= pipe: -pi where for 1S1 t the p, are 
distinct odd primes, n > 3 and n=3 mod 4. Let X be the representation of 
LF (2,n) on the vector-space of differentials of the first kind in K, the field 
of modular functions of level n. Finally let Xi)‘, where 1 Si 2", be the 
characters of LF(2,n) which are of class (6) and type (e), and fiot the 
mulliplrtty of Xit in X. 


Then 
2 (— 1) 072 y@ = = 2t- th = n), 


where s(e) denotes the number of mene of (61, 63 p 5 et) which are 
negative. 
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Modified Table of Characters of S9L(2,p) where p is an odd prime. 


xO) x® x) x6) We we! 

E 1 p p+1 pl $(p +1) $(p—1) 
FP 1 p (—1)%p+ 1) (—1(p—1) «/2(p +1) — ¢/2(p —1) 
P 1 0 1 sl EG Vep) (—1+ Vep) 
Q 1 0 1 a. Hlp vyp) IE Vep) 


; 1 0 1 0 1 0 1 0 
Explanation. =à; i} F ex — ¢ ib P= i} 2- A A! 


where u is a quadratic non-residue mod p; e== (—1/p); 1SaS$(p—3) 


and 1< 8 = 4(p—1). We note that P is conjugate to (3 =) and Q is 


conjugate to (o 3)+ Furthermore T+ and T are conjugate if anà only 
if (r/p) = (8/p). 
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SOLVABLE FUNCTIONS FOR THE DIRICHLET PROBLEM.* 


By Ernest C. SOHLESINGER. 


1. Introduction. On a Riemann surface we shall consider a region Q, 
regular for the Dirichlet problem, whose boundary T is compact. Moreover, 
we assume that the maximum principle is valid in O. Under these conditions 
the Perron method ([{5]; [1], Section 11) solves the Dirichlet problem. We 
recall the essence of this method. If f is a continuous function on T we 
form the family Y (f) of subharmonic functions in Q whose behavior near T 
is dominated by f in the sense that for each v E€ V (f) and each point ¢ €T, 


(1) lim sup v(z) S f (6). 
rot 
The function wu, defined by 


(2) tiy(2) = lnb{v(z)| vE V(f)} 
is then the solution of the Dirichlet problem with boundary values f: 


o  (uy(z),2€0 
dl | f(z) ZET 
is continuous in QUT and harmonic in Q ([1], Section 11). 

The same procedure can be applied to functions that are not necessarily 
continuous on T. We shall restrict our considerations to functions f that are 
bounded, however. If %(f) is defined as above, the function uy will again be 
harmonic, and, by virtue of our assumption of regularity, it will satisfy the 
inequality 
(3) lim inf f (£) 5 lim inf u,(z) = lim sup u (z) S lim sup f(¢), 

soy" ey" an t gg” 


(zE Q, ¿¢* ET), at each boundary point ¢* ([1], p. 140). 
It is clear (see below, Section 2) that u is superadditive in its dependence 
on f: 


(4) Uy + Ug E Upg 
The question arises under what conditions the opposite inequality holds. The 


* Received February 8, 19862, 
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author recently proved directly that if f and g are both lower semi-continuous 
on T then | . 


(5) ty + tly — tijg 


A sketch of the proof is given in Section 2; the lower semi-continuity of 
f and g enters significantly in the reasoning. This result led to a search for 
a “ reasonable ” counterexample outside the class of lower semi-continuous func- 
tions. The purpose of the remainder of the paper is to show that (5) holds 
for all functions that are measurable in a sense to be made precise in the 
course of the argument. A counterexample of the type Just envisaged must, 
therefore, involye non-measurable functions. 


2. Additivity in the lower semi-continuous case. If f and g are 
bounded functions on T, and if v, € U(f) and va € V(g), then v, + v is sub- 
harmonic in Q and ' 


lim 7 (v: + v2) (2) S mrap vı(z) + lim a v3 (2) 
SFE +g (8). 


Hence, vı +v:€ V(f+g), and, therefore, vı -+ Ve & upg. From this in- 
equality, (4) follows in a standard way. 

We now assume that f and g are not merely bounded but also lower semi- - 
continuous on Tr. Let ve V(f+g) and ¢* ET, and consider 


lim sup (v — w — up) (2), (zE Q). 
This is at most j 
lim sup v (2) — lim inf up (2) — lim inf ug (2), 
l no got as 
which, in view of (3), is less than or equal to 
(f +9) (£*) — lim int f (¢) — lim inf g (£) 
= f (¢*) — lim inff (¢) + 9 (¢*) m ge); 


(€T). By virtue of the lower semi-continuity of f and g, the last expression 
is.at most 0. From the maximum principle we conclude that for all z in Q, 


v(2) Suy(2) + 44/2). 


Hence, 


urg = lub{v(2)| v€ V(f + 9) } Su (2) + uy(z). 
This relation, together with (4), yields the desired result (5). 


——a a = 
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8. The classes ð and Æ. We continue to restrict our considerations to 
bounded functions on T. Let f be such a function. We dualize the Perron 
procedure ([5], [8]). Namely, we form W(f), the family of all super- 
harmonic functions on Q, which, for each boundary point £¢€T, satisfy the 
condition 

lim inf w(z) = f (2) (zen). 
2f 


The function U t defined in Q by 
Uy(2) == glb{w(z)| we Wf) }, 


is, once more, harmonic. Also, U; in place of uy satisfies the inequality (3). 
Moreover, 
(6) uy (2) SU; (2) (z€ 9), 


since it follows from the maximum principle that v&w for all v and w 
belonging to U(f) and W(f), respectively. Equality can hold in (6) at a 
point 21€ Q if and only if it holds throughout the region Q. 

We now introduce two classes of functions on Tr. The first of these is 


B = {f| u = U7}. 


To define the other, we must review briefly Daniell’s procedure ([2]) of 
extending an elementary integral. We shall follow the exposition of this 
procedure given by Loomis ([4], Section 12). 

Let us fix a point z2, € Q and set 


Lo(f) =o (f; zo) = uy (40). 


The functional J, and the family @€— @(T) of continuous functions on T 
satisfy: the following conditions: If f, g, and fa denote functions of @ and 
if a is a real number, then 


a. In f+g) =Lo(f) +1lo(g), 
b. Io(af) = alo(f), 
c. If FZO then Iy(f) 20, and 


d. If the sequence {f,} decreases (pointwise) monotonically to the con- 
stant function 0, then the sequence of real numbers {Io (fn) } decreases 
monotonically to 0. 


The first three properties are immediate consequences of the definitions of I, 
and of (3); the fourth follows from’ Dini’s theorem (e.g. [4], Section 16A, 
Lemma 1) which applies since T is compact. These conditions allow us 
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({4], Section 12) to extend @ and Io to = £ (zo) and I = I(* ; Zo), respec- 
tively, where £ is the Lebesgue class generated by 6 and Ie and I is the 
corresponding integral. 

Specifically, let U denote the family of lower semi-continuous “ sum- 
mable” functions: yE U if and only if there is a monotonically increasing 
sequence {f,} of functions of @ that converges to y and for which [,(y), 
defined as lim ,(fa), is finite. (Because of property c., above, this limit 
exists in any event, but it may be +o.) Then we say that the function f 
on T belongs to ¥ if and only if for every «> 0 there are functions ¢ and y, 
with —¢ and y in % oSfSy, and Iy(y)—Lo($) <e If is “sum- 
mable,” i.e. if f is in Æ, we define the Lebesgue integral I of f by 


IF) =I (fizo) —glb{Io(y) |f £y and we U) 
== lub{I ($) |p Sf and —pe U). 


I(f) is then a (finite) real number. 
Clearly, both J and Æ depend on z, because of the manner in which they 
are defined. However, our principal result is the following: 


Tuxorem. For all acn, £(z) = 8 
Consequently, the dependence of £ on 2 is spurious. The proof is con- 


tained in the next two sections. 


4. Two lemmas. 


LEMMA 1. For all 2€92, UC Angel). 


Proof. This proof is an adaptation of one used by Pfluger ([6], p. 99) 
for essentially the same purpose. The method seems to go back to Daniell 
([2], p. 283). Since UC ¥(z) by the Daniell construction, it suffices to 
show that vE U implies yE 3. Let {fn}, (n = 1,2,- - -), be a monotonically 
increasing sequence of functions of @ that converges to yE U. If 2 is a point 
of Q and n is a positive integer, i 


To(fn5 2) = ty, (2) = Un (2), 
and lim Io(fn3#}—fa(¢) e by imequality (8). Hence, for »21, 
Io(fns*) € U (Y), so that | 
To(fn52) S lub{v (2) |v € V (4) } = uy(z), 


and 


@ To(W32) = lim Io(fa; 2) Sup (2). 
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To prove Ip(y) = Uy, we fix 2, € Q and set ga == fais — fn (n= 0,1,2,°°°), 
where we agree that fy==0. The functions ga belong to @, and ga = 0, at 
least for n= 1. Hence, for each «> 0 there is a function tn € W(gn) such 
that 


(8) w (20) <Io(gn3%) + «/2™%, (e008 23), 


where, at least for n= 1, w,»=0. We sum the inequalities (8) from n = 0 
to n== p— 1: 


5 wa (20) < 3 To 905%) + e(1— 22) 
S Io (fp3%0) HES (Y; 20) ezda 


and we see that the series w (z) == SW, (2) converges absolutely at z. It is, 
n=0 


thus, the limit of an increasing sequence of superharmonic functions that is 
bounded above at one point. Consequently, w is itself superharmonic in Q 
([7], p. 14). For each p= 1 and all ¿ET we also have 


=-1 1 
lim inf (2) = lim inf Sw, (2) = D lim int w, (2) 
e-+% e> n= ? n=0 gef 
p-1 
= ga(t) =h. 
Hence, ee) = lim fp (t) =y (t), so that we W(y). We conclude that 
Uy(zo) Swe) S Io(Y; Z) +e and, since « is arbitrary, 


(9) Uy (20) £ Io (4; 20). 


Inequalities (7) and (9), together with the remark about equality in (6), 
show that yE 2. 


COROLLARY. — Um {p| —pEU}L CAN L(z) for all z€Q. 
The proof is a dual of the preceding one. 


Lemma 2. Let ve U(f), and define 7 as a function on T by ($) 
—limsupv(z). Then vE V(T), DEAU and Ild; J) € U(f). 
aot 


Proof. The first inclusion is obvious from the definition of 0 and the 
second one holds because @ is a limit superior. ([8], p. 308, has a similar 
result whose proof can be adapted immediately to the present situation.) 
Using Lemma 1 we conclude that I,(#;-) is harmonic and, a fortiori, sub- 
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TEANTA in Q. Next, the beai (3), the definition of 4, and the con- 
dition that v€ U(f) yield that for each ET: 

‘im sup Ta(052) S3C) — lim sup 0(#) Sf (0), 


and the third inclusion is established. 
COROLLARY. Let w€ OM (f) and set w(0) — im nt w(2) for each point 
ter. Then wE H (w), — w E€ U, and a eH. 
E 5. The main result. 
| THEOREM. For each Zo € o, td- = 3, 


` Proof. 1. If fE Lz), then for avery positive number e there are > func- 
tions i and y, such that — ¢ and y belong to U, ẹ S fS v and 


0 < Io(¥3 20) —I (p;o) <e. 


_ The functions ¢ and y depend on f, zo and e By Lemma. 1; Bar ) and 
Io(y;') are harmonic functions. Inequality Oy and the d of 
ap and y in U yield, moreover, that , 


lim sup Iol#32) Sim 2 sup pt) Selt) S 
and 
| tmint Toys = imit (0 > y(t) > f(e*), 
80 > that JACE JEV) and Ip(y;- YEH). 
| To( $540) £ ty (#0) £ Uy (60) S o(p; 2) <hl; as 


The desired conclusion, u;(z)) = Tita): now follows from the arbitrariness. 
of e Therefore; fE d, and we have shown that for each 2 € Q, £ (zo) Cê, 


2. If fE 2 then u;— U, We fixz€Qande>O. There exist functions 
vE VG) and wE W (f), depending on f, zo, and e, with 


. ; a(t): > Kaa te and tb (20) < Ui (Zo) +. $e. 
We form the functions i and 1 w of beatae 2 and i corollary, and we fna that 


Ug (Zo) — ge < Y (20) ZI, (ñ; Zo) SS Uy (Zo) 
. < Us (zo) SiW; to) Æ w (2o) < U; (zo) J- fe ty (20) =P te. 


Our conclusion is that Ip (tw 3%) PE (B34) <e But —w and ð ion to 
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UÙ, so that fE (z). Hence, again for each 2€0, d C L(z,). Therefore, 
A =— £(2,) for each z€ Q, as announced, 
COROLLARY. £(z) ts independent of ZER. 


This holds, since the same is true of 3. Of course, the values of the 
integrals [(-;z) as functionals on d == ¥(z) do depend on the point z. 


Remark. A counterexample to the result of Section 2 is now found quite 
easily. Let f be a bounded non-measurable function on T. Then our theorem 
implies that uy < Uy. Setting g=-—f, we have 


Uy F Ug = Uy + Ug = Uy — Ug <O = to = ag. 
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SOLUTIONS OF SOME PROBLEMS OF DIVISION.* 
Part V. Hyperbolic Operators. 


By LEON HHRENPREIS.* 


1. Introduction. The classical theory of linear hyperbolic differential 
operators is to a large extent concerned with Cauchy’s problem.. However, 
it is possible to give a condition which is equivalent to hyperbolicity for linear 
partial differential operators and which has meaning for general convolution 
equations and even for overdetermined systems of such equations. ‘There is 
also a connection between this general hyperbolicity and Wiener-Hopf problems 
for several variables. 

Let R(C) denote real (complex) euclidean space of dimension n -+1 
with coordinates t, v, s = (%1,° © °T) (8,2,2—= (%1,° ° *,2n)). Denote by E 
the space of indefinitely differentiable functions on R with the usual Schwartz 
topology. For any b> 0, call #, the space of functions which are defined 
and C®@ for all x and for |t| <b; F, is given the Schwartz topology. Let 
i’, E’, denote the respective duals of E, Ep and let LZ’, EH’, be their Fourier 
transforms. Let § € Æ and suppose that the support of S is contained in 
|| < bo where bo <b. Call J(s,z) the Fourier transform of S for (s,z) 
the dual variables to (t,x) and call V the set of zeros of J. 


Definition. S is called hyperbolic in t if there is a b > b, and a b, 80 
that for any f € F, with S + f = 0 on |t| < b— b, there is a unique g € E such 
that S *g=0 and g =f on |t| <b— b. Moreover the map f— g should 
be continuous from the topology of E, into the topology of £E. 

We shall prove 


THEOREM 1. Suppose S is invertible (see [4]). A necessary and sufi- 
cient condition that S be hyperbolic in t is that there esist a c œ> o0 so that 


(1) |Z | Se(1 + |I| + log(1+|s|+]2])) 
for (s,z) €TV. 


(I denotes the imaginary part.) 
Theorem 1 together with a theorem of Girding (see [8]) show that for 
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linear partial differential operators with constant coefficients our concept of 
hyperbolicity is the same as the usual one defined by Cauchy’s problem being 
well-posed for C” data. 

From Theorem 1 we can deduce: Let n= 0 and let 8 be a differential- 
difference operator; then 9 is hyperbolic. (The analogous result for n > 0 
is false.) 

The essential part of the proof consists in the construction of a suitable 
fundamental solution for 8. This is carried out in Section 2. In Section 3 
we prove Theorem 1 using this fundamental solution, and we deduce the above 
result on differential-difference operators. An example is given to show that 
the hypothesis “ S is invertible” cannot be eliminated. 

Theorem 1 for n==0 can be deduced from the expansion theorem for 
mean periodic functions given in [4]. For many 9 the result, as well as an 
analogous one for overdetermined systems can be deduced by other methods 
(see [7]) which do not seem to apply to all invertible 8. 

It is also possible to generalize the results by replacing the spaces E, Ep 
by other spaces, but we shall not discuss this here. (See [7] for a general 
discussion of this type of problem.) . 

We could define also the notion of semi-hyperbolicity: S is called semt- 
hyperbolic in t>0 (resp. t< 0) if there exists b > b, and b, so that for 
any fE E, which satisfies S*f—0 on |¢| <b— b, there is a unique g€ E* 
(the space of C” functions in ¢>0 (resp.¢<0)) with S*g—0 for t> bo 
(resp. t < — ba) such that g =f on t > b, (resp. t < —b,). Moreover fog 
is continuous from E, into #*. In analogy to Theorem 1 we have 


THEOREM 1’. Let 8 be inveriible. A necessary and suficient condition 


that S be semi-hyperbolic for t>0 (resp. t< 0) is that there be a c>0 
so that 


(1’) Is c(1 + | Zz| + log(1+ |s| + 2)) 
(resp. Ie = c(1 + | Iz| + log(1-+]s|+]2])) 


for (s,z2) E F. 


The proof of Theorem 1’ follows the same lines as that of Theorem 1 
and so will be omitted. 

It is also of interest to introduce a concept quasi-hyperbolicity by modi- 
fying the definition of hyperbolicity by not requiring that g be unique nor that 
g depend continuously on f. However in general I do not know how to 
characterize those S which are quasi-hyperbolic except for the case of partial 
differential operators. ‘The methods are much different from those of this 
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paper and will not be discussed here. See [7] where quasi-semi-hyperbolicity 
is discussed for overdetermined systems. (In [7] this concept is called “ semi- 
hyperbolicity.”’) 

In Section 4 we study a generalized Cauchy problem for S in case 8 is a 
partial differential operator which is hyperbolic in % Suppose S is of order 
m. The usual Cauchy problem consists of determining f¢ # satisfying 


j 
I + f= 0 from a knowledge of f(0, 2) and £7 (0,2) for j==1,2,:°-,m—l1. 


Our generalization is as follows: Let rm, let t <ta <' +: <tn and let 
{Os} eee be given linear partial differential operators with constant coeffi- 
kloor 

cients with X, ay==m. Then we want to determine fE E satisfying S+ f == 0 
from {@pf(tz,2)}. We shall show that, under a suitable independence con- 
dition on the {0,}, the generalized Cauchy problem has existence but usually 
there is no uniqueness. An even greater generalization of the Cauchy problem 
is considered. 

In Section 5 we drop the assumption that S be a differential operator and 
we study an analog of the Cauchy problem for hyperbolic S. The “ Cauchy 
data” must, of course, be given on a set |t| <b for suitable b. For n==0 
the Cauchy problem can be shown to be closely related to a Wiener-Hopf 
problem, so the solution of the Cauchy problem represents a natural extension 
of the Wiener-Hopf results to higher dimensions. 


2. Construction of a fundamental solution. Let 9 be invertible. By 
Theorem 2.2 of [4] J (s,z) is slowly decreasing. Thus there is an a> 0 so 
that for any real (s,z) there is a real (s’,2’) with 


(2) [s= | + |2—2 | < alog(1+|s|+]2]) 
(3) |J(s',7) | a(t+is|+]z)- a 


Suppose the zeros V of J satisfy (1). Then for z fixed, z real, the zeros 
s of J(s,z) lie “close to” the real axis. We should like to define fundamental 
solutions for J by using 1/J(s,z) on curves of the form T= =D; == r (c): 


(4) Is==+c'(1+log(1+]z2]+]s8])), a a 


where c’ > so all the zeros of J(s,z) lie between T,*. Then we could define 
two fundamental solutions H* for S by 


(5). | E(k) = f eiea dy f eds (s) a 
. Ts* 
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where dz is the element of volume in the real part of complex n space, that 
is, for any C°” function f of compact support, 


(5°) coe Í rion dy Í. P(s,2)ds/J(s, 2) 
s 
where F is the Fourier transform of f. 


We must know that the integrals defined by (5) converge in the topology 
of the space of distributions. For this we need 


Lemma 1. We can find an a’ >O depending only on a and the expo- 
nential type of J so that for every s€ T (4(a + c)) we have 
(6) | J(s,2)| 2 (wa [s| Hle pe 

Proof. For any set of points y= {(s,z)} we shall say that J ts large 
on yif (6) holds for (s,2) € y with a constant a’ depending only on a, n, and 
the exponential type of J. 


Let z° be real and s°€T,,*; call st == Ro°, Since J is slowly decreasing 
we can find real points (s?,2*) with 


(7) are + |? —2*| <alog(i + | s*| +] 2°}) 
and such that J is large on the set of all (s*, 2) thus obtained. We now use 
the minimum modulus theorem (see e.g. [5]): Fix 2*; we can find a circle 
§(s°, 27) in the complex s plane with center s+ and radius between 
(8) 2n(a+c)log(1-+]|s°}]-+]2°]) and 4n(a-+ c)log(i | s° | + 2°) 
such that J is still large on the union of the sets (8(s°,2?),z?). Let sè? be 
the point on 8(s°, 2?) with largest imaginary value, that is, Rs? == st, 

For $8,23, © C, Zaa” fixed, we can, by the above minimum modulus 


theorem, draw a circle e in the complex z, plane with center at z,? and radius 
between 


(9) alog(1+ |st|-+|2°|) and Zalog + | s*| +] 2°|) 


such that J is still large on the set of all points ($°, 21°," © -,2n47,€). Now, 
by construction, J has no zeros in e Moreover, z,° lies in e Thus by the 
maximum modulus theorem J is large at the points (s°,2.2,- © +, 2n-17, n°). 

Proceeding in this manner we find that J is large on the set of points 
(s*, 2,°,- - +, 2n°). We can now “descend” from sè to s° by using the above 
minimum-maximum modulus argument on a chain of circles starting from sè? 
with radii satisfying (9), noting that there will be no zeros in these circles. 

This proves the Lemma for T,* and the result for Ty is similar. 

The same method leads also to : 
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Lemma 2. There is an d depending only on a, n, dnd the exponenital 
type of J so that for any s above Tot or below Ty we have 


(10) EDLE (Aa 0] +1 2) epe [Js |). 


Lemma 3. The integrals in (5) converge in the topology of the space 
of distributions. Moreover, H* are fundamental solutions for S, that ts, © 
S*EH* = §. | 


Proof. Denote by D the Fourier transform of the space D of indefinitely 
differentiable functions of compact support with the Schwartz topology. The 
topology of D is described in [4]: A fundamental system of neighborhoods 
of zero consists of those sets Ny of F€ D which satisfy 


(11) | | P(s,2)|/k(s,2) £1 


where k is any continuous positive function on C such that any continuous 
function g on C for which there is a d> 0 so that 


(12) (8,2) Ofexp(4(| Je] + | Ze[)(1-+ 8] +l)” 
for all m must satisfy 


(13) 9 (5,2) =0(b(s,2)). | 
~ Nov, any g which satisfies (12) will. satisfy for s € T,* 
(14) g (8,2) —=0(1+-|s|+ |2|)™ 


for all m because z is real and because of (4). Using Lemma 1 the conver- 
gence of (5) follows easily. l 

Tt is clear that S9*H* == 8: 

It is also possible to prove that H* is a distribution by showing that 
f -> H*-f defined by (5’) are continuous on every D, where D, is the space 
of O” functions whose supports lie in the cube center origin side 21. 

Lemma 4. The support of H* is contained in the set | 
(15) | _ ta’ (resp. t2=—a’). 

Proof. We shall prove the result for H* as the result for H- is similar. 
= Let fe D and suppose that the support of f is in t >a’; call F the Fourier 
transform of f. Then we have, for Is > 0, z real, 


| F(s, 2) | =| S f(t, 2) oxp (its + is- 2) dide | 
— SSlf(te)| exp(—(@ + e)Is) dida 


—exp(—(@ + e)s) f | f(t,2)| dida, 
for some «> 0. 
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Applying this to the derivatives of f we deduce 
(16) | F(s,2)| = 0((1-+|8| +] 2 |) exp(—(a’ + 6)18)) 
for any m > 0. | 

Now, | 

oe f re f F(s, 2) /J (8,8) ds. 
T+ 

For fixed z we may shift the contour T, * to Is == -t-o using (16) and (10). 
It follows that H+-f==0 which is the desired result. 

Actually, Lemmas 3 and 4 are not sufficient for our purposes. To derive 
a stronger result we shall have to shift the contour in the integrals defining 


H* into the complex z space. For any complex z we define I,* as the set of 


s satisfying 
(17) Is 4(a-+o+1)(14 |I| +log(1+]s|+[2]). 
By the method of proof of Lemma 2 we have 


Lemma 5. There ts an a’ depending only on a, n, and the exponential 
type of J so that for any s which ts above T.t or below Ty we have 


(18) | J(s,2)| = (P) + 18| +]2 |) exp(—a'(| Is | + | Ze). 
The method of proof of Lemma 3 leads to 


LEMMA 6. For any real numbers u == (t,° + +, Un) 


(19) H* (t,£) =~ f eian dz f. e~t#8 de /J (8, 2) 


where the z integration is over Igm=u. The integral in (19) converges in the 
topology of the space of distributions. 


Lemma 7. There is an a’ >0 so that the support of H= ts contained 
in the set 


(20) tS@—|a|/o” (resp. tÈ —a + |g ]|/a”). 


Proof. We shall consider H* as H- is treated by the same method. 
Suppose first that n= 1. Then we wish to show that H* vanishes above the 
lines t= g — z/g” and t= + s/a”. Suppose that f€ D and that the 
support of f is contained in t>.a’—2/a”. Then if F denotes the Fourier 
transform of f we have, for s€T,*, Iz >0 


; ” T _ LEON EHRENPREIS. 
PGD] FF (t, ATA 
By Sfi x) | exp (— tls — zIz) didz 
(21) S fl Fs) lexp(—4(a-+0+1)t +2) 
._ — alz) (1 + |2| +] 8 |)-*erentdtde 
= f| f(t, z)|exp(—4(a +e +1)t 
— (4a +e +41)t +2) Iz) (1+ |2| +|s [) Meroe dtda 
where we have HF (17). Nö ow, t stays in a bounded set so we have 
| F(s, PE- Se(14[2)+|s pef] f(t, ai exp — (4(a-+ o)t +2) Te dide 
where fae see ald 1)|t]. Choose a” —=4(a-+-c) +1 80° 
(22) Š l 4(ate+ljit+e—a"t+e2 
eae +e 
for some, «> 0 on the support of f. Thus 
(23) . | F(s,2)| S em |z | + | 5 |)er f] f(t x) | dida. 
Applying the same method to the derivatives of f we derive 
(24) ` |F(s, z)|Sa,(1-+ J 2] + |s |) aois, Se 


If we combirie this with (18) and Lemma 6 then by letting Iz —> Ea 
we find H+-f=0. This shows that H+ vanishes above t= g — s/a”. The. 
same method ‘shows mar t vanishes above a’ -+ z/a”. This ee as the pigo 
in case n == ], 

The proof for n> 1 TE in a similar manner aat T he lines e 
t == a" + g/d” are replaced by oiteig affine hyperplanes. ) 


3. Proof af Theorem 1. We assume first that the zeroes of J satisfy 
(1). Letb>bo+a’. Eet f¢ Hy satisfy S * f= 0 on |t| <b— bo. For any 

- e> 0 there is a ge€ E which equals f on ee and ge=0 for ` 
| l> b+. ‘We compute oe E 

(26) = | 88 geh + he p 
where support ha C [tb] <bote and support ease e ee oe T 

Using Lemnia 7 and standard methods ` we can prove | 

Tang 8. The convolutions hè = H- * hè and be —= Ht he ¢ are in B. 


We have 8 * ke == ht and S 3 kê = hé. Moreover, en ene 
and cies for t2—b+bote ue 
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We set 
(26) le = Je — ké — kè. 


Then by Lemma 8 and (25), S + le= 0 and l= f on |t| < b —e— bi — w. 
It is easily seen that f—> l. is continuous from the topology of Fẹ, into the 
topology of E. 

Finally we must show that the extension is unique. Let fE Hy satisfy 
Sef =Q on |t| < bo. Suppose f == 0 on |t| <b where b >b. Then because 
the support of S is contained in |¢! < bo we may write f== ft -+ f- where 
f — 0, for t< b and f == 0 for t> —b and S» ft =S *f =). It remains 
to show that § + ft ==0. But 


frmfias 
— ft * (S * H*) 
= (f4 8) + E 
== 0) 


where the use of the associativity of convolution is easily justified by use of 
Lemma 7. This completes the proof of the sufficiency of (1) for hyperbolicity. 

We wish now to prove the necessity of (1). This can be done in two 
ways. The first is constructive: We use lacunary series of exponentials in 
the same manner as we used in [4] to prove the necessity of the conditions 
for ellipticity. We shall omit the details. 

A second proof is by means of the closed graph theorem. Let b, b, be 
as in the definition of hyperbolicity. For any f€ E, such that S+f—0 on 
| ¿| < b— bo we define S.2f by 


(27) S.2nf = g (+ 2b, 0) 


where gE E satisfies S*g==0 and g =f on |t|<b—b,. Then by the 
definition of hyperbolicity, 8.., are continuous on H#,(S8) which is the sub- 
space of Æ, consisting of those f which satisfy S +f = 0 on |t| < b— bo. This 
means that there exists a neighborhood of zero in #y(S) on which ô. are 
bounded. ‘Thus there are k,d>0 so that if he E satisfies S*# h = 0 then 
(28) [h(=: 20,0)| Sd maz | 6h(t,x)| 


ejg, |t|=5b, ð 
where ĝ is any partial differential operator of the form ĝ /é2,4- - -da,'* where 
tk. 
We apply (28) to the functions h(t, 7) —exp (its + ta@-z) with (s,z) € F. 
Then we must have 
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(29) exp(2b|Is|) Sa'(1-+|s| +] 2|)*exp(b [Zs | +4 | Z2|) 

or 

(30) exp(b |Is|) Sa’'(1+|s|+|#|)*exp(4| Z2|). 

(30) is clearly equivalent to (1). This completes the proof of Theorem 1. 
The above methods show also 


THEOREM 2. Let S be invertible. A necessary and sufficient condition 
that S be hyperbolic in t ts that there exist a’,a’ > 0 and fundamental solu- 
trons H* for S such that Lemma 7 holds. 


COROLLARY. There exists a finite domain of dependence for solutions of 
S*f==0. More precisely, gwen any tp > bota (resp. to < —ba—a) and 
any Xo, the value f(to,%)) depends only on the values of f(t,z) and ws 
derivatives on | 


(31) i| <2bo +a +e |t—a| <a tta” 
(resp. | z — To | > —a”’t—a'a”) 

where e is an arbitrarily small number. 

Proof. Let a,€H, a@emm1 on |t|S2bo+a+c/2, a ==0 on 
lE] = 2bo-+a’+3e/4. Call g,-=a,f, and write S*gf=h -+ hè where 

support he C | t—2b)>—a@ —¢/2| < bo +€/4 © 
and support he C | t+ 2bo+a’+6/2| < bo +6¢/4. 

Call ke = H- * h and kè == H= he and set leme ge — kt — ke. Then by 


Lemma 8 S*l,==0 and J,—=f on |t| < b+ e/4. By uniqueness we have 
le = f, that is, 


(32) f— af — H- + hè —H* thé. 
Using Lemma 7 and the definition of ké, kẹ we have the result. 


THEOREM 3. Let n= and let S be a diferential diference operator. 
Then 8 is hyperbolic. 


Proof. If § is the composition of a translation with an ordinary differ- 
ential operator then J has only a finite number of zeros and the result is 
obvious. If S is not such a composition then the proof is the same as the 
proof of Lemma 5.18 of [4]. | 


The analogous result for n> 0 is false, even if we assume 9 contains 
differences in ¢ in a non-trivial manner as the example n= 1, J =. z exp (is) 
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shows. Even if J(s,z) has the property that for no z does J(s,z) vanish 
identically then the analogous result still fails as is shown by n=—1, J(s,2) 
== cos Z -+ cos Azexp (is) where à has suitable diophantine properties. As this 
example shows, in order for the partial differential-diflerence operator S to 
be hyperbolic in ¢ we need suitable diophantine conditions on the translates 
in z which occur. If, however, S has no differences in any z; and contains 
differences in ¢ in a non-trivial manner, and if for-no z does J(s,z) vanish 
identically in s then a slight modification of the proof of Theorem 3 shows 
that § is hyperbolic in t. 

We give now an example to show that the hypothesis “S is invertible” 
cannot be eliminated from Theorem 1.. Let n= 0 and set 
| Is) =I [cos s/jtj log? j]?! 

© JA Ei 
‘The zeros of J are- real, but we shall show that J is not hyperbolic. 

Call = jljlog*j and set | : 

(33) f(t) = I exp (ith), 


bo S*f;==0. We use the closed graph theorem as in the proof of Theorem 1. 
If 8 were hyperbolic then there would be numbers 0 <b <b’ and k,a> 0 sgo 
that for any solution f of S*f—-0 we would have | 


(34) if) |S sma 27° (2). 


I claim that (34) cannot hold for all m «=f, for any fixed a, k. For, the 
left side of aoe) is 


| fie) ae ae ela 
Moreover, for | ¿| Sb we have 
EIOS NU i—i ipae 
S Ch AL) IC (71), 
In order for (84) to hold we would need ` ` 
(35) (D)! Sa’ (k + 2) (7!) O17 (log j) ™. 
It is clear that (35) cannot hold for all 7 since b’ >b. 


4. The generalized Cauchy problem for hyperbolic partial differential 
operators. In this section we shall assume that S is a partial differential 
operator of degree m which is hyperbolic in t. We call J the Fourier trans- 


9 
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form of S. Let rim, let ti <t: <: -<tn and let {0} ites be linear 
k=l, er 


partial differential operators with constant coefficients, where $, a= m. 
Denote by of the space of C” functions of z with the Schwartz topology; 
of’ is the dual of ,& and ,H is its Fourier transform. We define the map 
a: E— (,E”,E) where..H™ is the direct sum of m copies of oH by 
(36) af = (baf (ti, 2),° °°, Gof (ti, T), sba f (trn 2), S* f). 

Call a the adjoint of a, so a: (()H™)’, E’) > F is defined by 
(87) (Tut: Tm W) f= OTs f(b, 2) +: "+ baT m f(t, 2%) + S*W ef 
for fe E, T,€ oH’, WE #’. The Fourier transform @: ((,H’)", E’) > Ê? is 
therefore l 
a (Hy (2),° + *,Fm(2), G(8,2)) 

= Pai (s, 2) Fa (2)exp (itis) ++ + «+ Por (S, 2) Fm (8)0xp (ites) 


+d (8,2) G(s, 2) 
— H(s,z) say 


(38) 


where the P; are polynomials. 


We wish to solve for F, G in terms of H. For fixed z let s#(z), l= 1, 
' +,m be zeros of J(s,2) 0. Suppose first, for simplicity, that the s'(z) 
are distinct for almost all z. Then for almost all z we have m equations 


(89) Past, 2)F,(2)exp(ttis") +- > -+ Pajr(st, 2) F'n (2)exp(ttys') — H(s!, 2) 
Hy(2) = A (2)/Ao (z) 


(40) mA; (2) Ao (2) /[Ao (2) ]? 
where 
(41) Ao (2) = det (P (st, 2) exp (t2,8") ) 


and a similar expression holds for A,(z). We shall sometimes write A,(H, z) 
for A,(z). m 

In case P(s,z) does not have distinct roots for almost all z, we differ- 
entiate (39) with respect to s sufficiently often and we derive m equations for 
the m unknowns F(z) which are similar to (39) which can again be solved 
by Cramer’s rule for almost all z. We shall refer to (40), (41) even for the 
general case. : 


Lemma 9, [Ao(z)]? and [Aj(z)/A,(z)] € of’. Moreover, H>A(H z)Ao(2) 
ts continuous from E into È. 


Proof. Consider A(z) first. We consider z and the s as independent 
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variables so by (41) A, is an entire function of these variables. Moreover, 
it is easily seen that [A,]? is invariant under those permutations of the s? 
which permute the roots of the irreducible factors of J(s,z). Hence, if we 
write [A,]* as a power series, each homogeneous part is invariant under these 
permutations. By Galois theory each homogeneous part is a polynomial in z. 
This means we can write [A,]* as a power series in z. If we use the estimate 
| s#(z)| SS const. (1+ |z|) which is a simple consequence of the fact that 
t==0 is not a characteristic for z, we find that this power series converges 
uniformly for z in compact sets. Hence [A]? is entire. 

If we now use (41) and (1) we see that [A0]? E of”. 

The proof that A,A, € oH” and the continuity of H —> A;(H)A, is similar. 

We want to prove that @ is onto or, what can be shown by standard argu- 
ments to be the same thing, that a’ is a closed mapping. Using [4] and (40) 
it would be sufficient to prove that [A]? is slowly decreasing. Actually, how- 
ever, it may be possible for Ay(z) ==0: 


Example 1. n—0, t == 0, tz <= 2, 0, = 6, — identity, 9 =i + 1. Then 


Ay(z) =0. 

Example 2. n= 1, t, = 0, tz == 1, ĝ, = 6, = identity, J = s? + asz + bz? 
+ cs-+dz-+e. Then A(z) ett) gisis), Thus A,(z)==0 if, for example, 
s+ (2) —s° (z) = 2r. A simple computation shows that this is the case if and 
only if b = a?°/4, d—=ac/2, e == —— r’. 

It can be shown that a is never onto if Ao (2) =0. 


However, we have 
THEOREM 4. If Ao(z).540 then [Ao(z)]? is slowly decreasing. 
For the proof we need | ) 


Lemma 10. Let n==1. Then the Putsseau expansion for s'(z) at 
infinity takes the form 


(42) s'(z) = Gt + Cot + eat H. ++ 
where c,! 18 real; here w= 21/™, 


Proof. Tt is easily seen that w is a uniformizing parameter at infinity. 
We must show that if 


(43) : 8(z) mee 012 + Co 4- 6, 8°/™ -4 gatim 4+ + - + bm120 Dim 


then s(z) can satisfy (1) only if c, is real and each e;==0. From (48) we 
have - l 
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Is(z) = | ¢,2 | sin(arg cı + arg z) + Ico -H | e121/™ | sin(arg e, +1/margz) +: 
+ | Emam | sin (arg em H (m—1)/margz). 


Letting argz=0 we find that c, is real. Letting argz<=a we find 
Arg ema + (m—1)a/m = 0, m, Or 2r if em 540. Letting argz==0 we find | 
arg Em- == 0, or m. Thus 6m- = 0; similarly all e;== 0 which is the desired 
result. 


Proof of Theorem 4. Assume first that n == 1. In (41) we replace each 
s? (z) by the expression (42). We have 


exp (is (2) ty) = exp (its (e112 + co! + ca! -+- > -)) 
= [exp (ite (c32 + cot) )] (1 + dato + >) 


where the series converge in a neighborhood of z =œ. Replacing the s! in 
Pls? z) by (42) we deduce 


(45) | [Ao(z) ]? = A(z) lhl a Oe 2 


where the h)(z) are sums of pure imaginary exponentials and where the series 
converges in a neighborhood of z==a. 

The above shows that not every A_,(z) can vanish identically. In fact 
we can show easily that for z real and sufficiently large, if p denotes the smallest 
subscript for which h_,s£0 then | 


(44) 


(46) [Ao (2) ]? = ip (2) w? + 0 (w). 


Now hp is a finite sum of pure imaginary exponentials and so is almost 
periodic. Thus there exists an «> 0 and an L so that every interval of 
length L contains a point at which | hp | >e. Thus by (46) [A,(z) |? is slowly 
decreasing which is the desired result in case n==1. 

Passage ton > 1. Let à= (Ant > t, àn) be a parameter in C” and denote 
by [Ao(z) ]*, the restriction of [A,(z)]? to the complex plane Ay: 2;— prj, 
where » is a complex parameter. Call A,\() the restriction of Ay to A). 
Then (46) becomes 


(47) [AS (u) I hag (Wo? fps) Pt pe > 
for u real, p—> œ where yv==yp/™, We have 
(48) hq (m) = È Baa (A) exp (tyaga lA) y) 


' where, as is easily seen, galà), and yga(A) are integral algebraic functions 
of A. Moreover yga(A) is real for real A. — 
We need the following Lemma. 
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Lemma 11. Let d be a posttwe wmteger. There east posttwe constants 
n, €, é so that for any à? and any «> 0 there is a real N with 


(49) |A — A | Se and | By(X’)| Z qe. 
We may choose X (à?) in such a way that for all real »° with S| Ao |> =1 
we have for ega integers, | ega | & 4, oi 
— () 
(50) Bi [Eere =m y og 
m integer 
and 


(51) — [Aò (p) F = EE f+ haa (p) A O(ve eo) 


for p real where Q (y+) is uniform in X, e for e& 1, à° real, X, | AP = 1. 
Moreover, for these values of ’ we have also a uniform bound for | Baa (A)| 
and | Yygal(à)| for all a and p&q&p+4. 


Proof of Lemma ii. Let B(A) £0 be an integral algebraic function and 
call 6?,- - -, 8% the conjugates of 8. Then B(A) =A (A) (à): < B8(A) is 
a non zero polynomial. By performing a real linear transformation we may 
assume that 


(52) B(A) = A? + ô: (Ag, * i `, AnA H: ` ‘+ În (Aa ° Ay) 


where the 8; are polynomials. Applying the method of the author [1] 
or Malgrange [10] we find for each pàs’ ', àn a set of the form 
{ (Ay, 42° °°, An) } where A,” lies in an interval I of length «/2b, the points 
of I being of distance =. from à, such that 


(53) [BAY ho," * Nu) | = ye 
where 7’ which depends only on b. 


Now, since Sf are integral algebraic functions, and since A varies in a 
compact set, the 81 are uniformly bounded on the sets of (A1, Àg: © t, Àn) 
which occur. Thus we have from (53) 


(54) | B A”, Àg "3 An) [= = 4 eb, 


Although we do not need it here, the same result holds in case 8t is not 
integral. There is a polynomial ð whose product with f* is integral. We 
make a change of coordinates so that both 6 and 8 are in the form (52). 
We then derive the inequality (54) for 68* instead of. 8’. We can now 
“divide” by @ and obtain the desired inequality for 8%. The first part of 
Lemma 11 comes from setting Bp = f’. 
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The fact that (50) can be satisfied follows from the above considerations 
together with the facts that the A” for which A* is large are free to vary over 
large sets and that the A we are considering form a compact set. 

If we use again the fact that the set of A we need is compact and that 
we have much choice for the points A’, the result (51) becomes apparent. 
Similarly we have the boundedness of the | Bgo(A’)| and | yga(A’)|. This 
completes the proof of Lemma 11. 

We shall need also 


Lemma 12. Let A(p) =kiu) + kirip) ™™ t: + kolu) where 
the k; are sums of pure imaginary exponentials. The distinct exponentials 
that occur are separated by an amount u and the absolute values of the 
coefficients are majorized by v. Write 


(55) Keg ( x) = Sop exp (iepp). 


Then there exists B, y, w > 0 which depend only on u, v, l, n, & m and the 
number of exponentials that occur so that tf jor some Jo and some real p? — 
with | | =B 


(56) MENTIRS 
then there is a real point w with | p —p | <w and 


(57) A Z e ae 
ifl>b+3[tm]. | 


Proof. We may assume for simplicity that TE 0. Call 
yı (o) = (sin 8ruo)!t?/ct?, 


For each distinct eP £0 there is a unique zero fj of ¥,(¢) which is closest 
to ef, and f*5£0. We now “move” the zeros f” to ej", that is, we call 


yalo) = yı (0) [I (0 — eP) ¥#/ (o — fP). 
Finally we call 





— dha(0) -I dhe (0) 
(co) = We O [Y2 (0 ) do a aaa C dot ot]. 

It is easily seen that y€ Lı (—œ,%) and that the L, norm of y can be 
bounded in terms of u, l, and the number of ep. Call x the inverse Fourier 
transform of y. The methods of [2] show that (x*A)(p) =Q(y) is the 
sum of those terms in A containing no exponential factor, that is, 


Q (p) = Coty? + cpp H + + 05% 
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N ow, the support of x is contained i in [— 8ru, paul and the maximum 
of x is bounded by the Z, norm of y. 

From this we find easily that every real p interval of length 16ru con- 
tains a point w” at which . 
(58) [A (uw) | = (16r) | |y | | L | OCH") |. 

The proof of Lemma 12 will be complete, if we can show that there exist 
w’,y’ > 0 which are independent of p° so that: the interval |p—p°| < w 


contains a subinterval of length 16ru on which | Q(p)| =y | p° [5m], 
We write eP for c,?. We have 


(59) Q (p) = (a — m) (M—Ha) > + (Hi). 
We now appeal to a result of Montel (see M. Marden, The Geometry of the 
Zeros of a Polynomial in a Comple Vartable, New York, 1949, p. 113). This 
asserts that there are at least I — 4— 2[¢m] zeros of.Q in the circle 
[HL <1 or e a < | po 

if |p| ZB. 
| Label the p; so that p1,’ © +, pasrocemy are the py with largest absolute value. 

If B is large enough (depending on gm and u) then the set 


D: |p—p?| < (16ru + 2) (5 + 2[fm]) 


will not meet | y| < 2 | p°|#+ 2. Since T contains at most 4-+ 2[fm] points 
vy, there is an interval J’ in T of length 160u +2 which is free of p, hence 
a subinterval J of length 167u which is at a distance-at least 1 from the set 
of py Call w= (16ru-+ 2) (5-4 2[fm]).. 

If we assume further that B— Bi—w > B/2 then we can estimate Q (u) 
for pE I from below by 


|e—py| 21 for jS44 2[em] 
lu—my| 24] y| for j>4+ 2[em]. 
Combining this with (59) gives 
| Q(u)| D yh teram] | p | +-2[fas]—fom 


(60) 


which is the desired result. This completes the proof of Lemma 12. 


Proof of Theorem 4 continued. Let 2° be real and fixed. There is a 
real à? with >) |A,°|?==1 such that z°€ 4o We want to find a point z” 
and a w’>0 such that |7/—2|=1-+w’ and [A,(z’)]? is large. The 
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points z” satisfying |z’—2z|<1 lie on lines Ay» with real A” satisfying 
[A7 — A? | Se—1/| 2° |. Let r’(A°) be as in Lemma 11, and let 2” be the 
point on Ax which is closest to 2°. Write z” =X p° where p is as usual ‘a 
complex parameter. In Lemma 11 we set d==m(6-+ 3[{m]). Then we have 
from (51), 


(61) [Ao (u) ] = vr (m, v) -+ 0(v4)] | 

where H (p, v) = hp (u) +: +> +A (u). Let Hu, © +, Hm be the con- 
jugates of H, that is, H;(u,v) = H (p, vexp (2rij/m)), and call 
A(n) = Ai (u,v) Ha(u,v) > Hml y) 

so Á is an exponential polynomial which is a polynomial of degree d. 


We apply Lemma 12 to A. Thus there exists a w with | p — p? | < wù 
and | A(y’)| = y | p? |15, On the other hand, by Lemma 11 we can find 
a y > 0 which is independent of à’ such that 


| Hale, V) Ea (pY) Hal V) | Sy’ | po [ornare 
where (/)"== yu’, This gives 
(uly) | (7) | 29 | 
Combining this with (61) we have | 
| Aò (w) |? 2 y” (e)? 
for | °| =B, with B, independent of A’. This proves that [A,*’(u) ]? is 


slowly decreasing which completes the proof of Theorem 4. 
By the remarks at the beginning of this section we have 


THEOREM 5. If A(z) 3£0 then a ts onto. 


We wish to compute the kernel of g. First we note that every H € Æ 
can be written uniquely in the form , 


(62) H(s,2) = F(z) + E (z)s+---4+F"(z)9"1+ J(s,2z) G(s, z) 


where the F’ E€, Ge f depend continuously on H. (This is the same as 
saying that the usual Cauchy problem is well-posed and appears in [6].) In 
particular (62) gives 


(63) Pix (8, %) exp (ites) = È Fyn! (2)8 + J (s, 2) Oa (8,2) 


By the method of proof of Theorem 4, det (Ft) is either identically zero or is 
slowly decreasing. 
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Denote by fp‘ the Fourier transform of Fp‘. If ag==0 then S*g—0. 
Gig 
gE (0, 2) 


Thus g is uniquely determined by its usual Cauchy data say g;(z) === 


for 7=1,° > +,m. 

THEOREM 6. The kernel of a conststs of those g satisfying Seg == 0 and 
(64) S, fp * gym O for j= 1,2,:--+,m. 

Proof. ag==0 is equivalent to a’(W,0)-g—0 whenever 


W= (Wa -° , Wm) € B". 
By (38) and (63) 


d (W, 0) = E Pi (s, 2)exp (ites) Wa (2) 
=o Fat (2) Wa (2)st -+J (8,2) Z Ga (8,2) Wp 


Since S*g—0 we find 
a’ (w, 0) a a 
+ Buy Bhs g. 
Since W € E’ is arbitrary we see that ag ==0 is equivalent to (64). 
From Theorem 6 and the definitions we have 


COROLLARY. Let det(f,'(2°)) 0. Then there are non-zero constants c 
so that g= & exp (z-z) is a solution of (64) such that for the corresponding 
g we have ag ==0. . 

d 
ds* has det(¥,*) 
= \/—1 and so has no zeros. For n=l, t;—=0, t= 1, ĝi = 09 =— identity, 


2 Sie 


S == a we find also det(#,*) == V— 1 so that we have examples where a is 


one-one even with r>1. However, these examples seem to be exceptional. 


The example Th soe 0, iy = 0, tg = 1, ĝa =e ĝa = identity, Ss = 





Problem. In the proof of Theorem 4 we have had to pass from n=—1 
to n>. It would be of interest to know if every Fe Æ which is slowly 
decreasing on every complex line is slowly decreasing. 


Ezplictt Formulae. Suppose Aps#0. If (futt +, fms9) © (o4", E) then 
an f satisfying af== (f1,:--+,fmg) is given as follows: Let K,(z; t, 2°) 
== A;(z)Ao(z) where A;(z) is evaluated for exp (it?s +-12°-z). Then by (38) f. 
we can write 


342 . LEON EHRENPREIS. 


exp (its + i2° + 2) [Ao (2) ]? = Pas (8, 2) Ka (2; t, 0° )exp (ihis) +>’ 
+ Par (8,2) Km (2; #°, 2°) exp (its) 
+ J(8,2)L(s,2; t, 2°). 


Call T(t, 2°), W (t°, x°) the inverse Fourier transforms of K; and L. Then 
we can write 

f (19, 0°) = E T(E, 2°) hy + W (8,2) -k 
where h,, k satisfy U*h,==f;, U*k = g, U being the inverse Fourier transform 
of A,?. 


Remark. The Cauchy problem can be generalized still further. Namely, 
let A,,: © +, Am be any invertible elements of Æ’. We consider the map a: 
E — (oH™,#) defined by af = ((Ai*f) (0,2), > +, (Am*f) (0,2), S*f). The 
case treated above is when A, is of the form @r where r is a translation in ¢ 
and @ is a linear constant coefficient partial differential operator. In case the 
support of A, is a finite set, then the above method extends easily. For n==1 
we can give simple criteria so that the analog of Theorem 4 holds. However, 
the passage to n > 1 seems to involve great difficulties. 


5. The Cauchy problem for hyperbolic convolution equations and 
Wiener-Hopf problems. Let S be hyperbolic in t We shall assume for 
simplicity that — 1 5 t5 1 is the smallest ¢ strip containing the support of 8. 
By E, we denote the space of functions which are C* for all x and for 
—1<st<1. Let a(D) be a linear function on the space of Dé E’ whose 
support is the hyperplane t= 0. We define #,(S,a) as the subspace of F, 
consisting of those A which satisfy D+ S-h == a( D), with S(t, 7) = 9(— t, — z). 

Cauchy Problem. Given g¢ E and h€ #,(S,a) find f€ # such that 
S*f =g and f—A on —1SiX1, where a(D)—=D-g. 


= (I£ S were a differential operator the interval —1Si=1 would 
degenerate to the hyperplane t= 0 and the above Cauchy problem would be 
the usual one.) 
Denote by a the map of E — (E, E) defined by 


af == (restriction of f to ——1 S t£ 1, 8*f). 
a’: (E7, E’) > F is defined by 
a (T, W) = T + 9*W 
where T € EH,’ is considered in a natural way as an element of E’. The Fourier 


transform & of ¢ is 
(65) a’ (G, H) == G-+- JH. 


—_— een 
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It is clear that the image of « lies in the subspace L of E, @ E consisting 
of those pairs (h,g) with S-Dh==D-g for any D. We say that the 
Cauchy Problem ts well-posed if a: E —> L is a topological isomorphism. The 
dual L’ of L is the quotient of B,’ @ E’ by the space of (T, W) which satisfy 
T-h+W-g=0 for (h,g)€ L. That is, there is a D such that T = DŠ, 
W——D. By Fourier transform, G== PJ, H ==— P for some P which is a 
polynomial in s, where GŒ, H are the Fourier transforms of T, W. 

Now, let us go back to (65). Since Ge Hy’, Ge and G is of exponential 
type =1ins. It follows immediately from the theorem of addition of supports 
(see [9]) that o’(G,H) —0 if and only if G == PJ, H =—P for some P 
which is a polynomial in s. Thus @ is one-one on I” which means that the 
image of a@ is dense in L. 

We have the much stronger 


TuEormm 7. If 8 1s hyperbolic in t and invertible the Cauchy problem 
1s well-posed. 


Proof. We want to represent any K € Æ in the form K =X (G, H) with 
(G,H)€ H depending continuously on K. Let d ve a positive integer de- 
pending on K which will be prescribed later. For fixed z we use the curves 
I',* defined by (4) for c ==4(a+ c) in the notation of Lemma 1. We set 


(6 a= + S IERIE) t) 


if s does not le between I,* and 


(67) asa =S + f IERE z) (a—2) —K (a2), 
if s lies betwen T,* where I= are oriented so that the interior lies on the left. 
Lemma 18. G(s,2) € BY and K—G ts divisible by J in F. 
(G, (K—G)/J)€L/ depend continuously on KEEL’. 


Proof. We use the methods of [4] Section 8. Suppose for a”, a” > 0, 


(68) | K(s,z)|Sa(i+is|+ |2|)*exp(a”’(|Is|+]|JZz|)). 
then by Lemma 1, if we choose | 
(69) d4 4 [e +a” +4(atc)a”] +a’ 


(where d’ is any positive integer) the integrals (66) or (67) converge for s 
off the curves T.. 
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Now, let {s/}*)... be the points of T,* with real parts 
of = 32j (a+) (1+ log(1 +] 2|+]s!|)). 


Using s/ as center, we may by the minimum modulus theorem (see [5]) draw 
a circle y of radius between 2(a+c)(1+log(1+ |2|-+ (s/|)) and 
3(a-+ c)(1 + log(1 + | 2) + | sf|)) on which 


| J(s, z)| = const + |s| +]21)> 


where b is independent of 7 and z. If we use the right arc of y,/ joining T, 
to rs and if we let d’ in (69) be [b] +2 then we can, by Cauchy’s theorem 
write in (66) or (67) 


(70) Sut SaR Se 


where I,/ is the contour bounded by T,* and the arcs of y,/- and y? chosen. 
The series on the right of (70) converges absolutely for s of [J TA. 
J 


It now follows immediately from the results of [4] Section 3 that for 
fixed z, G(s,z2) is entire in s. 
Next, we notice that if z varies in a small set U then by Cauchy’s theorem 


and the choice of the T, we have f man for any 2° in U. It follows 
Trot zot 


from (66) and (67) that G(s,z) is for fixed s holomorphic for z€ U. Hence 
G(s,z) is entire in s and z. 

We can now estimate G(s,z) from (66) and (67). Suppose first that 
distance (s,I',*) 21. Then using Lemma 1, (68) and (69) we have 


Sit Sn, 


Since the contours T,* can be moved by shifting s— 8- % without changing 
anything except the constants, (71) holds for all (s,2). Hence using (66) 
and (67) we have 


(72) | G(s,2)| SBC +[91)*|F(s,2)|(Q+ | 2 |)" exp(@” |T|) 
where 6 depends on J and a, a”, a”, and 8 depends on J, a”, a”, and d 
depends on J, a”, and a”. 

From (72) it follows first that Ẹ is an entire function of exponential 
type in Æ’. Using the dependence of 8, d, B’ on K it follows also that if K 
varies in a bounded set so does G. 


We use again (70) and the results of [4] Section 3. It follows that for 
fixed 2, K — G is divisible by J in the ring of entire functions of s. A simple 


(71) 








< const (1+ | z |) eoa" exp (a’” | z|). 
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estimate shows that (K — G)/J is bounded in the neighborhood of any point 
(s,z). As is well known, this implies that (K —@)/J is entire. By Theorem 
2.6 of [4] (K—G)/J isin F. 

By the above and Theorem 2.2 of [4], if K varies in a bounded set of F, 
then G and (K —@)/J = H vary in bounded sets of #,’, E respectively. 

If we change d to another integer satisfying (69) then (G,H) is 
replaced by a pair (G,,H,) which is equal to (G, H) considered as an element 
of I’ because K = G -+ JH = G, +JH,. Thus, K— (G,H) is a linear map 
of Æ > L’ which is bounded on the bounded sets of E’. Since Æ is bornologic, 
this map is continuous. This completes the proof of Lemma 13. 


Proof of Theorem Y concluded. It is clear that a is continuous. More- 
over, the map of H’>I/ defined above by K—>(G,H) is, because 
K=G-+JH, an inverse for &. By Lemma 13 this inverse is continuous. 
This proves that % hence « is a i isomorphism which completes the 
proof of Theorem 7. 


Relation to Wrener-Hopf problems. Formally for n == 0 the Wiener-Hopf 
problem can be stated as follows: Let k be a function. Then we want to find 
functions f’ which satisfy 


(73) f ke—eyp eae =P for £>0. 


If we define f to be f’ for ¢>0 and 0 for £0 then (73) is equivalent to 


(k*f) (t) =F (t) for t> 0 


(74) f(t) = 0 for (<0. 


Next, let W be the measure k= k— è. Then (74) becomes 


(k’*f) (t) =0 for t>0 


(75) f(t) =0 for (0. 


Let us assume that k, hence k’ is of compact support. Then we may 
generalize (75) by replacing W by an arbitrary S € #’. We also look for f€ #. 
Thus we want 

SFF) (t) == for t>0 
(76) (S*f) (t) 
f(t) =0 for 10. 
Suppose [a,b] is the smallest interval containing the support of 8. Then 
to solve (76) it is sufficient to solve 
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(S*f)(¢t) ==0 for t>0 


(77) f(t) =0 for —b St 50 


if b = 0 while the second condition in (77) is vacuous if b < 0. 

Assume that 0€ [a,b]. Then (77) is just a special case of the Cauchy 
problem (or rather the initial value problem which can be treated by the 
same methods) 

(S*f) (#) =g (t) for t>0 
ee f(t) =h(t) for a—bS=tsS0 


namely we specialize to g = 0 and A==0 for —bStS0, 


If we now let n> 0 then it is clear that the obvious extension of (77) 
is a special case of the Cauchy problem treated in this paper; here a S tS b 
is the smallest strip containing the support of 8. 

We wish to show that, under a suitable hypothesis, the Wiener-Hopf 
problem has solutions for any n. Let 0 be an inner point of [a,b]. We 
assume for simplicity of notation that a == — 1, b = 1. By D we denote the 
space of Schwartz indefinitely differentiable functions of compact support. 
For any ¿E D, let K be its Fourier transform. Then as in Lemma 13 we write 
K=G+J/H. 

From (72) and a check of the dependence of the constants, we have 


(79) | (s,2)| SB [J (s,2)|(1+ |2 |)f exp(a | Zz ]) 


Since J is slowly decreasing it follows that the H for which G-+-JHE D are 
polynomials in s wtth bounded degree. 
Next, for hE D, support A C$} StS} we want to define FED by 


(80) . f-l=h-T 
where T is the inverse Fourier transform of G. 


From Lemma 13, f is bounded on the bounded sets of D so f is a dis- 
tribution. Now, 
(S*f) t= f e*l 
"h T 


where the Fourier transform of T is the @ corresponding to JK. It is clear 
that G—0 so S*f ==0. 

Let the support of 1 be contained in [—1,1]. Then f-l=h:T. Since 
K — Q + JH, T m] — S*W where W is the inverse Fourier transform of H. 
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Thus, f-l==h-l— h-S*W where by our above remarks, H is a polynomial 
in s of degree =m. 


Require. h-S*W-=0 for all W of the form 
W = Wo + 8/0tW, +: - -+0"/0t"W, 
where W; is a distribution in z. 


THEOREM 8. Suppose there exists an h satisfying the above requirement. 
Then there exists-a solution of (77). If the space of h satisfying the require- 
ment is infinite dimensional then so is the space of solutions of (77). 


Proof. f is a distribution which satisfies S*f—0O and restriction of f 
to —1<t<1 equals h. If we convolve f with an element of D of small 
support then we have an element fı E€ E with S*f,=0, fi = 0 on —$ StS 4, 
f:540. We define f, as the translate of fı by an amount in t=}. Then 
S*f,—0, fg-=0 on —1S10, f,540. The space of fa thus constructed 
is clearly infinite dimensional and we are finished. 


Remark. It may not always be true that there exist A satisfying the 
requirement in the hypothesis of Theorem 8. For example, let 


1 
(BL) g= Ebra J IE ho s Lindoxp (aH H jn) )di 
where 0,,...;, are positive numbers whose sum is 1. We have 


J (8,2) = 23) Bj, exp (H21/f.) > > | 
X exp (iz ja)sin (s +i H: +A)/(83+jr-: + + ja). 


It seems that for suitable b,...;, we have J slowly decreasing and S hyperbolic 
in t. It seems also that the set of 9*W is dense in the space of distributions 
on —#<¢t< 4% where W varies over the distributions in z. Thus no A could 
exist. 
Of course, if m==0 then there are only a finite number of conditions for 
h to satisfy so the space of h is infinite dimensional. If n>O and 8 is a 
finite sum of products of distributions in ¢ with distributions in T, we can for 
the same reason find an infinite dimensional set of A of the form hı (t)ha(2). 


Remark. Let n==0. The compatibility conditions for the Cauchy data 
(4,9) € L are infinite in number. Presumably for any m we could construct 
spaces L™, Em, which depend on 9, such that the Cauchy problem is well 
posed for fE E™, the Cauchy data in L™ satisfying m prescribed conditions. 
It would be of interest to study these es Similar remarks hold for n > 0. 


(82) 
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Explicit Formulae. If h,g¢ LZ then the explicit form of f satisfying 
af = (A, g ) 18 


(83) f(t,2) =h: Sro tg Wis 

where l 

(84) exp (ils + ic-z) = Qia(8,2) +J (s,2)Hia(8,2). 
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ON EXTENSIONS OF ALGEBRAS, CO-ALGEBRAS AND 
HOPF ALGEBRAS, I.* 


By V. K. A. M. GUGENHEIM. 


The classical theory of extensions could be described briefly by saying 
that it is about deviations from the additive structure of the direct sum; the 
present paper is about deviations from the multiplicative structure of the 
tensor product. 

One of the most striking features of the new theory is its thorough-going 
duality. The basic structure of the classical theory is an exact. sequence 
0 — A —> C — B — 0 and this is—in the sense of Buchsbaum, Grothendiek and 
others—a self-dual concept. Accordingly, the classical theory is basically self- 
dual and appears, essentially, as one. 

The notion of an algebra is not self-dual; on the contrary there is the 
dual notion of a co-algebra; and thus the present theory appears in two dual 
aspects: a theory of extensions for algebras, and one for co-algebras. Not 
surprisingly, however, the most interesting situation is precisely that which 
is again self-dual: the extension theory for Hopf algebras. 

In the present paper, duality has been stressed to the point of pedantry: 
Every statement n, corresponds to a dual statement n*; statements labelled 
n are self-dual; see also the remarks following 1.1*. 

Extensions A -> C —> B are in many ways analogous to fibre bundles with 
fibre A, base-space B; this is apparent in the theory of “induced extensions”; 
in some sense, the induced fibre space exists because the diagonal map 
B->BXB is commutative; and it will be seen that we get a good theory 
of induced structures only if the algebra A, or else the co-algebra B, is 
commutative. 

_ In the theory of central extensions of Hopf algebras we have all these 
structures: they combine to define in this theory a group structure analogous 
to that introduced by Baer into the classical one. 

The “extensions” of this paper occur very naturally in the theory of 
. Hopf algebras: the basic lemmas 2.5, 2.8 in the paper [1] of Milnor and 
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Moore exhibit a Hopf algebra as such an extension; i oih of the 
cohomology of the Steenrod algebra due to Adams, s, [2], o by RRG 
that algebra as a sequence of extensions. l 

: Just as the classical theory, the present one is related i certain invariants 
of d cohomological kind. The theory of these invariants will be the subject. 
of a subsequent paper; they are related to the twisting co-chains of E. H. 
Brown, T8]; for some first indications, see [4]. , 

The paper falls, roughly, into. three parts. “Capes 1-4 Pais the 
necessary properties of the tensor product and co-tensor product; the former 
are “well-known ”—but not in the form needed for their dualisation. 


"Chapters 5, 6 give the theory of extensions. Chapter 7 is a technical digres- 


‘sion on the “bi-tensor product.” This subsumes both the dual products used 
earlier and is, in a certain sense, the underlying construction in the case of 
Hopf algebras. Chapter 8 gives an almost self-contained alternative theory 
of-central extensions; it is less invariant, more explicit, and. used here mainly 
to complete the proof of Theorem -6. 61. 

Finally, a point of notation: if Xi is an object in'some Ce the same 
symbol X ‘will be used to denote the identity map {X > Z. | 

It is a ‘pleasure to express my thanks to J. C. Moore for many atd 
suggestions both of a general and of a specific kind; in particular, he pointed 
out to me the existence of the co-tensor product, and its relevance to ae 
at that time somewhat Gi dese : 


, 1 Preliminaries. Let K be a commutative ring with unit 1€ K. 
À sequence A =m {Ap} of K-modules will be called a graded module, a sequence - 
f — {fa 4n—> Ba} a map of graded modules.. We shall often identify K with 
. the graded module {K,} with K, =0, n0, K, =K. 

‘The graded module A will be called a G. C. (graded connected) module 
if A,—=.0 for n <0 and there are given maps'of graded modules e: A> K, 
n: K— A such that eoo =K, noe == Ao. A’ map of graded modules must be 
consistent with this structure—i.e., “keep fixed” the elements of A, = KE. 
If A, B are G.C. modules, the G.C. module A@B is defined by (A @B)« 
= Fp Åp By. We shall invariably sie A, A@K, KOA under: the 
isomorphisms a>4@1>1@a. 


Liy Definition. The'pair (A, $) will be called an algebra if 


(i) A isa @.C. module. 
(ii). ¢.is a map of G.C. modules AQAA 
(iii) The following diagrams are commutative 
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ASd 
A ASADA 


me D 


A 8 AÅA— Á 


$ 
nA 
K © å —— ABA ora oa 
\ [s \ | 


i. 


AA 


1.1* Definition. The pair (B,w) will be called a co-algebra if 
(i) Bisa G.C. module 
(ii) pis a map of G. C. modules B> BOB 


(iii) The following diagrams are commutative 


By 
B@BOB<——-B@B 


[von ly 


B®B——— B 


a an 


The two above definitions are “ dual” to each other; such dual statements 
will occur many times in the present paper. The statement dual to n, will 
always be denoted by n“; in order to save space often only one of n,, n* will 
be written out; nevertheless, the other one will in each case be implied, and 
referred to by its appropriate number even if it is nowhere written down. 


1.2% Definition. Let (B,w) be a co-algebra. The pair (N,o) will be 
called a left B-comodule if 
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(i) N isa G.C. module 
(ii) o isa map of G. C. modules VN> BON 


(iii) The following diagrams are commutative ` 


BOcs cQ N 
BO BSN ——— BON K 8 N ———_ BON 
jron |e Mi |e 
BON a N N 


oC 


An analogous definition is given for a right “ B-comodule.” The dual definition 
1.2, for a left A-module (M,7) is the classical one with r(a® m) == am. 


1.3% Definition. Let (B,y), (B,W’) be coalgebras. A map of G.C. 
modules g: B— B’ will be called a map of co-algebras if 


| (g@g)y= (Y Oy’)g. | 
1.4* Definition. Let (N,c) be a left B-comodule, (N’,o’) a left B’- 
comodule and f: B—> P’ a map of G.C. modules. A map of G.C. modules 
g: NN’ will be called an f-map if 


(FO g)o =— a'g. 
Remark. If the composition 


5 BQe 
N —— B9 M ——— BOK =B 


is an epimorphism, it follows that f is a map of co-algebras; this will certainly 
be true in most applications. 


If, in 1.4*, f is the identity, we call g a map of B-comodules. 


Convention. From now on we shall usually refer to an algebra A, a. 
co-algebra B, a left A-module M etc.; allowing the symbols ¢, y, r to be 
understood. In order to be able to do this easily we shall denote all “ multi- 
plications” by ¢, all “co-multiplications” by y, all “operations” by r, all 
“co-operations” by o; and, in case of ambiguity, will write da, YB, tu, oy, ote. 
Also, extending a notation of Cartan-Hilenberg we shall denote by aM; 8N 
the “situations” of 1.2,, 1.2* respectively; and we shall use the shorthand 
M == 4M for the phrase “M is a left A-module,” etc. 
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1.5, Definition. We shall refer. to the situation M— 4M, if (M,7) is 
a left A-module, (M, r’) a right A’-module and 
r(A r) =r (7 @A’). 
Note that A = 4A, and B == 2B». 
2. Tensor products and.co-tensor products. If A, B are G.C. modules 


‘and A: A—B a map of graded modules such that Ao = 0, then kernel A 
and co-kernel A are G.C. modules. 


2.1* Definition. Let Af = MB, N ==BN where B is a co-algebra. We 
define 


A = AF m pr O N —M Boy: MON-MQBIN 


and M@8N = ker A; cf. [5], Exp. 7, p. 25.. 

We refer to M®PN as the co-tensor product of M and N over B. The 
dual concept, denoted by M @4N, is the well known product of two A- 
modules; we shall use the notation A == A1 =ru N—M ry so that 
M Q 4N == co-ker A. a E 


1 j 
We shall say that the sequence 0 —> A —> B—>C is split exact if it 
4 f) 
is exact and image 4, image 7 are direct summands; A —— B ——> C — 0 ig 
split exact if it is exact and kerz, kerj are direct summands. 


2.2% LEMMA. Let N a SY, The sequence 


ii A i 
0> N —- BO N —> BOBON 


where A == YƏ N —B® o, is split exact. 
This lemma says N =B QEN. The dual Lemma 2.2, says M =A 8 aM. 


2.3, Consider the situation M = Al, (cf. 1. ò); N =4N. Classically, 
one turns X =M @4N into a left A’-module by inserting the unique homo- 
morphism 4 X — X making the following diagram commutative 


A’OMBABNAHAOUSBNOAOX0 
[rosor [rox 
MQADN > MON > X30 


2.8% In dualising 2.3, the failure of @ to be left exact imposes a 
difficulty. However, in the situation M ==” M?, N==9N, M@PN can be 
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given the structure of a right B’-comodule if etther BY (i. e., ‘each B's) is K- 
projective, or the sequence defining M@4N is split exact. 
2.4, Consider the situation (Las, a Ma, aN); then, classically. 
L@u4(M@,N) and (L@4M) ON 


are naturally isomorphic. If one wants to prove this without mentioning 
elements, directly from 2.3,, one uses the following lemma, true in any 


abelian category: 
2.41, Lemma. The diagram of exact rows and columns 
0 0 
tf f 
Ay Xe 
i i 
Y,7Y.0Y;-0 
Z:—> Z,—0 
can be completed in a unique way to 


0 0 0 


T E Ta 
' XoXo 

‘a are ae 
. F- Y> Y;->0 
| Z,— Z3;— 0. 


2.4* Using the dual lemma in the situation (Z2, P'M8,8N), one proves 
that LO? (M Q8N) and (LOE M) @# N are naturally isomorphic, provided 
etther B’, B, L, N are K-projective, or the sequences defining L&P M, M 88N. 
are split exact; we denote either module by LOP M @# N, 

2.5% Consider the situation (M3,2N), (M’?',7N’), let f: BB’ be 
a map of G.C. modules and let m: M —> M’, n: N-> N’ be f-maps; cf. 1.4%. 

' Then, into the commutative diagram . 


k 2 
0> MEN- MON —— M EON 
| men [noron 


, ; | 
0> M’ SE N — M’ @ N’ — M'IN 


a unique map 
| mO* nme m@Oin: MO? N> MEN 
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can be inserted; if it exists at all it does not depend on the f used in its 
construction ; the notation ®f is useful as a brief way of indicating what ts 
being used to justify existence. 

Under suitable hypotheses, cf. 2.3*, 2.4*, symbols such as 1@*m@*n 
are well defined. 


2.5, The dual remarks, leading to symbols such as m®,n—m @yn, 
1®, m®, n, are classical. : 


38. Some permutations, 


Notation. Let A, B be graded modules. By T: AWB BOA we 
denote the map of graded modules given by T'(a® b) = (—1)™b & a if a € Ay, 
bE Ba 


Let A, --- , Ay be graded modules and (4, , . . ,î%) some permutation 
of (1, ,k). We shall denote by 
(4, ° *,%):A,@> ae & A, —> (AL © - K © Ay) 


the map of graded modules that permutes the factors as indicated and 
introduces the same signs as any succession of T’s that produces the same 
permutation; the uniqueness is clear. Note that T = (2,1). 


38.1* Definition. Let (B, yi) (1=1, : -> k) be co-algebras. We turn 
B= B, ®& ---@B, into a co-algebra by the definition 
y= (1,8, oe » xk —1,2, an * 2h) (¥1 @ > ai © yr) 
Let (Ni, o) be By-co-modules. We tum N =N, 8 :-- Nr into a B- 
co-module by the definition 
o= (1,3, 5°. , 2k —1,2,"° A »2k) (o1 @ oe © ox) 
The dual Definition 3.1, is classical. 
3.24 Let (A,¢@) be an algebra; ¢: AWA—A is a map of algebras if 


and only if 6==¢7 in which case we call A (or ¢) commutative. 
The dual statement 8.2* is evident. 


3.3, Lexma. Let (A,¢d) be an algebra, and let r: AWM OM, 
r: MBA— M be maps of G.C. modules such that t =T. The following 
conditions are equivalent: 


(i) (M,7) 18 a left A-module and (M, r) a right A-module. 


(ii) ther (M,r) or (M, 7’) is an A-module and the condition of 1.5, 
18 satisfied. 


LQ.. 
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(iii) (MĦM,r) is an A-module and r: AQ M—>M is a p-map; cf. 1. 4y, 
where we regard AO M as an A® A-module by 3.1. 
(iv) (M,r) is an A-module and 7: MB A—H is a ġ-map. 
| 8.4, Definition. If the conditions of 3.3, are satisfied we say that r, 
r’ are central; that. M is a central A-module, or that the situation alta a is 


. central. 


3. be Lemma, Let (M,r) be an A-module. r is central if A is 
commutatwe. E 


Remark. The converse is true if 


ABa 
A — A 9 K —> A@U—> 
is a hougan 
The duals 3:3*, 3.4*, 3.6% are evident. 


8.6 Consider the situation (Ma, aN, M'a, a'N’); it is easily seen, bs 
looking at “elements,” that (M@4N) @ (W8 aN’) and 


(MON) Sage (MON) 


are naturally isomorphic; rewriting the argument in. terms of mappings isa 
bit cumbersome, but there is no essential A ; we obtain the following 
dual lemmas: 


3. Sly Lemma. Let M; be a left Ay-module, Ni-a right Armodule; 
æ= Í, k. There is a unique homomorphism h,, and it is an tsomor- 
phism, ieh that the following diagram is commutative: 


M,.@N,@ eee O M O Nr (M94 N1) ® Saans 8 (My @a, Na) > 0. 


M oe 2k — 1,2,4, oiii , 2k) hy 
DIMON, eni ON; — (M,@ A gee DM) Dae -++@a4, (NV, * we & 
3. 61* Lema. Let M, be a right B,co-module, N; a ch Bco-module, 7 
{man |, 2, k. 


Suppose either that My, Ni, M,® 8N, are all Berry ry or ie that 
the sequences defining M, © B:N, are all split-exact. 
. Then there ts a untque h*, and it is an isomorphism, such that: the 


- following diagram is commutative 
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0-> (IL BAN,) @- - © Wh OMM) > MONO -- QM, ON, 


{ ` 


p | “ie "ee ro b+, - + k, 2k) 


0> (M8: - OM) OAG.: -OF(N®- a SM;ON,Q . 

3.7 The results of 3. 6 will now be used to investigate when the tensor 
product or co-tensor product of two. algebras or co-algebras has an induced 
product or co-product.. Thus, letting (4, $) denote an acres and (B,w) 
a co-algebra, we investigate 4 cases: 

I,: M = Ma, N =N, (H, pu), (N, pu) are A 

I: M= M4, N—sN, (M, yx), (N, yy) are co-algebras. 

I*: MM, N =?N, (M, yu), (N, 4x) are co-algebras. 

l JI*: M = M2, N — BN, ee ou), (N, py) are algebras: 

We write out explicitly the less familiar cases, If, Tis the dual cases 
“I, Ilẹ are very easily handled by “ classical” methods. 

3.71* We make fis following 


Assumption. M, N and M 8N ate > K-projective; or else, the sequence 
defining M@#*N is split exact. | 


I* We use the “ co-prođuct a 


yu @* yy “he | 
MON —— > (M® M1) Somon (MBEN) O (MOEN) 


which will exist, ii @* == OF if 


CI*: There is a map of G. C. mođules i B>BOB such that Yu, juai 
f-maps; (cf. 1.4*). 


JI* We use the “ product » 


he? | du O* py 
(MBEN) (MPN) —— (MOH) sonon (MBEN) 


Which will exist, ái Ot = Br it 


t 


CII: There is a on of. G. o. P 9: BOB>B such tat $u, $x. 


are g-maps., 


3. 72* . The investigation. of gosie choices for Aag a 3. 7 i* seems a 


bit complicated. We shall restrict ourselves to the e following cases : 


-DN 
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ae We take f= = ý = 7 and CI* becomes: 
“pS “ars yr are y-maps. 
O*: We take’ g == bp where (B, pi is an algebra then ou becomes: 
| DI": “bas; oy are $-maps. : 
. 3. ge Condition 3.7 72*DI*. “War is a, j-map” can be d ‘more 


porspicaoualy The condition is, of course, the commutativity of 


) PER sor. 
: UOMBROB< M®BOM@B<——_MOM 


| ey - =~ =? |v 
MB e M, ioi 


g 


š $ j 
3. 81* Definition. A map of T M eB is s called contral if 
the following diagram 1 is commutative 


Po, 
T 
ae 
~ MOM ` MQM 
E ya N ane 
` i - ĦM 


3. 82* Nolako Tet g: M>BOM, o "M> MOB be maps of G. c. 
modules. Me define jle), 7 (0 ): M > B. as-the oes j 


| BQ... | 
us pou pex—s 

o QB ae 
‘M—— M@B K@B— B. 


If (M, ae is a-co-algebra and 7: Af >B a map of G.C. a we 
define PU): M> BOM, ACL MoM®@B as ee Sopop tgi «gatas 


Yar. jOM 
 M—— M@M-~—_4 BOM 


Yar M@joe. 
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3.83* LEMMA. 
(i) If (M,c) is a left B-co-module, then j(c) is a map of left B- 
co-modules. 


(ii) If j: MB is a map of co-algebras, then (M,o(j)) ts a left 
B-co-module and j(o(j)) ==}. 

Git) If (M,c) ts a left B-co-module, (M, Yu) a co-algebra and yy a 
y-map, then (o) ts a central map of co-algebras, o ts central, 
(cf. 3.3"), omo(j(o)), o (j (0) ) = To. 

(iv) If (M, yar) ts a co-algebra and 3: M — B ts a central map of co- 
algebras, then (M,o(j)) is a left co-module, o(j) is central, 
o (1) = To(37), and yu is a y-map. 

From 3.7* we can now read off: 


3.84" THEOREM. Let jy: MB, jy: NOB be central homomor- 
phisms of co-algebras, so that o(ju), o(jv) define central situations BMB, 
BNB; (cf. 3.4*). 

Assume that M, N and M QEN are K-projective; or else that the sequence 
defining M QEN ts split exact. 

Then there is a (unique) homomorphism y* making the following 
diagram commutative: 


MON SUO N 1c M ON 
War ON 


(M@N) © (MOEN) —— (MBEN) 
| | 
0 0 
(Al @2N,w*) is a co-algebra. 
3.8, The dual of 3.81*, the notion of a central map of algebras, is 
classical. Corresponding to r: A © M — M we define +(r) as the composition 


Èn T 
A = Á Q K — A Q df — M 


and corresponding to t: Á -> M, where (W, u) is an algebra, we define r(t) 
as the composition 


1 M pa 
A O M M ® M — M. 
t(r), r(1) are dual to 7(c), o(7) of 3. 82%. 
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3.84, THEOREM. Let ty: A>M, ty: AN be central maps of 
algebras, so that t(iu), r(tx) define the central situations 4M, aNa; (cf. 3.4). 
Then there is a (unique) homomorphism ¢, making the following 
diagram commutatwe: 
MONSMON —— > MON 


een ee 


(MDN) S (M@,N) ——> U D.N 


Pa | 


0 : = 0 
(MO aN, py) 18 an algebra. 


4. Hopf algebras. The conditions DII,, DII* of Section 3.7 cannot 
be re-interpreted in the manner of 3.8.if we remain in the context of 3.7; 
the main purpose of this chapter is to show that such a re-interpretation 
becomes possible in a self-dual situation. 


4.1 Definition. The triple (H,¢,y) is called a Hopf-algebra if - 
(ix) (H,¢) is an algebra. 

(i*) (H,w) is a co-algebra. 

(ii) The following diagram is sorties: 


$ y. 
H&H —— H ——> H®H 


Yy = | 6 @¢ 
H®T@H 
HQH®H®H———_—> HO HQHOH 


Condition (ii) is self-dual and can be interpreted either as “y is a homo- 
morphism of algebras” or as “ġ is a homomorphism of co-algebras.” We 
refer to it as the Hopf-condition; cf. [1]. 

A homomorphism f: (H,¢,~)— (H’,¢’,w’) of Hopf algebras is one’ 
which is a homomorphism of algebras and of co-algebras. . 

If H, H’ are Hopf-algebras, we define the Hopf-algebra H & H’ by com- 
bining 3.1, and 3.1*; the Hopf-condition is easily verified. 


4.2, Let us now be in the situation (Ma, 4N), where (A, }) is an algebra 
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to 


having a co-product y (but we do not, for the moment, assume the Hopf- 
condition), and (M, a, yar), (N, ġx, Yy) are Hopf-algebras. We want to turn 
MQN into a Hopf-algebra; sufficient conditions are easily read off from 
3.7 namely DI,, DII,. We reformulate DI, as in 3.8, by requiring that 


t—1t(7): 4M or N 
both be central homomorphisms of algebras. 
Now we express DII, one of which is “ya is a y-map”; this means the 


commutativity of 


MBA — M 


MOTA Tr 
MO M8ABA—— H @AOMUOA——> MOM 


If we substitute r==7(t) = ¢uy (Af 8i) and use the Hopf-condition for M it 
is easily seen that the commutativity of the above diagram is equivalent to 


the requirement that 1: 4 —> M is a map of co-algebras. 
We summarize: 


[wor ts 


4.21, THEOREM. Let (M,¢u,ym),.(N,dx,yn) be Hopf algebras, let 
(A,) be an algebra with a co-multiplication y. 


Let ty: A> M, ty: AN be central homomorphisms of algebras and 
homomorphisms of co-algebras. r(ty), r(tar) define the central situations 
Ma, ANa (cf. 3. Oy, 3.44). | 


Then (MOAN, og, 4) 18 a Hopf-algebra, where dy, Yy make commu- 
tative diagrams analogous to that in 3. 94,. 


Remark. If either ta or ty is a monomorphism it follows that A is a 
Hopf-algebra with commutative ¢, and ty, ty are homomorphisms of Hopf- 
algebras. 


Proof. In view of what ee the only thing that remains to be proved 
is the Hopf-condition for M®4N. Now, the Hopf-condition for M ® N asserts 
the equality of two homomorphisms M@ON@OMBN ->MONOMON; the 
equality of the induced homomorphisms 


(if ®4N) S (MQN) > (M@.N) @ (MQN) 


follows from the uniqueness of the homomorphisms “inserted” in 2. 6y, 3.6, 3 
the Hopf-condition for MSN “maps onto” that for M@ 4N. 
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4.21* THEOREM. Let (M, u, Ya), (N, oy, bw) be Hopf-algebras, let 
(B, 4) be a co-algebra with multiplication ¢. 


Let ju: M — B, jy: N — B be central homomorphisms of co-algebras and 
homomorphisms of algebras. o(jn), o(jar) define the central sttuattons MP, 
BND 

Suppose, moreover, that M, N and MBEN are K-projective; or else that 
the sequence defining M QBN is split exact. Then (MOEN, p*,y*) is Hopf- 
algebra, where ġ*, y* make commutative diagrams analogous to that in 3. 94*. 


Remark. If one of jar, Jy is onto, it follows that B is a Hopf-algebra with | 
commutative y and ju, jy are homomorphisms of Hopf-algebras. 


5. Extensions of algebras and co-algebras. The grading of our various 
modules has played no part so far; now it will. Ii J == {J,} is a graded 
module, we shall often, and ambiguously use J, to denote the graded module 
that is zero in dimensions other than n, and /, in that dimension. By 
Qn On(J): dud, Pn = par J): JJ, we denote the injection and pro- 
jection, 

5.0 Leama. Let J, L, M, N be G.C. modules, and f: J®@L—>M@N 
a map of G.C. modules such that (MB pr) f (JE qn): J@OL,A> MON, ts 
an isomorphism forn=0. Then f ts an tsomorphism. 


This lemma is well known from the theory of spectral sequences. 
5.1 Let A, B be G.C. modules. We define i==t4: A> AQB as 


Ay 
the map A4=A@K———»A®@B, and j=j,: A®B—B as the map 
e@QB 
A@®B——»> K ®@B—=B. We refer to 


tA iB 
A — Á 8 B — B 


as the basic (4, B)-sequence, and denote it by Æ (4; B). The map f: AQB 
-> ÁA QB will be called admissible if 


ABB 


is commutative. 


5.11, Lemma. Let A be an algebra and give to ASB the evident 
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T of a left A-module. Tf ji 18 admissible and. a map a T | 
then it is an WIMP 


5. 1p Lexma. ' Lét B. be a ae and - give ABB. the evident . 
structure of a right B-co- modile; tf ft 13 an OEBELE map of 'B-co-modules, ` 
then tt 13 an isomorphism. l 


We prove-5.1lẹ by proving” that: {a amien: 48B, >48B, 
is the identity and then applying 5.0. 7 —- . 
Indeed, let b€ Ba. Then, since f. is admissible 


(Lb) 18d + Bada Bba° : 


where dim aa >0, dimda-+ dim ben. Hence : (A @ p)f(1@8) == 1 Qb. 

Hence (A ® pf (ab) =a b because f isa map of A-modules. — 
To prove 5.11* one first puts this-argument into an “element-free form ” 

"after which dualization i is mechanical. - The details are surprisingly awkward! 


5.2 Notation. A commnitative doema of G. C. modules 
ae , : 
A—— C —— B 


|< bo [e : [e . 
a 4 
A’ ——> ire a ee 


will be referred to as the map (a, C, B); ; a complete notation would be (a, ¢, b) 
(4,9) > (7,7). Composition of such maps is defined in the obvious way. 


5.3, Definition. A sequence of pomomor mins of algebras 
+ j | 
Ky: eG —B 

will be called an (A, B)-extenston of. ‘algebras if ie is an E T 
of left A -modules T: (C,7)) > on 8B, Byr(ta)), cf, 3. i 5.1, such that 
(4,1, B): Hy (A,B) is a map. 

Observe that jt==-7(B)e«(A). l 

A map (a,c,b) in which a, c; bare, oa of £ algebras will be called a J 
map of extensions of algebras.: `° > 


A map of extensions (A; ©, B): yil be called an EE E (of (A, B)-. 7 


extensions). In this case, ¢ is an isomorphism, by. 0.115; ne that 
“equivalence” does indeed define an’ equivalence relation. ; 

If + is a central fap of algebras} 3-81,, we: say that By isa central 
extension of algebras. In this case A ‘is ‘commutative. 
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E The dual definition for an (4, PECERA of co-algebras, 
t J` 
Re; A ——> C ———> B is evident. A this case we require that. T ig an 


. isomorphism of right B-comodules. H* will be called central if 7 is.’ 
` . 4 . j 7 se l + > 

6.4, Turorem. Let Eş: A CB be a ‘central extension 

of algebras and a: A— A’ a central map of. algebras. 
There ‘exists an (A! , B)-extension of algebras 
| aby: A’-> 0, > 3B. | 

_ and a map of extensions of algebras (a, dy, B): F, e727 lyg satisfying the 
following condttion: 


Gwen a map of satensions (a, ¢,b): fae hens exrsts a mar 
(A, Cab): Oy Hy > Eg such that 


(a, ¢,b) = (A’, ce b) (4 as, B) | 
The extension a,H, 13 unique up to an equivalence a,H, having been chosen, 
dy 18 unique. i 

Proof. (For an alternative proof, see 8.3,) 


The uniqueness follows by a familiar argument; it remains to establish 
existence. 


The central map + defines the. el situation aC, cf, 3. 83,3 similailj 
a defines 4A’4. We define Cy—A’@.C; it is an algebra by 3. 84,; and 
Af ea jf 5 AO 0 = > ORB 

: A’ Bgt - . «@yJ | | 
defines yEy. The map A’®,4 is defined because ¢ is an A-map ; the symbol 
«®, 7 requires some explanation! We regard K, B as A-modules with 
“trivial” operation, i. 6. l 
K@A->A is defined by tOu ke(a) 
AQB—>B is defined by a8 b— e(a)b. 


It is then clear that K Q B —EK Q 4B, and that e j are A-maps. It is easily . 
seen that A’®, 1, «®, j are maps of algebras, cf. 8.8, = 


Oy: Ors is defined as 


-40, 0: A®,C -> A’ ®,C; this is possible since a, C are A-maps, ef. 1. 4y 
To see that what we have defined i is, indeed, an (A’, B)-extension, eonnest 
first the diagram 
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A’@AQT 
A’ È A ® C ——_——— A/RBABAOB 
A . ABB 
A’@r 
EOC — A’RA@B 
F 
A’8,C ——— A’@B 
1 
0 0 


into which I” can be inserted uniquely; it is clearly a map of A’-modules; 
and since T is an isomorphism, so is I’. 
Next, we consider the diagram 


WOR cs et POI OK. 


A’ È C—O A@B 


N 4 
r K@B=—K@EKOB TOK 
A 


A’ @ 40 ————————>. A’ @ ,A OB 
r 
Al w=: A’ @ 4A OE A: OK 


from which it follows that (A’,I’,B) is a map. 


Now, let (a,c,b): Hy— EF’, where HE’, is A’-»> C’ — B’, be given. We 

define cy: C—C by 
ty A'S, 6: AOC AOAC —C’; 

the map A’ ®, c is defined as A’ @ qc, cf. 2. 6,5; this is possible since A’, c are 
a-maps, cf. 1.4,: The verifications are trivial. Equally trivial are the verifica- 
tions that (A’,c,,) is a map, and that cya, = (A’@,c) (a8, C) —a®@,c: 
AQ > A’ RO al 48 ©. 

This completes the proof. 


t j 
5.4* THEOREM. Let E*: A ——> C—> B be a central extension of 
co-algebras and let b: B’-»> B be a central map of co-algebras. 


There eatsts an (A, B’)-extension of co-algebras 
b*H: A> C*—> BP’ 
and a map of extensions 
(4,b*, 0): DAH* > E 


11 
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(so that b* is a map C*— C) satisfying the following condition: 
Given a map of extensions (a,c,b): EY —> E*, there exists a map 
(a, c*, BY): HY —>b*E* such that (a,c,b) = (A, b*, b) (a, c*, B’). 


The extension b*H™ having been chosen, b? is unique. 


Remark. At first sight it would seem that, as usual, we have to add an 
assumption ; the fact that this is not so is due to the split exactness of 2. 2*; 
we thus obtain the dual of the first diagram in the proof of 5. 4,. 


5.5, Given an algebra A we can regard K as an A-module by the 
definition r: KOAK, r—=K@e. For any A-module M, K@4M is 
defined by i 


A 
A®M—» M> K®,M—> 0 
where A =Q M — r. From 2.2, we have the split exact sequence 


€ 
A Q A Á—> A ——_——»> K — 0 


whence 


A dp 
A® (48B) ——— A® B —— B> 0 
is split exact. Hence 
i j 
6.51, Lemma. If 4——»>C——>B is an extension of algebras, 
then 


A j 
A ® C — C — B- 0 
ts split exact; m particular B =a K ® 4C. 
The following lemma provides a partial converse : 


5.62, LEMMA. Leti, 41, tz, jo be maps of algebras such that 


ts a commutative diagram, where f ts a map of left A-modules; we regard 
Cy (¢==1,2) as left A-modules, using (t). Suppose that the sequences 


A j 
AQ CO; aaa a C; —— B-0 
are exact. . 
Then f is an epimorphism. 


EXTENSIONS OF ALGEBRAS, I. . 367 
Proof. Let V be the co-kernel of f. We obtain the following diagram 
of exact rows and columns 


A ® C,—> 0, ——> B> 0 
laos Jf l 


Á 8 C. —— 0. — B> 0 


4} 4 
48 Y ——>V 
} 4 
0 0 


It follows from 2.4, that A ® V — V is onto. Now, introducing dimensions, 
A,®V maps into zero, hence X Ar Vn- for k>0 maps onto Va; but 
o= 0; hence, by induction, V, = Q. 


5.5* Dually, we can regard K as a B-comodule with o: K> BOK 
defined by o = K; for any M = M?, M®*K is given by 


A 
0 —> M ® 8K > U — BOM 


where A =7 8 M —o. Using 2.2* we prove 
1 j 
5.51* Lemma. If 4 ——> C———> B 1s an extension of co-algebras, 
then 
t A 
0 —> 4 ——> C—C QB 
ts split exact. In particular, A =C BK. 


5.52* Lema. In the notation of 5.524, let ti, to, Ji, Ja be maps of co- 
algebras and f a map of right B-comodules. Suppose that 


lather 


0 => U> Cı ——> C: ts split exact 


Or 
B is K-projectiwe 
and that 
t A 
0— A— C—C: B` (t— 1,2) are exact. 


Then f is a monomorphism. 


5.6 If it were true that by supposing the sequences given in 5. 52,, 
5.52* to be split exact, we could prove f in each case to be an tsomorphism, 
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a more convenient definition of “extension ”—avoiding the non-invariant T— 
could be used. Using Lemma 7.1, one can almost do this; but some necessary. 
extra assumptions on the mappings seem to make this approach impossible. 


6. Extensions of Hopf-algebras. 
6.1 Definition. A sequence of homomorphisms of Hopf-algebras 


i j 
E: A———» C-—_> B 
is called an (A, B)-extension of Hopf-algebras if there is an isomorphism of 
left A-modules and of right B-comodules 


P: (C,7(t),o(7)) me (A @B,r(ta), 0(g3)) 
such that (4,T,B): H->H#H(A,B) is a map; cf. 3.983%, 3.93%, 5.1. 


A map (a,¢,6): E—> E in which a, c, b are maps of Hopf-algebras will 
be called a map of extensions of Hopf-algebras; a map of extensions (A, c, B) 
will be called an equivalence; in this case c is an isomorphism; the last state- 
ment is true for 2 reasons; this sort of logical redundancy will occur several 
times in the theory of extensions of Hopf-algebras. 

If + is a central map of algebras and j a central map of co-algebras, 
we call E a central extension of Hopf-algebras. 


6.2 Since an extension of Hopf-algebras is both an extension of algebras 
and one of co-algebras, all the last chapter is applicable; in particular with 
E: A—>C— B we can associate two split exact sequences, namely 





A j 
A&®C— C——> B> 0 ——~ (1,) 
i A 
0 > A —— C—C B - (1*) 





cf. 5. Bly, 5. 51*. 


6.21 Lemma. In the notation of 5.52,, let 4, t2, Jis Ja be maps of Hopf- 
algebras, and f a map of left A-modules and right B-comodules. Suppose that 


etther 0 — U > C, —— C7, is split exact 
or B is K-projectwe 


and that the sequences 1,, 1* above are exact with C == O, t=1,2. 
Then f is an isomorphism. 


Proof: 5.524, 5. 62*. 
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i j 
6.34 THEOREM. Let E: A ——— C —— B be an extension of Hopf- 
algebras, and let i be a central map of algebras; also let a: A —> A’ be a map 
of Hopf-algebras which is a central map of algebras. 


There exists an (A’,B)-extenston of Hopf-algebras aE satisfying the 
condition of 5.4%, where all maps are now maps of Hopf-algebras. 

Proof. The facts additional to those of 5.4, follow easily from 4. 21,. 
For an alternative proof, see 8. 7. 


t j 
6.3* THEOREM. Let E: A ———— C —— B be an extenston of Hopf- 
algebras and let j be a central map of co-algebras; also let b: B'—>B bea 
map of Hopf-algebras which is a central map of co-algebras. 


There exists an (A,B’) estension of Hopf-algebras b*E satisfying the 
conditions of 5.4*, where all maps are now maps of Hopf-algebras. 
i j 
. 6.4 THEOREM. Let E: A———»>C———B be a central extension of 
Hopf-algebras. Let the maps .of Hopf-algebras a: A—> A’, b: B’OB be 
central maps of algebras, co-algebras respectwely. 


Then dy(b*E) and b*(a,H) are equivalent extenstons. 


Proof. Consider the diagram 
(A,*,b) (a, +, B) 
b*E ———— E —— a, E 
| œB) o Tb) 
ay (b*E) b* (aE) 


where - denotes various maps of Hopf-algebras that we do not name. 


By the defining property of b* (aE) we can insert a map of extensions 
-(a, +, B’): D*E —>b* (aE) which makes the diagram commutative. 

By the defininig property of a (b*E) we can now insert a map (A4’, + B’).: 
a,(b*H) > b*(a,F) which makes the diagram commutative. 

This map is the asserted equivalence. 


Remark. Dually, we can first insert a map (A, vb): ii tP, 
and then a map ab*E —> b*a, Æ. 

For another proof, see 8.7. 

By a,0*# = b*a E we shall from now on denote some Cuension in the 
equivalence class defined by Theorem 6. 4. 
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6.5 Definition. Let 
‘ j 
E: A—— C B 


ni s? 


J 
a ee Cer 
be extensions of algebras, co-algebras or Hopf-algebras. It iş easily seen that 
80 18 | 
107 187 
A 8 A’ ——» C © C Mmo B® B’, 


We denote it, in each case, by E 8 F”. 
The extension class of E, E’ uniquely determines that of E8 F. 


6.6 Definition. Let A, B be Hopf-algebras and let A be a commutative 
algebra, B a commutative co-algebra. By €(A,B) we shall denote the set 
of equivalence classes of central (A, B)-extensions of Hopf-algebras. 

Observe that 6: AQA —>A, 4y: B- B@B are maps of Hopf-algebras. 

This allows us to introduce in €(A, B) a binary operation + as follows: 
Let z,y € E(4, B); let E, be an extension in the class t==g,y. We define 
x+y as the class of 


pah (Es Hy) = Y*$,(L.@ Ey) 
6.61 Turuorem. E(A, B) with the operation +- is a commutative group. 


tA JB 
The extension class of H(A,B): A——> 4 @ B ———>RB (cf. 5.1), where 
AQB is gwen the tensor product Hopf-algebra structure, 13 the zero element 
of this group. . 


This theorem will be proved in Section 8. The only real difficulty is to 
prove the existence of inverses. 


Remark. Analogy with the classical theory of Baer suggests that the 


t J 
inverse of 4 ———» C ———> B might be 


ic j 4 Cf 
A ——— 0 —— B _ or A CB, 


where c: 4d-A.or B->B is the “conjugation map,” cf. [1]. Examples 
show that this is not so. 


7. Bitensor products. We shall give brief indications of an alternative 
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approach to theorems 6.4, 6.6. The functor we introduce seems to be of 
.some independent interest, but will not be pursued here. 


We begin with a self-dual analogue to 2. 44, 2.4%. 


7.1 Lemma. The diagram of exact rows and columns 


0 
$ 
X >., 
y g 
Y> Y> Y, > 0 
+ 
0> Z > Z: > Z, 
4 
0 
can be completed in a unique way to 
0 0 
4 4 
Ay L> X30 
4 4 4 
Y> Y,—> Y, —>0 
4 4 ov 


0> Z,- Z: Z 
0 


Now, let A be an algebra, B a co-algebra and let L = L; =— I2 and let 
M = aA = PM, in other words L, M are both A-modules and B-comodules. 
Consider the diagram 


0 


——— LIM = 


LO AOM ——— LOMU >LQ:ıM—>0 l 
1 A’ 1 7 
0 -> 


— LƏ BO H> V ->0 -H 


Dene ha ec— qe o 
> 


in which J is defined as image A’A, and U, V are the kernel and co-kernel as 
indicated. The unique module which can be inserted at * is denoted by 
LO., and called the bi-tensor product of L and M. Observe that if either 
the operations or co-operations are “trivial,” then L@4,M is L@3M or 
LO.M. Thus, the theory of the bitensor product subsumes both our dual 
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theories ; unfortunately the diagrams one is led to in order to prove statements 
analogous to Chapters 2 and 3 above are very big and hard to manage. 

Now, let us be in the situation of Theorem 6.4; 1t will be apparent in 
the next chapter that both a,(b*#) and b*(a,#) can be taken as 


A’—>0@34(A’® B’) > B’, 


the isomorphism of 6.4 being the one implicit in Lemma 7.1. 
In 6.6, if #; is the extension 


A->C;->B | (t= T, y) 
then 2+ y is the class of 
A —> C8 8240, > B. 


8. Twisted tensor products. The main purpose of the present chapter 
is the proof of Theorem 6.61; for this we develop a second method of dealing 
with central extensions; the idea is simple! We exploit the isomorphisms T 
appearing in definitions 5.3,, 5.3*, 6.1 and thus choose for each extension 
the representative E (4, B), 5.1. Each extension will be, essentially, the 
module A & B—but with a multiplication or co-multiplication different— 
“twisted ”—from the standard one; we describe certain functions which define 
the twist; the resulting non-invariant formalism is far more explicit than the 
preceding theory. 

Many formulas will be asserted without proof; the proof in each case is 
a commutative diagram—and usually a big one. 


8.0 Throughout the chapter we keep fixed the notations of 5.1, as well as 
TE S9 ja: AQ B— A defined by jam A We 
Kogu P HS ip: B>A@B defined by ig = 8 B 


where we use the usual identifications A = A Q K, B =K & B. Also, we shall 
write C = A ® B, B0 that, as G. C. modules, all our extensions will be taken 


tA Jn 
in the form A ——> C ———> B; the maps t4, jg belong naturally to the 
extensions; the maps îs, 74 are part of the chosen “coordinate system” and 
are, in general, not compatible with the various structures. 


8.1, Definition. (ASB, >, 64,62) = (C, p, ġa, $B) or briefly (C,¢) 
will be called a twisted tensor-product of algebras (T.T.A.) if 


(i) (C,¢), (4, oa), (B, $n) are algebras 


(ii) The following diagrams are commutative 
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14 OC C@ ta 
A@®A®B——» 7 @C A 8 B O A — COU 


i 
ak | ~ ' 


A Q 4A 8 B — CO 


ġa OB 
(1) (2) 


(3) | 

Remarks. (1) expresses the fact that pa ® B is the operation +(t,), cf. 
3.924; (2) expresses the fact that (648 B) (AQT) is mae (3) expresses 
that jn is a map of algebras. 

It follows easily that t4 is a map of. algebras. 

8.10, In proving formulas about T.T.A. it is usually possible to use 
the “classical” method of using elements. For this purpose the following 
notation has been found convenient: If c, ec’ € C we denote by cc’ the “un- 
twisted” product in A ® B regarded as an algebra in the canonical manner; 
and we write coc’ ==4(c¢@c’) ; furthermore we identify a € A with t4a—=a@ 1 
and bE B with tgb)-==-1@b. Now conditions (1), (2), (3) of 8.1, can be 
written as follows: 

oe eee for a€ A, ced 

(2) coa—ca 

(3) bob’ = bd’ + Siatbt + a(b,b’) where 

at a(b, b) € A—A, 
bt E€ B — By. 
If one tries to express the associativity of ¢ using the notation of (3) 


above, it proves somewhat intractable. 
There is no section 8.10*. 


8.11, LEMMA. If ha t3 commutative and (©, $) isa T.T.A., then 
E(A,B) is a central extension of algebras. 


Conversely, gwen a central extension of algebras, cf. 5.34, tf we use T 
o “transfer” the multiplication of C to AQB, we obtain a T.T.A. 


374 vV. K. A. M. GUGENHEIM. 


Thus, the theory of T. T.A. includes that of central extensions; in a 
certain sense it is more general! We do not need to assume that 4 is commu- 
tative; although, as will bè seen, this is stil needed in the main theorems. 
The situation with A not commutative is hard to specify invariantly ; it means 
that C as an A-module, has a set of generators—namely tsB-—-which anti- 
commute with the elements of t4A. 


8.1* Definition. (AB B,y, ya, yB) = (C, 4, Yayn) or briefly (C,y) 
will be called a twisted tensor product of co-algebras (T. T.C.) if 


(i) (0,4), (4, ya), (B, Yn) are co-algebras 


(ii) The following diagrams are commutative : 


CQ js P: 
A@B@Be—_—C@O BQAQBe——_-C@C 

som \ [9 [roz [v 

C AQ@B@Be——0 
(1) AQ yg 
(2) 
14 O ta 
080 ADA 


(3) 
It follows easily that js also is a map of co-algebras. 


8.11* LemmA. If we ts commutatwe and (C,y) is a T.T.C., then 
(A,B) is a central extension of co-algebras. 


Conversely, given a central extension of co-algebras, cf. 5.3*, tf we use 
T to “transfer” the co-multiplication of C to ASB, we obtain a T.T.C. 


Convention. In order to abbreviate enunciations, (A,¢4), (B,¢s) will 
always denote algebras, (4, ya), (B, ws) co-algebras. 


8.2, Lemma. If (0,4) is a T.T.A. and A=d(ip@iz): BOBO 


then 
(1,) 


and the following diagram (expressing the associativity of 6) is commutative: 





p = (pa B) (d4®@ AOB) (ABABA) (ASTOB) 
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T@B ABA 
B 8 48 B —— A8 BO B— A DADB 


BBA pa B 
BOƏBOB bo (24) 
AOB N AQA ~~ 64@B 


Á ® B 8 B — AQA OB 
Conversely, if A: BOB —C ts a map of G.C. modules satisfying (24), 
inà = òg; and if d ts defined by (1a), then A= (irig) and (C,¢) ts 
a T.T.A. 


Remark. In the notation of 8.10, this lemma merely expresses the fact 
that ¢ is known if bob is given for b, b’€ B. 


8.2* Lexma. If (Ci) isa T.T.0. and p= (ja @ja)y: C> ABA, 
then 





y= (4 @T OB) (p@BOB) (AQB@yYz) (48y) (1%) 


and the following diagram is commutative: 


AQT 2 @B 
AQB@QA<——_ AA @Be<—__. A @ BOB 


PBA NSh 


QAQA C (2*) 
-T oe 


A®A @ B<e——__———__A®B®B 
ƏB 


Conversely, tf p: 0> AQA is a map of G.C. modules satisfying (2*), 
pis =a; and if y is defined by (1*), then u= (J4 ja)y and (C, y) is 
‘aad r ig EP 

In view of 8.2,, 8.2% a T.T.A. or T.T.C. is uniquely defined by its 
“twisting function” à or p respectively. 


8.3, Let H=(A®B,¢4) bea T.T. A. and let a: AA’ be a map of 
algebras. Let A: BO B—A®B be the twisting functions, 8.24, for 4; 
define X~: BOB A’/@B by X= (a@B)dr. It is immediate that X’ satisfies 
the condition 8.2, (2) for a twisting function; this defines a T.T.A. 
(A’® B, p) which can easily be shown to have the defining property of tE, 
cf. 5.4,. The map 4}: A®BoA'OB of 5.4, is a@ B. 

Thus: 


Lemma. If the T.T.A. (AQ B, p) with twisting function à represents 
the extension E and a: A—A’ is a map of algebras, then (@@B)d ts a 
twisting function for aE. 
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Note. We do not, in this theory, need to restrict ourselves to central a; 
ef. the remarks following 8.11,. 


8.3" Lemma. If the T.T.C. (AQB, y) with twisting functions p 
represents the extension E and b: B'—>B is a map of co-algebras, Pen 
p(A@bd) wa twisting function for b*E. 


8.4 Deaton (A Q) B mms C, $, ha, $B, Y, YA, wr) of briefly (C, $, 4) 
will be called a twisted tensor product of Hopf-algebras (T. T. H.) if 


(i) (C, $Y); (4, pa, Ya), (B, $B, yr) are Hopf-algebras | 
(lig) (C, $, $a; os) is a T. TA, 
(ii*) (C, Y, Wa; ys) is a T. T.C. 


8.41 Lumma. If da, yn are commutatwe and (C, h, 4) sa T.T.H. 
then E(A,B) is a central eztension of Hopf-algebras. | 


Conversely, given a central extension of Hopf-algebras, cf. 6.1, tf we 
use T to “transfer” the product and co-product of C to AQB, we obtain 
aT.7.df. 


"In this case we say that the T. T. H. is contral. 


8.5 Lexma. Let (C,¢,y) be a T.T.H. and let à p be defined as in 
8.24, 8.2*, and let 


Gem fut: BOBA 
B — uig: B> AQA 
then l 
A— (8dr) (BOT OB) (ds @ ys) 
p= (pa pa) (AOSTA) (Ws BB) 





(34) 
(3*) 


Proof. Notice that, now that we are in a self-dual situation, to every 
formula there corresponds a specific dual one; the word “reciprocal” might 
be used, as in the theory of a given conic section. la, 2+, 3, are reciprocals 
of 1*, 2*, 3*; in this reciprocation there correspond AÁ <> B, tej, pey, 
Ap, a> B. We prove (34); the proof of (8*) is “reciprocal.” 

First, we note 

(ja @ js)y = (74 @C) (C@Oja)y : 
— (ja SC) (A @ pa) by 8.1* (1) 
=a (A Qer QB) (A © yn) 
om A © B 
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so that . 
(Gajs) =C (4") 
Next, (A @yn)ia— (A @ yr) (74 8 B) = (yaya) 
= (1719 BOB) (KO yg) 
= (is ® B) yn 
so that 
(A 8 yr)is = (tr 8 B) ya (5*) 
and we can compute: 
A=m d (tz @ ip) 
= (ja @ jn) bp (tz @ is) by (4*) 


= (j4@ ja) (Oh) (COLOC) (YOy) (ts 8 is) 
because C is a Hopf-algebra 


= (jap @ jad) (COT OC) (VE y) (ta 8 iz) 
— (jap dz) (COCO jy @ jn) (COT OC) YOy) (tz Siz) 

by 8.1, (8) 
= (j4p®@ on) (COT OB) (C® jn @C @ jz) (YOy) Cs 8 is) 

by 8.1* (1) 
= (jad @ ds) (COT OB) (ig @ BE irQ B) (ye @ ya) 

by (5*) 

<= (Jap @ on) (iD tp QO@ BOB) (BOT OB) (vs 8 yn) 
= («8 r) (BOTO B) (vx @ vs) Q. E. D. 


Note, incidentally, that (BOTO B) (ys O yr) =n @B. 
8.6 In view of 8. 5, 8.24, 8.2*, the T.T.H. (C, ¢,4) is completely 


determined by the pair (a,8). These satisfy 3 conditions which express the 
associativity of ¢, that of y and the Hopf condition for C. 


The. associativity of œ is expressed by (2,4), 8.24. Let us denote by 
X1,X2: BOB@B->C the top and bottom of that diagram, so that 2, 
becomes £, =X.. Now, define 


Similarly, let Ya, F3: C>A@A®@A denote the top and bottom of 2* and 
define 


Y: = Yip: Bo ABABA (6*) 
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8.61 Let us write 
ps’ = pr (B8 pr) = pr (p8 B) and ya = (AB yaya = (Ys B A )ya. 


LEMMA. 
Xr = (XLO pr”) ba OBOB (Ta) 
Yy = paga 80a (Y OF) (7*) 


From this, it follows that X, = X, if and only if X,—X,, Y,=—Y, if 
and only if Ý, = Y.. The explicit formulas for these homomorphisms are: 


£ = pale © a)(2, 3,1, 4)(B OBOB® pp) (1, 2, 4,3, 5)(B © be © wa) (84) 
Ï, == ds(aQWa(BOBS dp ® B) (1, 3, 2, 4, 5)(Ys @ Yg O B) 


Ë, — (4D p4 @A)(1, 3,2, 4, 5) (ya @A OA @AY(1,3,4,2)(B@OBYn (8*) 
Fp (A @ $4 ® ha)(1, 2, 4,3, 5)(A @ ys @ A @A)(BO Bs. | 


Next, we deal with the Hopf condition for C. As it stands, it asserts the 
equality of 2 homomorphisms AW BRBAQSBoOABBOASB; by a trivial 
transformation and substituting from 8.2,, 1, and 8.2*, 1*, the Hopf-condi- 
tion is the commutativity of the following diagram: 


ba OA pa OB AĞ yg LO yB 

AQADBOB——>AQADB— A@B-—___ > A@BQB--_-- > A@A@BE 

A@BAQ yz @ vy papa OBOB 
ASQAQBOBQBSB ABABA QABQBE 

(1, 3, 4, 2, ð, 6) (1, 2, 4, D, 3, 6) 
AQ®BOBOQAGQBOB . ABASB@ABAG 

LOVBOG YR s@rA QO AADA 

(1, 5, 3, G 2, 6, 4, 8) 


AQAQBOBSOA BABBI BM —@ >A WAWBOBOABAOQBOB 


(9) 


Let us denote by Z, the top composition in (9), and by Z the com- 
position of the other 3 sides, so that the Hopf-condition is Z, = Z,. We define 


“= (j4 @ ja) is 3, 2, 4) Z,(4, 3, 2, 4) (tz @ tz) (k = 1, 2) (10) 


and prove 
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Lemma. Let da, Yg be commutative. Then: 
Zex= ($54 Qs @B@B) (Ws@ vs OZ, Ode @dbn) (APA vsen) (11) 
Hence Z, == Z, implies Z, = Z,. 
We notice the following explicit formulas: 
Z, = pa @4(¥1 @ 8) (48 bn) yn eB 
Zo = ($4 @ b4)(b1 @ 4 @ haD a) (1, 5, 3, 7, 2, 6, 4, 8) (CB Ovz DLO wz)(vs D ye) 
(12) 


In order to express conveniently what we have proved we adopt the 
following 


8.62 Definition. (a,8) will be called an admissible (A,B)-pair if 
a: BOB A,B: BAQA are homomorphisms of G. C. modules such that 
XL, £, Yi = Fo, Z, = Ž, where Šp, Yr, Z are given by (8,), (8*), (12). 
8.63 THEOREM. The formulas 
a = jah (tp @ tz) 
B= (J4@ Ja) pra. 
associate an admissible (A,B)-pair (a, B) with every T.T.H. (ASB, ¢, 4). 
Conversely, if (a, 8) ts an admissible (A, B)-pair and p4, wr are com- 


mutatwe then the formulas 8.2.(14), 8.5(8,), 8.2%(1%), 8.6(3*) define a 
central T.T.H. (A @B,¢,y). 


8.7 Let (a,8) be an admissible (A,B)-pair and let a: A> A’, b: 
B’ -> B be maps of Hopf algebras. Then it is easily seen that, defining 


g = aa(b &b) 
B' = (aBa) pb 
(a’, 8’) is an admissible (A’, B’)-pair. 
If (a, 8) represents the central extension Æ, then it is clear from 8. 3,, 
8.3*, that (0, 8’) represents a,b*H# = b*a, E. 
The inner reason for the existence of both kinds of induced structure 
for central extensions of Hopf-algebras is now clear: Such an extension can 


be defined in terms of functions, and identities between such functions, all 
of the form | 


(covariant functor of B) —> (covariant functor of A). 
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8.8 We now introduce the notions that will allow us to prove Theorem 
6.61. If FY, X are G.C. modules, by @(Y,X) let us denote the set of all 
maps of G. C. modules YX. 

. If (Y,y4) is a co-algebra and (X, ) an algebra, we introduce a binary 
operation v, the “cup-product,” into G(Y,X), as follows: 

If f,g€ G(Y, X), we define 


fug=o(fOg)y 


It is easily proved that the associativity of œ, y implies that of v; and that 
the map 1 ==ņxey is the unit for v. If ¢, y are both commutative, then 
£0 18 V. 


8.81 Lemma. If Y is a co-algebra and X an algebra, then, with the 
binary operation o, G(Y,X) ts a group; 1 ts the unit. 


For a proof, see [1], 6.8. 


8.9 Now, let the extension classes æ, y be represented by the T.T. H. 
E, = (A OB, py yi) (t —= z, y) with admissible (A, B)-pairs (a, 8:1). Es 8 Ey 
is the (A®A,B@B) extension 

ta Qta ip © fB 


J 
A 8 A C S C B®B 
which is easily seen to be equivalent to the T. T. H. 


tAQA jp @p 
A 8 A — AMA QBSOB——_—— BOB. 


Let («e B) be the admissible (4@A,B@B)-pair of this T. T.H. The 
product for C@C is (p94 (CITO). The corresponding product for 
ADAS BOB is 


bs =P (h2 dy) (COTOC) (P@P) 


where we have written P=A®T@B: AMWAQBOBHASQBBASB, or 
its inverse. Notice that ia Q a = P (14614) and 18 Q B = (jn © jn) P. 


Now: 


As = JAQ a Peisos Sings) 
== (J4 O js)PP( $28 by) (COT OCP O P) (P 8 P) @ is @ tz 8 is) 
== (Ja O ja) (ds 8 by) (C OTO C) (is @ ty 8 ty @ iB) 
<= (j4@ ja) de D oy) (iz @ ip @ is © tp) (B® TO B) 
== (4BD a (BOT O B). 
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By 6.5, æ ~+- y is represented by du-n*H,; let (a, 8) be the corresponding 
admissible (A,B)-pair. By 8.7. 


a m hay (ip © Ya) 
== hs (aO ay) (BST @B) (dp yr) 
= ha (Qa B ay yn OB 
w Chg U Aye 
We have proved 


8.91 Lemma. If the admissible (A, B)-pairs (as, Be), (Gy, By) represent 
the extension classes x, y respectively, then r+ y (cf. 6.5) is represented by 
(as Y ay, Ba Y By) ; in particular, this last pair is admissible. 

It is easily seen that (1,1) isthe admissible pair for the “ trivial ” T. T. H. 
—and thus the assertion concerning the unit in 6.6 is proved. 


8.92 It remains to establish the existence of inverses. It is clear from 
what has been said that all we have to prove is 


Lexma. Let c€ G(BOB,A) and BE G(B,A@A)- be such that (a, B) 
ts an admissible pair; let yn and da be commutative; then (a 4,8") is an 
admissible pair. 7 


Proof. Let us write X,(a), Z,(a,8), ete., for the functions ¥,, Z,, ete., 
of (a, B). 
Now, observe that 
2,€G(BSB@B,A) 
FLE G(B, ABABA) 
Z,.€G(B@B,A®A). 
We are given 


£,(a)=2,(a), ¥i(8)=2(8), Zla B) —Z,(a,8) 


and we want to prove the corresponding identities for (a?,8*); we shall 
clearly be done if we can prove 


Ay (a*) = [Px (a) | 
Yu (A) = [Px(8) 1° 
4y (a, B=) = [Zr (0, 8) ] 7 
and these formulas can, in fact, be proved: By a direct examination of the 


diagrams one proves 
Eilt) UX, (a) — 1 ete. 


iz 
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These proofs are very complicated in the case of £+, Fs, but much simpler 
for Z,. We give the easiest case —Z,: 


Z,(a, 8) = ds @4(¥s BB) (48 dz) fz@n 
— $404 (44 @ Bhs) Yn QB 
= Yaa vpe. 
Due to the commutativity and associativity of v, all we have to prove is the 
reciprocal formulas 
par =— (Ysa), Ben == (Bhs). 
Now: 
gor Uae = pa @ a (Ysa @ yaa) yro 
= $4 Q 4 (Y4 8 ya) (27 OG) Ya@n 
— (¢4@ pa) (AOT@OA) (ps Oya) (a*@a)yoon 
= yapa (a @a)yr@s 
' by the Hopf-condition for A 


== WANAEB QB = NAQA ROB 
=n. * a]; QED, 
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REMARKS ON THE PAPER “GENERALIZATION OF A THEOREM 
OF MANDELBROJT.” + 


By James A, JENKINS. 


1. Shortly after the appearance of the paper [2] I. J. Hirschman pointed 
out to me that the inequality in the display at the bottom of page 809 actually 
should be in the opposite sense so that the principle of extension of domain 
does not lead to the result asserted. However, as I observed to him at that 
time, this does not affect the essential idea of the paper since this principle 
was applied chiefly as a technical device to avoid explicit evaluation of the 
harmonic measure associated with the domain there denoted by D (e). As an 
alternative one can first carry out the limit process corresponding to that at 
the top of page 810 then insert the actual value of the element of harmonic 
measure with respect to the semi-circle |z| <7, dz > 0. The remaining argu- 
ments then show that the statement of Theorem 1 remains true if we replace 
the expression there denoted by U(r) by 


(1) wtf (#1) (a) (rt +a) (1+ at) log | g (0) | da 


While this statement is not quite as strong as the previous assertion it suffices 
for the derivation of the same results obtained before as consequences, namely 
results of Hardy, Morgan, Ingham and Paley and Wiener. While the expres- 
sion (1) may seem somewhat complicated it is easily seen that we can by 
surrendering some sharpness use an expression differing from U(r) only by 
the introduction of constant factors, for example 


sr 
($e)? f (1 +-2°)*log | 6(2)| de 
for arbitrary positive «. 


2. On the other hand it is clear that a semi-circle may not be the most 
advantageous comparison domain. If we confine ourselves to domains based 
on the segment [—r,r] and lying in the strip 0 < Az <r we see at once 
that for any such domain the element of harmonic measure on [— r,r] will 
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be majorized by that relative to the strip so that the latter would be the most 
advantageous comparison domain. However it cannot be used directly since 
there is no bound available for log | F(z)| on the portion of real axis comple- 
mentary to the segment [— r,r]. In order to use the strip Hirschman [1] 
placed very strong restrictions on the rate of growth of the functions treated. 
By a modification of our previous argument it can be shown that it is possible 
to obtain essentially the full effect of using the strip without placing any 
restriction on the functions in question beyond that given in [2]. The result 
so obtained is in a certain sense best possible. Of course there is no inherent 
reason that the half-length of the base should be equal to the height of the 
strip and extensions are easily obtained in this direction. 


THHOREM 1. Let f(t) and p(x) be in L?(—-00,00) and be transforms of 
each other in the sense of Plancherel’s Theorem, i.e., 


(E) = (ny f “erttf(t)dt, F(t) — (Bn) f” oreg (2) de 


where equality is understood in the sense of the mean square limit. Let the 
element of harmonic measure at the point &-+ im in the strip 0 < Az <r with 
respect to the strip for the boundary element at the boundary point z- ty 
be denoted by k(é,y;2,y31r)ds (ds element of length). Let 


(2) U(r) — fk (0,152,05r)log | 6(2)| de. 


Let there exist a function V (y), non-decreasing for y> 0 such that 


(3) J 1FO | d= o(a) as yee. 
Then if for some 8 > 0 
(4) lim((1+.8) V(r) + U(r)) =—0 


f and œ are both almost everywhere zero. 


As in [2] there is a corresponding application to quasianalytic functions 
for which we use the same notation as in [2; p. 810]. 


THEOREM 2. Let g(t) belong to the class C{M,} where lim(M,)"* =% 
and satisfy | ai 


f elg) dt —0 (e700), yx 
7 Vv) l 


REMARKS, 885 
with V(y) non-decreasing for y>0. Let 
Wr, h) == 2 J k(0,1;z,0;r}log T(2/h) dx 
g 


satisfy for some k> k and &>0 
dim((1+ 8) V(r) — W (r, h)) =—o. 
Then g(t) =Q. 
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ON THE STRUCTURE OF MANIFOLDS.* 


By 8. SMALE. 


In this paper, we prove a number of theorems which give some insight 
into the structure of differentiable manifolds. ` 


The methods, results and some notation of [18], hereafter referred to as 


GPC, and [12] will be used. These two papers and [14] can be considered 
as a starting point for this one. The main theorems in these papers are 
special cases of the theorems here. 

Among the most important theorems in this paper are 1.1 and 6.1. 

Some conversations with A. Haefliger were helpful in the preparation 
of parts of this paper. 

Everything will be considered from the differentable, equivalently C°”, 
point of view; manifolds, imbeddings, and isotopes will be C”. 


Section 1. We give a necessary and sufficient condition for two closed 
simply connected manifolds of dimension greater than four to be diffeomorphic. 
The condition is h-cobordant, first defined by Thom [16] for the combinatorial 
case, and developed by Milnor [9], and Kervaire and Milnor [7] for the 
differentiable case (sometimes previously fA-cobordant has been called J- 
, equivalent). It involves a combination of homotopy theory and cobordism 
theory. More precisely, two closed connected oriented manifolds M,", M,” are 
A-cobordant if there exists an oriented compact manifold W with @W (the 
boundary of W) diffeomorphic to the disjoint union of M, and —M,, and 
each component of ôW is a deformation retract of W. 


TEHROREM 1.1. If n= 6, and two closed oriented simply connected 
mantfolds M,” and M,” are h-cobordant, then M, and M, are diffeomorphic 
by an orientation preserving diffeomorphism. 


It has been asked by Milnor whether h-cobordant manifolds in general 
are diffeomorphic, problem 5, [9]. Subsequently, Milnor himself has given 
a counter-example of 7-dimensional manifolds with fundamental group Z;, 
h-cobordant but not diffeomorphic [10]. Thus the condition of simple-con- 
nectedness is necessary in Theorem 1.1. 


* Received July 18, 1961. 
1 The author is an Alfred P. Sloan Fellow. 
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Theorem 1.1 was proved in special cases in [13] and [14]. These special 
cases were applied to show that every sphere not of dimension four or six has 
a finite number of differentiable structures. The six dimensional case is 
taken care of by the following. 


COROLLARY 1.2. Every homotopy 6-sphere is diffeomorphic to 8°. 


This follows from 1.1 and the result of Kervaire and Milnor [7] that 
every homotopy 6-sphere is h-cobordant to 8°. 


COROLLARY 1.3. The semigroup of 2-connected closed 6-manifolds is 
generated by B? X 8. 


This follows from 1.2 and [15]. 


Haefliger [2] has extended the notion of h-cobordant to the relative 
ease. Let V1, Vs, Ma, Ma be closed oriented, connected manifolds with 
V; C M,+1—1,2. According to Haefliger (Mı, V1), (Ma, V2) are A-cobordant 
if there is a pair (M, YV) (i.e, V C M) with 3M = M, — Ms, OV —V,—V; 
and M;— M, V;ı—> V homotopy equivalences. Then 1.1 can be extended to 
the relative case. 


THEOREM 1.4. Suppose (M,", Vi") and (M,*,V,¥) are h-cobordant, 
k = 5, 71(V4) = 71 (My — Vi) —1. Then there is an ortentation preserving 
diffeomorphism of M, onto M, sending V, onto Fa. 


By taking V, empty (the proof of 1.4 is valid for this case also), one 
can consider 1.1 as a special case of 1.4. 

Actually we obtain much stronger theorems which will imply 1.4. The 
proof of 1.4 is completed in Section 3. 

It would not be surprising if the hypothesis of simple connectedness in 
these theorems could be weakened using torsion invariants (see [10], for 
example). 

Theorem 1.4 has application in the theory of knots except in codimension 
two. 


Section 2. The main theorem we prove in this section is the following. 
Here we use the notation of GPC. 


THEOREM 2.1. Let M” be a compact manifold with a simply connected 
boundary component Q. Let V = y(M,Q3;f;m) where f: 83D X Do» ™—> Q is 
an embedding, m > 2,n—m> 38. Suppose W =— x(V, Q1; 9u grym +1) 
where Q, ts the component of @V corresponding to Q and suppose that 
Hm(W, M) is zero. Then W is of the form (M, Q; gut +> Gn13™-+1). 
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Note that an example of Mazur [8] shows that the dimensional restriction 
is necessary here. 


For the proof we use several lemmas. 


Lexa 2.2. Let M” be a compact manifold, Q a component of 3M, 
n—m >i, V=x(M,Q;f3m), Womx(V, O15 91° 9 Gr3m +1) where Qı 
is the component of OV corresponding to Q and f: @Do™"xX D"™->Q, 
gi: ODP! X Dym- -> Q, are imbeddings. Let F=qX D” C V with 
q¢ 8D ™, OF C 3V. Suppose OF does not intersect gD X 0), t= 1, > >, 
r— 1 and g, (90D; X 0) intersects OF transversally in a single point. Then 
W is of the form 

x(M, Q; Fo t gram 1). 


Proof 2.2. In the proof of 2.2, we use without further mention, the fact 
that the diffeomorphism type of an n-manifold is not changed when an n-disk 
is adjoined by identifying an (n— 1) disk on the boundary of each under 
a diffeomorphism. See GPO, 3.4, J. Milnor, “ Sommes de varietes différen- 
tiables et structures différentiables des sphères,” Bulletin de la Societe Mathe- 
matique de France, vol. 87 (1959), pp. 489-444 and R. Palais, “ Extending 
diffeomorphism,” Proceedings of the American Mathematical Society, vol. 11 
(1960), pp. 274277. 


We may assume, using the uniqueness of tubular neighborhoods that 
OF does not intersect 9(@D""' X Dm), t—=1,---,r—1. 

Since g,(@D™" X 0) is transversal to ôF in AV, there exists a disk neigh- 
borhood L of o=g,(AD™= X 0) N F, L= A” X Br, where A™ X 0 is a 
disk neighborhood of o in g,(@D™* X 0), 0 X Be" a disk neighborhood of o 
in ôF, with (0,0) corresponding to 0. 

Now there exists a disk neighborhood D,” of the point F N (Do” X 0) in 
D” X 0 so small that if N == Da” X D,"" C Y, then 


(1) N Nimagegi = Ø, i= 1,: : -,r— 1, and 
(2) N Nimageg, CL. 


Since both Da” X o and A™ X o (i.e. A™ X 0) are transversal to ôF in 
ôV, we may assume using a diffeomorphism of V, and restricting L, that 
A™ X 0, Da” X 0o coincide, and that L coincides with image g, N N. 

The following statements are made under the assumptions that corners 


are smoothed via “straightening the angle,” Section 1 of GPC or better [9]. 
Let K =N U Dera c W. 
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We claim that KMCl(W—X£) is diffeomorphic to an (n—1)-disk. 
First K N OLIW -—K) is 8D" X (6D X D2") — interior L or 


aD,™ x De" U DX Dew 


where D,” is 8D,"*1 minus the interior of an m-disk. Furthermore 
KOClW—K) may be described as 8D” X D.*™ with Da” X Dm 
attached by an embedding A: 0D," D, m- —> 3D. X D.*™ with the 
property that 4(dD,™ X 0) coincides with 6D,” X c for some point cE Da" ™, 
In fact, h is the restriction of gr. This is the situation in the proof of 3.3 
of GPC, where it was shown that the resulting manifold was a disk. Thus 
KN Cl(W—) is indeed an (n—1)-disk. 

Since K is an n-disk, K N Cl(W—K) an (n—1)-disk, we have that W 
is diffeomorphic to Cl(W—K). On the other hand it is clear from the 
previous considerations that Cl(W— K) is of the form 


xM, Q; 9'1° i "grom +i). 
This proves 2.2, 


The next lemma follows from the method of Whitney [18] of removing 
isolated intersection points. The paper of A. Shapiro [11] makes this 
apparent (apply 6.7, 6.10, 7.1 of [11]). 


Lemma 2.3. Suppose N*-™ is a closed submanifold of the closed manit- 
fold X” and f: M” —> X is an tmbedding of a closed manifold. Suppose also 
that M, N are connected, X ts simply connected, n—m> 2, m>? and 
b==f(M) oN is the intersection number of f(M) and N. Then there exists 
an imbedding F: M —> X isotopic to f such that F (AL) intersects N in b points, 
each with transversal intersection. 


Lemma 2.4. Let Fo" be a submanifold of Q where Q is a com- 
ponent of the boundary of a compact manifold V”, n—m>2. Let 
W== x(V,Q39;m-+1) where g: 8Do™! X Do ™*-> Q is an imbedding with 
b the intersection number g(@Do™*X0)oF,. For an imbedding h: 
S*™-—»> QO dW, there is an imbedding W: 8S™9>QN AW, isotopic to h in 90W 
with h’(8™) o Fo =h(8”) oF, +b, sign prescribed. 


Proof. Let D be the closed upper hemisphere of 8, yo € @D.*-"-" and H*, 
H- be the closed upper, lower hemisphere respectively of g(@D.™+ X xo). 
Then A is isotopic in ôW NQ to an imbedding fh’: S*™»>9IWNQ, with 
K (S=) N g(8D™ X xo) equal H* with the orientation determined by the 
+b of 2.4. This follows essentially from R. Palais, Extending Diffeomor- 
phism, Proc. AMS, vol. 11 (1960), pp. 274-277, Theorem B, Corollary 1. 
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Next let A be #’ followed by the reflection map H*—> H-, so that h, h’: 
D— dW are naturally topologically isotopic. However fh’ is an angle on dD. By 
the familiar process of “straightening the angle” we modify h’: S*"—> dW Q 
to an embedding k’: S”—>8W N Q. Our construction makes it clear that h’ 
and A are isotopic in OW, and that A’ has the desired property of 2. 4. 

We now prove 2.1. Let F be as in 2.2 and b; be the algebrais intersection 
number g,(@D™* X 0) o@F, t==1,---,7. We first note that the b, are 
relatively prime. This in fact follows from the homology hypothesis of the 
theorem. 


The proof proceeds by induction on >| b,| and is started by 2.3 and 2. 2. 
Suppose 2.1 is true in case Zial fT ee) 


We can say from the Taon structure of W that A js 
Hm(V, M) wtih the added relations [0D;""] = 0, imm 1,- -,7, where 
[oD] C Hn(V, M) =Z and H,(V,M) is generated by (Do™, Do”). 

Since H,,(W, M) 0, [3D] are relatively prime. On the other hand, 
since D,” X 0o# ==1, we have that [0D] =}, So the b, +—1,: - 
are relatively prime. 

Since the b; are relatively prime, there exists, te f, t 4%, with 
|b, | = |b| > 0. One now applies 2.4 to reduce | b,| by | b,| using the 
covering homotopy property as in Section 2 of GPC. The induction hypo- 
thesis applies and we have proved 2. 1. 


Tanta, 06s De n=om+1, (n,m) < (4,1), (3.1), (5.2), (7.3), 
M” be a compact manifold with a simply connected boundary component Q 
and V=y(M,Q;f;m) where f: 2D™ X Drm— Q is a contractible imbedding. 
Let Q, be the component of 0V corresponding to Q and W = x(V, Qg; m +1) 
where g: 8D: X Dı" ™—> Qı. Then tf the homomorphism rm(V,M) 
—>nm( W, M) induced by inclusion ts zero, W is diffeomorphic to M. 


We use the following for the proof of 2. 5. 


Lemma 2.6. Let Y bea simply connected polyhedron and Z an (m —1)- 
connected polyhedron. Then am(Y V Z) =am(Y) + rm(Z}). 


This is a standard fact in homotopy theory. For example it follows 
from [6], V.3.1 and the relative Hurewicz theorem. | 

Using 2.6 it follows easily that mm(Q1) —am(Q) ++ 2m(S™). 

Then from the homotopy hypothesis it follows that the homotopy class y 
of g restricted to @D,™" 0 is of the form a+ gı where a€ am(Q) and gy 
generates am(S™). 
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Since P is contractible, V == M + H, where H is an (n——m)-cell bundle 
over S™, and also Q = Q +9H. Then let g'i: 6D"*—@ be an imbedding 
representing a and g'a: 6D™ —> 6H an imbedding intersecting @F transversally 
in a single point where F is the same as n 2.2. Then by the sum construction 
we obtain g’: aD™" X 0— Q, realizing y with the property that 9’(@D,"" X 0) 
intersects ôF transversally in a single point where F is the same as in 2.2. 
Application of 2.4 of QPC and 2.2 finishes the proof. 


Section 3. Among other things, we apply the theory of Section 2 to 
obtain 1. 4. 


THEOREM 3.1. Let W” be a manifold (not necessarily compact), n > 5, 
with OW the disjoint union of simply-connected manifolds M, and M, where 
the inclusion M, W are homotopy equivalences. Suppose 7: Vo >My, i 
the inclusion of a compact manifold V, into M which is a homotopy equiv- 
alence and there is an tmbedding a: Ch(M;:—V.) X [1,2] W such that 
a) the complement of the image of a has compact closure and b) 


a(Cl(M,—V;) Xn) C My i==1,2, 


a restricted to Cl(M,—V.) X1 is 7. Then a can be extended to a diffeo- 
morphism M, X [1,2] W. 


Proof of 3.1. Let I= [— 4, n +4] and replace [1,2] in the statement 
of 3.1 by Io, denoting the projection CIM, — Vo) C Io — Io by fo. We may sup- 
pose that points under a have been identified so that CHM, -—— Va) XI, C W. 
Then by the results of [12] one can find a non-degenerate C” real function f 
on W such that a) f restricted to Cl(M,—V.) XI. is fo, b) at a critical 
point the value of f is the index and c) f(M,) =— 4, (M) =n +4. 

Let X, =f [— 4, p+4]. We will show inductively that by suitable 
modifications of f which also satisfy a), b) and c), we can assume X, is a 
product M, XI (or equivalently the modified f has no critical points of 
index <p). 

First by 5.1 of GPC, note that we may assume that the function f has 
no critical points of index 0. Next by the method in Section 7 of GPC, 
using the fact that 7, (Jf,) =71(W) =—1, we can similarly assume that there 
are no critical points of f of index 1. 

We are not quite yet in the dimension range where 2.1 applies, but we 
apply 2.5 to eliminate a critical point of f of index 2 if it occurs, as follows. 

We have that X: = (Xi, Q15 fu = Ie 2); Xs = x(X2, Q2; 9a t tagr; 3) 
where Qı = f> (1$), Q2 = f7 (24). It follows from the homotopy hypothesis 
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that each f; is contractible in Q, so that X, is of the form 4,+ 4H, 
H€EH(n,k,2) (following notation of GPC). 
The gs induce a homomorphism G,—>72(Q2). Let ¢ be the composition 


G,-> 2(Q;) r(A) —> ma( H) 
where the last homomorphism it obtained by identifying X, to a point in Xa 

Assertton. is an epimorphism. 

Suppose the assertion is false and œ € m(H) is not in the image of ¢. 
Then since (Xz) = r( X1) +-72(H) (by 2.6), the image of æ under 
To (H) —? Te (Xa) —> r (X3) 18 not in the image of ma( X1) > T? (Xa) —> ma (Xa). 
But the last composition is an isomorphism since X, = M, X J, thus contra- 
dicting the existence of such an a. Hence the assertion is true. 

Let ys," * yx be the generators of 7,(H) corresponding to fu’ ' -, fr. 
Then by 4.1 of GPC there is an automorphism £8 of G, such that d8( 94) = Yis 
tk, $B( gi) =0, 1> k. By 2.1 of GPC it can be assumed that the g; are 
such that $(91) = yn tS k, $(g:) = 0, i <k. 

Now apply 2.5 with W, V, M corresponding to 


x(Xe, O23 Ge) x (Xa, O13 fo: j "s fx), x (£a Qis fi? * "s frm) 


respectively. This eliminates the critical pomt of f corresponding to fy and 
by induction all the critical points of index two are eliminated. 

Applying some of the previous considerations to n— f we eliminate the 
critical points of f of index n, n— i. 

Now more generally suppose f on pa~ has no critical points where 
p&n— 3. Then since H(p Xp) =0, 2.1 applies to eliminate the 
critical points of index p. Thus we obtain by induction a function f on W 
with critical points only of index n— 2, and which satisfies the conditions 
a)-c) above. By 7.5 of GPO, f has no critical points at all. This proves 3.1. 


COROLLARY 8.2. Suppose W” is compact, n> 5, OW the disjoint union 
of closed manifolds M;, M, with each M;—>W a homotopy equivalence. 
Suppose also V C W with 


ôV = V,UV, VC Up, V =y XI and m (Wi — V, —1. 
Then t: — W can be extended to a diffeomorphism of M, X I onto W. 


Proof of 3.2. First + may be extended to T X I where T is a tubular 
neighborhood of V, in M.. Then apply 3.1 to W—YV to get 3.2. 
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We now can prove 1.4. First by 3.2 with V empty applied to V of 1.4 
yields that V is diffeomorphic to V, XJ. Now 3.2 applies to yield 1. 4. 


Section 4. The following is quit a general theorem and in fact con- 
tains 1.1 as a special case with k==n—1. 


THEOREM 4.1. Suppose W" D M* where W ts a compact connected 
manifold and M is a closed manifold. Furthermore suppose 


(a) m(0W) =r (M) —1 
(b) n>6 
(c) The inclusion of M into W is a homotopy equivalence. Then W 


ts diffeomorphic to a closed cell bundle over M, wn particular to a tubular 
neighborhood of M in W. 


We need a lemma. 


LEMMA 4.2. Suppose B is a compact connected n-dimensional sub- 
manifold of a compact connected manifold V” with 0B N 3Y m= Ø, 7,(dB) 
=m (0V) = 1 and H,(B) > A,(V) induced by inclusion is bijective. Then 
Q = CI( V — B) has boundary consisting of 8V, 0B with the inclustons of OV, 
6B into Q homotopy equivalences. | 


For the proof of 4.2 we use the following version of the Poincaré Duality 
Theorem, which follows from the Lefschetz Duality Theorem. 


THEOREM 4.3. Suppose W* is a compact manifold OW the disjoint union 
of manifolds M, and M, (possibly etther or both empty). Then for all 4, 
H*(W,M,) is isomorphic to Hy4(W, M3). 


To prove 4.2 note H,(Q,6B) = H,(V, B) = 0 and H*(Q, dB) = H*(V, B) 
== 0 forall i. By 4.3 then H,(Q,0V) ==0 for all i also. By the Whitehead 
theorem we get 4.2. . | 

The proof of 4.1 then goes as follows. We can first suppose that M is 
disjoint from the boundary of W. Now let T be a tubular neighborhood of 
M which is also disjoint from @W. Now apply 4.2 and 3.2 to Cl(W—T) 
with V of 3.2 empty. This yields tht Cl(W—T) is diffeomorphic to ôT X I 
and hence W is diffeomorphic to T. We have proved 4.1. 


THEOREM 4.4. Suppose 2n = 3m-+3 and a compact manifold, W” has 
- the homotopy type of a closed manifold M™, n > 5, with 11(0W) — m, (M) =1. 
Then W is diffeomorphic to a cell-bundle over M. 
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Proof. Let f: M—W be a homotopy equivalence. By Haefliger [1], 
f is homotopic to an embedding g: M > W. Now 4.1 applies to yield 4. 4. 


Section 5. We continue with some consequences of 4.1. The next 
theorem is a strong form of the Generalized Poincaré Conjecture for n> 5 
and was first proved in [14] except for n= 7. This theorem follows from 
4.1 by taking df to be a point. 


THEOREM 5.1. Suppose C” ts a compact contractible manifold with 
mı(0C) =1landn>5. Then C ts diffeomorphic to the n-disk D”. 


For n= 5, if one knows in addition that ôC is diffeomorphic to S*, then 
using the theorem of Milnor ©* == 0 and 1.1, one obtains that C is diffeo- 
morphic to D”. 

The following is a weak unknotting theorem in the differentiable case. 
Haefliger [2] has given an imbedding (differentiable) of S* in 8° which 
does not bound an imbedded D*. On the other hand we have: 


THEOREM 5.2. Suppose S* C 8* with n—k>2. Then the closure of 
the complement of a tubular neighborhood T of S* in 8” is diffeomorphic to 
Qr-e-1 x pDr, 


The proof of 5.2 is as follows (the case n= 5 is essentially contained 
in Wu Wen Tsun [19]). It is well-known and easy to: prove that if 
X = Cl(§”— T), X has the homotopy type of S*™**. In fact T is diffeo- 
morphic to a cell bundle over S* and the inclusion of the boundary of a fiber 
So"*? into X induces the equivalence. Furthermore the normal bundle of 
So"-** in S* is trivial because S,"-*-" bounds a disk in 8". Now 4.1 applies 
to yield Theorem 5. 2. 

One can also prove some recent theorems of M. Hirsch [5], replacing his 
combinatorial arguments by application of the above theorems. 


THEOREM 5.3 (Hirsch). If f: Mı” —> Al." ts a homotopy equivalence of 
simply connected closed manifolds such that the tangent bundle of M, is 
equivalent to the bundle over M, induced from the tangent bundle of M, by 
f, then M, X D* and M, X D* are diffeomorphic for k >. 


One obtains 5.3 by imbedding M, in M, X D* approximating the homo- 
topy equivalence and applying 4.1. The tangential property of f is used 
to conclude that a tubular neighborhood of M, in M, XD! is a product 
neighborhood. 


THHoreM 5.4 (Hirsch). If the homotopy sphere M” bounds a paralleliz- 
able manifold, then M" X D® is diffeomorphic to S* X D*. 
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One first proves that M” can be imbedded in §*** with trivial normal 
bundle by following Hirch [4] or using “handlebody theory.” ‘Then apply 
the argument in 5.2 to obtain the complement of a tubular neighborhood of 
M” is diffeomorphic to §° X D**. The closure of the complement of S* X D**t 
in §™* is §* X D’, thus proving 5.4. 

Section 6. The main goal of this section is the following theorem. 

THEOREM 6.1. Let M be a simply connected closed manifold of dimen- 


sion greater than jive. Then on M there is a non-degenerate 0» function with 
the minimal number of critical points consistent with the homology structure. 


One actually obtains such a function with the additional property that 
at a critical point its value is the index. 


6.2. We make more explicit the conclusion of 6.1. Suppose for each 
OSIEN, on,* Tipu Tiny’ Tiga) 18 & Set of generators for a corres- 
ponding direct sum decomposition of H;( M), oy free, ry of finite order. Then 
one can obtain the function of 6.1 with type numbers satisfying 


Mim p(t) + 49(t) + 9(+—1). 
By taking the qg(+) minimal, the M, becomes minimal. | 
In the case there is no torsion in the homology of M, 6.1 becomes. 


Tororem 6.8. Let M be a simply connected closed manifold of dimen- 
sion greater than five with no torsion in the homology of M. Then there 
is a non-degenerate function on M with type numbers equal the betti numbers 
of M. 

We start the proof of 6.1 with the following lemma. 


Lemma 6.4. Let M” be a simply connected compact manifold, n > 5, 
nÆ 2m. Then there ts an n-dimensional simply connected compact manifold 
Am such that: 

a) Hy(Xm)—0, 7 >m 

b) There ts a “nice” function on Xm, minimal with respect to tts 
homology structure. In other words there is a O° non-degenerate function 
on Xm, value at a critical point equal the indez, equal to m+-4 on 6Xwm, 
regular in a neighborhood of Xm and the k-th type number My, is minimal 
in the sense of 6.2. 


c) There is an embedding t: Xm—> M” such that 
1(0Xm) N =M =Ø, ig: Hy(Xn) > H;(Xm) 


ts bijective for j <m and surjectwe for j =m, 


Ae 
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Proof. The proof goes by induction on m, starting by taking X, to be 
an n-disk. Suppose, Xr- to: Xr- —> M have been constructed satisfying 
&)-c) with 2k=n. For convenience we identify points under t, so that 
Xrı C M. We now construct Xp, t: X,— M satisfying a)-c). 

By the relative Hurewicz theorem the Hurewicz homomorphism 


h: ae ( M, Xk) —> A, (M, Xka) 
is bijective. 
For the structure of Hy (M, Xr) consider the exact sequence 


j 
0—-> H (M) > H, (M, Zra) > Hra (Xena) — Hea (M) > 0. 


Let y1,' * *,Yp be a set of generators of H(M, Xy) corresponding to 
a minimal set of generators of H,(4A/) together with a minimal set for Ker j. 
Represent the elements At (y1) + -A(yp) by imbeddings 


ĝi: (D*, 0DE) —> (CI( M — X rai Xka) 


with 9;(D*) transversal to 6X;,_, along 9;(0D*), for example following Wall 
[17], proof of Theorem 1. 

In the extreme case n =— 2k, the images of 9, generically intersect each 
other in isolated points. These points can be removed by pushing them along 
arcs past the boundaries. Still following [17], the 9; can be extended to 
tubular neighborhoods, 


gi: (DE, @D*) X D-*-> (OUM — Xr), 0X1). 


Then we take X, to be x(Xn159'1,° °°, 9’p3%) where g^i: 0DE X D" 
— ĝDx-ı is the restriction of g4 It is not difficult to check that Xy, has the 
desired properties a)-c). ‘This proves 6. 4. 

To prove 6.1, let M” be as in 6.1 with n==2m or 2m +1. Let Xm CH 
as in 6.4, f the nice function on Xm and K —Cl(if—X,,). Then H,(M, X) 
= 0, 1m, so by duality H/(K) =0, 1 = n— m. By the Universal Coeff- 
cient Theorem this implies that Hn-m~a (K) is torsion free. Let Yam. C K 
be again given by 6.4 with g the nice function on Yym+. By 4.2 and 3.2 
we can in fact assume that K and Yn-m-ı are the same, so M = Xm U Ynma. 
Let fo be the function which is f on Xm and n— g on Yanma. By smoothing 
fo along 0X,, we obtain a C” function F. It is not difficult using the Uni- 
versal Coefficient Theorem and Poincaré Duality to show that f may be taken 
as the desired function of 6.1. 

The previous results of this section may be extended to manifolds with 
boundary. 
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By the previous methods one may prove the following generalization of 
6.1. We leave the details to the reader. 


THEOREM 6.5. Suppose W” is a simply connected manifold with simply- 
connected boundary, n> 5. Then there is a nice function f on W (non- 
degenerate, value n-+-4 on OW, regular in a neighborhood of 8W, value at a 
critical point ts the index) with type numbers minimal with respect to the 
homology structure of (W,dW). 


Section 7. The goal of this section is to prove the following. 


THrOREM 7.1. Let f: W” —> W” be a homotopy equivalence between 
two manifolds such that the tangent bundle Tı of W, ts equivalent to f'Ta. 
Suppose also n>5b, n=2m+1, Ht(W,) =0, t> m, 21( Wi) =m (09W) 
== m (Wa) =1. Then W, and W, are diffeomorphic by a diffeomorphism 
homotome to f. 


Let g be a nice function on W, with no critical points of index greater 
than m, whose existence is implied by 6.5. Thei we let X, == g [0, k -+ $], 
leo, 1,:--,m with X,—W,. By 3.2 and 4.2 is is sufficient to imbed XY, 
in W: by a map homotopic to f. f 

Suppose inductively we have defined a map fr-1: Xx —> W, homotopic to 
f with the property fı is an imbedding, k= m. Let X, be written in 
the form y(Xp41591)° °°, 993%) where g: 0D* X D**— 4X;.,. Using the 
Whitney imbedding theory we can find Fra: X,— Ws homotopic to fia, 
which is an imbedding on -Y;., and on the images g,(D* X 0) in Xx as well. 
It remains to make Fr- an imbedding on a tubular neighborhood of each of 
the g,(D* X 0), or equivalently on each of the g,(D* X D™*), 

This can be done for a given t if and only if an element y, in 
my-1(O(n-——k)) defined by Fra in a neighborhood of g,(@D* X 0) is zero. 
But the original tangential assumptions on f insure y= 0 in this dimension 
range. The arguments in proving these statements are so close to the argu- 
ments in Hirsch [3] Section 5, that we omit them. This finishes the proof 
of 7.1. 


Section 8. We note here the following theorem. 


THeorem 8.1. Let Mf?" be a closed simply connected manifold, m > 2, 
with Hm(M) torsion free. Then there is a compact manifold W?™*, uniquely 
determined by M and a diffeomorphism h: 80W —> 3 W such that M is union 
of two coptes of W with points identifed under h. 


STRUOTURE OF MANIFOLDS. 399 


Proof. Let Wi?" C M be the manifold given by 6.4. Let W,?” 
C M—W be also given by 6.4. Then it is not difficult using homotopy 
theory to show that W., W, satisfy the hypotheses of 7.1. Also by previous 
arguments W, is diffeomorphic to Cl(M— W). The uniqueness of W, == W, 
is also given by 7.1. Putting these facts together we get 8.1. 


Remark. I don’t believe the condition on H,,(M) is really necessary here. 
Also in a different spirit, 8.1 is true for the cases m = 1, m = 2. 
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ON THE REDUCTION OF INDUCED REPRESENTATIONS 
OF FINITE GROUPS.* ! S 


By Parriora A. TUCKER.? 


1. Introduction. If G isa finite group with a normal subgroup H, then 
the theory of induced modules provides an effective method of constructing a 
left K(G)-module from a left K(H)-module. This leads to the following 
question: If L is an irreducible left K (H )-module, what are the components 
of the induced module LO =—= K (Q)8&rımL? In this paper, the indecompos- 
able components of L© are determined when G is a split extension of H by G/H 
and K is an algebraically closed field of characteristic p = 0. 

Let G be the split extension of H by B, G—BH, and let T be 
an irreducible representation of H with representation module L. ‘Then, 
8 = {bE B|T® is equivalent to T} is a subgroup of B. T determines a 
projective representation of S with factor set a. Each left ideal of the a- 
twisted group algebra, (KS)a+, (defined in §3) determines a left K(G@)- 
submodule of LO, The main result of §3 is a general intertwining theorem 
_ for the left ideals of (KS)a- and the corresponding left K(G)-submodules 
of LO, This, in particular, implies that a direct decomposition of (KS)a+ 
into indecomposable ideals determines a direct decomposition of LC into 
indecomposable components. 

If the characteristic p of K does not divide the order of G, Mackey has 
proven in [7] that the irreducible representations of Œ, an arbitrary extension 
of H, are of the form (N’®M)° where N” and M are irreducible projective 
representations of a subgroup H,  H and N’ can be considered as a projective 
representation of H,/H. ‘The results obtained here for the case in which 
pt{@: 1] can be used to prove Mackey’s result for finite groups which are 
split extensions and can probably be obtained from the results in Mackey’s 
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1 This paper is based on the author’s dissertation written under the direction of Dr. 
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paper. However, it is of interest to give an explicit method for the splitting 
up of T¢ into irreducible components. Such a result is more satisfactory for 
the purpose of computing the irreducible representations of G. The inter- 
twining theorem and the direct decomposition of T? into indecomposable 
components seem to be outside the scope of Mackey’s result. 

The method of construction presented here can be extended to the case 
in which G is not a split extension of H by G/H. This result will appear later. 


_ &. Background. The basic definitions and notation used in this paper 
may be found in Curtis and Reiner [3]. The following version of Schur’s 
Lemma (see [3, §27]) will be used frequently in this paper. 


THEOREM 1. (Schur’s Lemma). Let A be a finite dimensional algebra 
over an algebraically closed field K and let L and L’ be irreducible left A- 
. modules. Then, Homa(L,L) =K. lr, a and if L and L’ are not A-tsomorphic, 
then Homa (L, L’) =0. 


The following is a basic result of the theory of Scere modules. 
(See Artin, Nesbitt, and Thrall [1, p. 97].) 


THEOREM 2. Let A bea fintte dimensional algebra over a field K. A 
left A-module L 1s wndecomposable if and only tf Homs(L,L) is completely 
primary, i.e., the residue class ring of Hom,(L,L) modulo tts radical is a 
division rng. 

In [6], Mackey has proved: 


THEOREM 3. Suppose K ts an algebraically closed field. Let H bea 
normal subgroup of G and let L be an irreductible left K(H)-module. Then, 
Homrc) (LO, LO) = K -ize tf and only tf for every zé H, L and «@L are 
non-isomorphic left K (H)-modules. 


Thus, if for every zé H, L and zL are non-isomorphic left K(H)- 
modules, then LZ? is indecomposable. 


3. The case of a split extension. Let @ be a split extension of H by B. 
Then, H and B are subgroups of G such that H is normal in G, B N H = {1}, 
and @= BH. Hach b€ B defines an automorphism 6 of H, b: h — b*hb = h’, 
for every AE H. 

Let T be an irreducible representation of H over an algebraically closed 
field K of characteristic p=0. Let L be a representation module for T. 
Then ZL is a left K(A)-module. | 
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If zE G, then T, the conjugate of the representation T under z, is the 
representation of H with representation space L such that T®:h— T®)(h) 
— T(z the), for every kE H. T® is equivalent to T if and only if there 
exists a non-singular linear transformation Da of L such that D,T@(h)Ds* 
=—T(h), for every hE H. This will be written DẹT®Ds*— T. The 
following properties hold for z and y in @: 


i) H DrD =~ T, then Do TODD, =T. 
i) If D,TOD,s—T and DyT®D,* — T, then De Dy T D D =T. 


ii) If DeT®Ds = T and OT®0; = T, then Da— p (£) Cy for some 
p(t) € K* = {k€ K |k 40}. 


, The proofs of i) and ii) follow immediately from the definitions and 
‘will be omitted. In ii), it follows from i) that Cs TeC =T and then 
by ii) that 
T == Do0 TODO Dg = Do0 TOD. 


But T is irreducible, thus by Schurs Lemma (Theorem 1) 
DC p" = p(x)1r, for some p(z) € E*. 
Thus, De = p(s)Cs and iii) is proved. 


Let S== {b € B |T® is equivalent to T}. By i) and ii), 9 is a subgroup 
of B. It follows from Theorem 8 using i) and ii), that if S = {1}, then TS 
is indecomposable. Suppose S954 {1}. For every b€ S, select a linear trans- 
formation D, of L such that D,T@D,+==T and Dı == lz. Then, for every 
1E L, hE H, Doh? Dy™! == hil. | 

Consider the map o of S into Homg(L, L) defined by o: b—> Dy. Then, 
o{1) m1, Let a,be€ 8. By ii), DD, TOD Dyt =T. But DaTO Dy 
=T. Thus, by iü), 

DDr = a (a, b) Dar 


for some a(a,b) € K* Then, 
o(a)o(b) =a(a, b)o (ab). 
Therefore, o is a projective representation of S. 


It can be shown using iii), that if o” is any projective representation of 
8 in Homg(L, L) such that o’ (b)T®o (b) — T, then o is equivalent to øo. 
Then, the factor set o of o” is equivalent to œ. Conversely, let « be a factor 
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set of S which is equivalent to a. Then, there exists a function p: S> K* 
such that for every a,b € S, 


| a (a, b) == a (a,b) p(ab)p(a)*p(b)™. 
Define o’, a map of § into Homg (L, L}, by 
g’: b —>0r = p(b) 7D, =p (b) to (b). 


Then, o’ is a projective representation of S with factor set g and o” is equiv- 
alent to o. Thus T uniquely determines an equivalence class of factor sets 
of 8. 

Let œ be a factor set of S. The-a-twisted group algebra of 8, denoted by 
(KS)a, is the crossed product of K and S with factor set a. (KS)a consists 
of all formal sums m8 (0)8; where the §(b) € K. By definition, the elements 

€ 


of (KS) will satisfy the following: 
1) 2 E(b)b—= X n(b)b if and only if £(b) (0), 
for every b € 8. 
2) EEEL) +U E n(b)b) = Z (KEC) + n(0))b, 
for al k, KEK. 
3) (EECO) (ZnO) = I €(0")n(b) (0,6) 0% 


In particular, b’: b = g(b',b)bb, for b’, bE S. 

The elements of S form a basis for (8) as a vector space over K. 
(KS8)a considered as a left (KS)amodule affords a projective representation 
of S with factor set a (KS), and (KS)q are equivalent, i.e., they afford 
equivalent projective representations of 9, if and only if a and @ are equiv- 
alent factor sets of S. There is a one-to-one correspondence between the 
projective representations of S with factor set « and the left (KS)a-modules. 

If the characteristic p of K does not divide [S: 1], then any projective 
representation of 8 is completely reducible. (See Jacobson [4, p. 81].) Then, 
(KS)a is semi-simple and every irreducible (KS)oa-module is (Ki) .-iso- 
morphic to some minimal left ideal of (KS)c. 

Define the factor set a of S by 


a" (b, 8°) =a (b, 6°), 
for every b,6’E€ ©. If o is equivalent to g, it follows from the definition of 
equivalence that («’)~1 is equivalent to a. Thus, T determines up to equiv- 
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alence the a-1-twisted group algebra (KS). of S where a is the factor set of 
the projective representation o such that o: b—> Dy. (KS)a+ will be used in 
the construction which follows. . The elements of (8)a-+ will be denoted by 
s, where 


s= > é(b)b. 
DES 


Let ay, y=1,: * +,r =[B: 8] and a,—1, be a complete set of left 
coset representatives of S in B. Thus B=S+a,8+--:+a8. It is 
easily checked that TC» and 7's) are inequivalent for y 48. The left K(G@)- 
module LO for TC has dimension [B: 1] (L: K) and is generated as a vector 
space over K by the elements 


{ayb @1] lSSyssr, bE S, le D}. 
For every y=1,--°,7, SE(K8)e and lE L, define an element 
c(a,,8,t) € LS by 
C(ay, 8,1) = X &(b)ayb © Dol 
bes 
The c(a,s,1)’s satisfy the following properties: 
PROPERTY 1. c(ay,38 4 8,1) = chay, s, l) elay, 9,1). 
PROPERTY 2. c(dy,8,1-+1) = c(a@,, 8,1) + ¢(a,,8,V). 


Proprety 3. If k€ K, then 
k (c (ay, 8, l) ) = ¢ (üy, ks, l) = C (ay, 8, kl). 
PROPERTY 4. If heH, then h(c(ay,8,1)) = c (ay, 8, hel). 


PROPERTY 5. If b€ 8, then b(c(ay,s,l)) == c(a b8, Dyl), where 
bay = asb’, b’: 8 — X é (b)a(b’, b) 0.4 
bes 


PROPERTY 6. If ag ts a coset representative of S in B, then ag(c(ay, 8, 1) 
= c (as, b’:8, Dyl), where aga, = ab’, and b’-3s—= $, é,(b)a(b’, b) 706. 
DES 


The proofs of Properties 1, 2, and 3 will be omitted. The proof of 
Property 6 is similar to the proof of 5 and thus will be omitted. 


Proof of Property 4. h(c(ay,8,1))=h( X & (6) a,b © Dytt) 
beS 
= F h (b) bho @ Dil — Z £ (b) yb DAD 
: bes 


= F é (b) ayb @ Dy herd — c (ay, s, hl). 
€ 


“ 6’ 8 denotes the product of b’ and s in (KA) x- 
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Proof of Property 5. 6b(c(ay,8,l)) = b( > &(b)a,b ® Dyt) 
bes 
== 9, é (babb @ Dr = F, 6, (b) agb’b © DrD Dyt 
bes bes 
mm mee (b)as3b’b D (DiDi) Drt 
ma zee (b) agb’b & (a (b, b )Dyy) Dyl 
= J £ (b)a (0, b) abb Q Dyn *Dyl 
be 
== c(a, b’+ 8, Dyt). 


Let I be a left ideal of (K8 )a-. Define C(I) to be the K-subspace of LO 
generated by the elements 


{6 (dy, $, l) | LSy8r,8€(KS)az1€ L}. 
Let {3, == 2: £4(0)b [14S (1: K)} be a basis for I and {l, | 1S pS(L:K)} 
be 

be a basis for L. By the linearity of the c(a,,s,1)’s in s and J (Properties 1, 
2, and 3), C(I) is generated by the elements 
(3.1) {ca %, ls) | 1SySr1SbS(I:K),1Sp~S(L:K)}. 

In order to prove that the elements (3.1) form a basis for C(I), consider 
the linear transformation M of LC such that for every b, y, and p, 

M (ayb Ola) = a,b O Dy ly. 


Tt can be shown that M is a non-singular linear transformation of LO. Thus, 
the elements 
{a,b @ D7, |lSysr,b¢€ 3,1 SypS(L:K)} 


form a basis for LC. 
Suppose 
2 Bly, k, m) c (Gy, 8% la) — 0. 
"YK, be 
Then, 
È p(y k,n) ( E bu (b)ayb @ Dy ly) 
Yki bes - 


— > Bly, bu) Ce(d) (ayb @ Dy*ly) = 0. 
Yrs flab 
Since the a,b @ Dyl, are linearly independent, 


2 f (y k, u) €e(b) =0 
for every y, b, and p 
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But then, for every y and p, 
2 By k, w) Se 2 B (y, Bw) be (0) 0 = 0. 
But the s, are linearly independent since they form a basis for J. Thus, 


B(y5k; u) = 0, for every y, k, and p 


Therefore, the elements (3.1) are linearly independent and consequently form 
a basis for C(I). From this it follows that (C(I): K)==[B:8](2:K)(L:K). 

I SB, then C(I) is K(G)-isomorphic to a left K(@)-module which 
is Induced from a left K(SH)-module, where SH is a proper subgroup of G. 
In order to show this, let S&B. Define 1’ to be the K-subspace of LSG 
generated by the elements 


{o(A, 8,1)| sé I,lé L}. 


Let SH = {bh |b¢S,h€ H}. Since H is normal in G, SH is a subgroup 
of G. Since BN H = {1}, l 


GQ — BH = (a,8+--:-+45)H=a,8H +--+ -+4,9H. 


Thus, {ay | 1&y& r} is a complete set of left coset representatives of SH 
in G. LetbEsg, keH, and c(1,3,1)¢€ i’. Then, 


bh(e(1,8,1)) =b (e(1,8, hl) ) —=c(1, b- 3, Dahl). 


Therefore, b&(c(1,s,?)) €T. Thus, T’ is a K(SH)-submodule of LO. The 
elements 


{¢(1, sw) |1S4S(I:K),1S5pS(L:K)} 
form a basis for V”. Thus, (1’)%==K(@) 8 ginl bas as a basis 
{ay ® (1, 5m 1,)|1SySr1SkS(U:K),1S5pS(L:K)}. 


Let ¢ be the linear transformation of (1’)? into C(I) such that for every y, 
k, and p 


p: dy @ c(1, Sry lu) —> € (ly, Sr la). 


It is easily checked that ¢ is a K (G@)-isomorphism of (1’)? onto C(I). Thus, 
(1’)@ and O(I) are isomorphic as left K (G)-modules. 


TEOREM 4. Let Iy,:::,J; be left ideals of (KS)a+ such that 
(K8)ei—=1, 6° ` -O li. Then 


L? =0 (L) Bp: px B O(I). 
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Proof. By the definition of the C(i), 
C(L) +: + +O: GL. 


It is sufficient to show that a,b@le C(U,) +--+ -+C(,), for every ay, b, 
and } in order to prove equality. Let s—=6. Since 


sE (KS)a-+, Sams, +--- ts, 


where 4€ l. Thus, c(a@,,, Dal) € C (Li), for every 1, and 


Sola 8, Del) — (ayy 8, Dil) ab OLE O(Ls) +> + O(N). 


Therefore, LO == C (L) +: --+C(;). 
LO? == 0 (L) -+:---+0(I) implies (L9: K) <% (C(L): E). 
i= 


$ 
The sum is direct if and only if (LO: K) =F (C(L): K). It bhas been shown 
4=1 $ 
that (C(4):K)=[B:8](L:K)(L:K). Thus, 


$ (0 (1) a (L: E) ¥ (L: E) 
== |B: 8] (L:K)[8:1] =[B:1](L:K). 


But, [B:1]|(L:K)=(LC:K). Therefore, (L0: E) =X (O(h):K) and 
Le =O) 9- 90l). f 


THEOREM 5. Let I, and I, be left ideals of (KS)aa. Then there exists 
a K-isomorphism 6 of Homcrg),(11, la) onto Homgia; (C(I), O(Ia)) such 
that if PE Homxsy.7(11,12), then 6P(c(ay,s,1)) = c(a,, Ps,l), for every 
o (ay, 8,1) € O(I). 


Proof. Let {sm |1 Sk S(L:K)} and {s| 1S kS (I:K)} be bases 
for Z, and I,, respectively, over K. Let {l,: 1S p &(L:E)} be a basis for 
L over K. 


Let P € Homs (Ia, I2). Define 6P — F” to be the K-homomorphism 
of C(I) into C (Ia) such that for every y, k, and p, 


P (c (ays Sit, la) ) = € (ay, PSp:, la). 


By Property 4, P’ is a K (H )-homomorphism of O(I) into C(I). Let d€ 8. 
Then 
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b (P'e (dy, Sty la) ) = D6 (Ay, PSx:; ta) 
= C (Qyio) b (Y) PSr Datla), where bay = ayob (y), 
= C (Qy) P (b (Y) * 81), Donla) = P (6 (ayi), b (y) * Ser, Docylu)) 
=P (be (ay, Skis ly) ). 


Therefore, P’ is a K(§)-homomorphism. Similarly, it can be shown that 
ag (P'e( dey Sir, la) ) = P’ (age (ay, Skila) ). Therefore, P” is a K(G)- homo- 
morphism of C (1) into C (I3). Thus, 9: P —> P’ isa map of Homiga (I, I2) 
into Homga (0 (1), C (I2) ). 

Consider (P -+ Q)’, where P, Q € Homyxgy.+(1i, Ie). 


(P E QY (c (ay, Skis la) ) T € (dy, (P F Q) Sri la) 
a C( dry, Psr -}- OSx1, la) =k (ay, Psa, la) -+ C (Gy, QSr ly) 
= P’(c(a,, Skis la) ) “+ Q (c (ay, Ski) ln)). 


Thus, (P+ Q) =P +0". Let ke K. Then, 
(EPY (c (ty, Sxi lu) ) = € (Gy, KP 8x1, la) = ke (ay, PS; lu) 
— kP (c (dey, 8x1; la) ). 
Thus, (kP)’ —&P’. Therefore, 9 is a K-homomorphism of Hom(zs).= (I Ia) 
into Homg;a) (C(L), C(Is)). : 


Tf I,—I,==J, then Homcxay(1,7) and Homga)(O(Z),C(Z)) are 
algebras over K. Let P,Q € Homcxgy,~(/,l). Then, consider (PQY. 


(PQY (6 (Gry, Skis lu) ) = 0 (üy, (PO) 8; la) CC dy, P (O81), la) 
= P’ (c (Gey, QSr by) ) = P'O (6 (Ory, Sexy la) )- 

Thus, (PQ)’<P’Q’. Therefore, § is an algebra homomorphism of 
Homcrs),+(Z,/) into Homxe) (C (1), C(Z)). 

In order to prove that 9 is onto and one-to-one, let 

NE Home ig) (C(L J C (Ia) ) 
and let eh Sky la) ) g È nÒ, Sja, l yy Ory Skis In) ¢ (as, 8425 ly ). Let 
L: K) 

horl, = > ty (h™) 1). 


Tf R is a linear transformation of L such that Rhen, == h%®RI,, for every 
he H, and »==1,:--,m, then, since Ter is irreducible and 7 and Js are 
inequivalent for y 48, Schur’s Lemma implies 


R-==r1z, for some rE K, if y==8 
R = 0, if y 368. 
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(L: K) 
Let Rly = $, fgl. Then, Rheol, == heèRl, 18 equivalent to 
pol 


RA Da tra her) ly) = D bau (h°) ( 2a Tarla) 
= hes ( 2 Talr) = 2 Tag ( > tn» (A) ly). 
Thus Schur’s Lemma implies 


(i: K) (L: K) 
pal pzi 


Ly, pS m, and hE H, then 


if y == 4, Tys == 0 for nv 
Tyn == Tyy LOT every y,” 
and if y>48, Iny==0 for every 7, ». 


If kE H, then for every y, k, and m 


h (Ne (ay Skis la) ) MER N (he (dy, Skis la) ) i 
But 


h (Ne (ays Skis la) ) = h ( p> n (a, S525 ly, Ory, Skis la) C (ag, Sj2s ly) ) 
ee p> n (aa, Sig, lps eyy Skis la) C (as, 332, h8l, ) 
aid 2 n (as, S32) ly, Oey, Skis Ly) ( 2 tny (128) C (as, 5425 bn) ) 
Ph EY n 
and 
N (he (Gey, Sras lu) ) = N (€ (üy; Srs hy) ) =N (2 tyu (197) (Gy, Skis by) 
=o 2 typ (her) ( > n (as, Sja ln, ey, Skis ly) C(as, 842) ly) ) ° 
Ld 1557 : 


Thus, for every y, 8, 7, k, m n, and for every AE H, 
2 n (as, S42, ly, Oey, Skis tn) tny (28) E > ton (har) n (as, Sja ln, Avy, kis ly) . 


Let r (8, y, J, ©) ny = n (Gay 832, ln, Gy, Skus ly). Then, for any choice of 8, y, j, and 
k, {r(8,y,9.%)qr | LS, vm} satisfies the conditions of (3.2). Thus, the 
following relationships hold. 


(8.3) — (Gy, Sja, lm Gys Skis ly) = 0 for every y, 7, k, „ and y such that n £y. 


(3. 4) N (ay, S42) ln, Ary, Skis ln) ae n (dey, Sja ly, Qeys Skis ly), 
for every y, j, k, 4, and v. 


(3. 5) n (as, Sjn ly, Gy, Skis ly) — 0, 
for every ô, y, j, k, 7, and y such that ô s£ y. 
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Let y54<1. Then, for every k and v, 
(3.6) dy (Ne(1, 8a, l,)) = N (aye (1, Sia, ly) ) = Nc (dry, Sia, by). 


This implies that 
Ay ( p> PL, 3425 ln, l, Skis ly) o(a, S42) ly) ) 
T =, n (as, 8425 bn, Ays Ski ly) c( aa, $425 ln). 


Suppose dyas == ayb’. Then as = b which is a contradiction unless as = b = 1. 
Thus comparing coefficients of c (ay, Syz, ln) in (8.6), the following relationship 
is obtained. 


(3.7) n (1, Sja, by, 1, Seay bp) == N (ay, Sjas li Gys Say by), 
for every y, j, k, m and v. 
If b E 8, then for every k and p, 
(3.8) o Si la) ) == N (bo (1, Sus, la) ) =N (0 (1, b° 8x1, Dolg) )- 


Let 6: ‘Si = e aai i= Í, 2, Pape 
Dilam $ doy (le 
Then, 
b(Ne(1, Skis lu) ) = b( 2 n (ay, Siz ly, l, Ski la) € (ay, S425 ly) ) 
Yf? 


=n (Gry, S425 ly, 1, Skl la) C (aytb) b (y) ' Sja» Day) ly), 


where bay == dy») (y), 
=e hy Sja, by, 1, Skis bu) ( Z fyl (y))( 2 Any (b (y) ) 6 (ayw) Siah) ) ) 


and 


N (o(1, b+ 8x1, Dola) ) =N (2 fab) (È dra (b) eC, Se ly) )) 
== f'a) (2 Fra (b) ( 2 n (lo Sins hy, I, Sa, lp) € (a, S425 ly))). 
Suppose bay==b(y). Then a,=-1 and b=b(y). Thus, by comparing 
coefficients of ¢(1, sie, ln) in (8.8), the relationship 
(3.9) Zal, Sja; by, L, Skos ba) f u (O) dar (b) 
= 2 fa) dyn (b) (1, Siz) dn, 1, Sj by) ) 


is obtained for every k, 1, m, y, and b where bE 8. But, by (8.8), 
n(1, Sja by, 1, Ser, la) =O for v£ p, thus (3.9) reduces to 
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2 n (1, 3425 lay L Skis la) fy (b) dna (b) l 
— 2 f'a) Ana (b)n(1, S425 ln, 1; S41) ln) 
for every k, t, m 7, and b where b€ 8. 


Since D», is non-singular, for a given p, there exists 7(y) such that 
druja (b) 40. Thus, 


2 n(1, 342) bas l, Skip la) fu (0) 
Ea 2 Pipe (b) a (1, S12) In Ut)» 1, Sji lnea) Ji 


for every k, 1, p, and b where bE 8. But by (8.4), the n (1, Siz lr, 1, sy, 15)’s 
are equal for every v, thus 


(3. 10) 2n(1, 342, Las l, Skis la) Pub) ce 2 f'ar C, Siz; ln, 1, Sji ly), 
for every k, i, p, n, and b where DE 5. 


Define p(8s2, 8x1) =n (1, Sja l L, Ska l1), for every 7 and k. By (8.7) 
and (3. £), P (Sja Ska) = N (dy, 542) lu, Gy, Skis la), for every y and fe By (3. 10), 


(3. 11) 2 P (S42 Sur) f u (b) = È f'a (b) p (Su Sj), for every k and 1. 


Let P be the K-homomorphism of J, into J, defined by 


(Ia: K) 
P (8%) = 2 P (Sja; Sk1) 8j2, Lor every k. 
Then, 


b: (Px) = 2 psi Sra) b: 8j = 2 p (Sp Si) ( 2 Pub) se) 
and 


P (b: Sx) = PCP a(0) sn) => fab) CÈ p (Sia 871) S12). 
Therefore, by (8.11), b: (Psr) = P (b : sz) and P is a (KS)e1-homomorphism. 
It remains to be shown that P’ = N. 
N (c (ay, Sea, lu) ) = (a8, 8425 bn, Qy Sras by) C (485 8425 l) 
aa 2 N (Ay, 8425 las Ays Skis la) C (By, 8425 Iu), by (3.3)-(3. 5), 
= > P (Syas8x1) C (Ary, Sje ba) = C (dy, 2 P (Sja; Sx) Sja In) 
= c (Qy, PSr, ly) = P (0 (dey, Sir, lu) ). 
Therefore, P’ == N and 8 is onto. 
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Suppose NV = Q’, for some Q € Homyxgy,-(1i, I2), and let 


Us: K) 
QSr == 2 q (Sja Sia) Sja 
Then, 
N ( (ay; Sins lu) ) = Q (6 (Gry, Sir, lu) ) = € (Gy, QSr la) 
= 0 (ly, 2 q (8425 Sra) Sja ly) = 2 q (8435 Sux) C (Gey, 842, la)» 
But, 
N (¢( dey, Sit, tu) ) = =P (S42) Sica) C (Gays Sa, bu). 


Thus, p(Sje, Sir) = q (832, 811), for every j and k, and Q =P. Therefore, 8 is 
one-to-one. This completes the proof of Theorem 5. 


COROLLARY 1. I 1s indecomposable tf and only if C(I) is indecomposable. 


Proof. By Theorem 2 and by Theorem 5 since @ is an algebra homo- 
morphism when J,==-/,—/J, the following statements are equivalent: (i) I 
is indecomposable; (ii) Homxs).~(J,f) is completely primary; (ii) 
Homxa)(C (I), O(I) ) is completely primary; (iv) C(I) is indecomposable. 


COROLLARY 2. LC ts indecomposable if and only tf (KS)a-+ ts indecom- 
posable. 


COROLLARY 3. If the characteristic p of K does not divide [G:1], then 
I is irreducible if and only if C(I) is wreducible. 


Proof. Since pf[G:1], Z and O(I) are completely reducible. Thus, 
Corollary 3 follows from Corollary 1. 


COROLLARY 4, Suppose p{[G:1], and let I, and I, be irreducible. 
Then, I, and I, are (KS)a--tsomorphic if and only if C(I) and O(I) are 
K(G)-tsomorphic. 


Proof. By Corollary 8, C(I) and C(i,) are irreducible. Thus, by 
Theorem 5 and Schur’s Lemma, the following statements are equivalent: 
(i) Z, and I, are (KS)a1-isomorphic; (ii) Homirg),-1(71, I2) is K-isomorphic ; 
to K; (i) Homie) (C(I), Ce) ) is K-isomorphic to K; (iv) C(I) and 
C(I.) are K (G)-isomorphic. 


Combining the results of this section, the following theorem is obtained. 


THEOREM 6. Let G be a split extension of H by B. Let T be an irre- 
ducible representation of H over an algebraically closed field of characteristic 
p. Let L be a representation module for T. Let 8 = {b€ B | T® ts equiv- 
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alent to T}, and let o: b—> Dy, where D, ts a linear transformation of L such 
that D,TOD,=T. o is a projective representation of S with factor set a. 
Let (KS) be the a -twtsted group algebra of K. 


Hach left ideal J of (KS8)a+ determines a left K(G@)-submodule C(I) 
of LS such that 


1) (C(Z): KE) —= (7: K)[B: 8] (L:K). 

2) If SB, then SH is a proper subgroup of G and.there exists a left 
K(SH)-module I’ such that C(I) is K(G@)-isomorphic to (J’)¢. 

3) If L,» +,Ią are left ideals of (KS)e1 such that (KS)a+ . 
=l, 0: -OI then Lo—C(1,)08:--OC(;). 

4) Jf I, and J, are left ideals of (KS)a1, the Homiæsjaa (Ia da) is K- 
isomorphic to Homx a) (O(1,), C(I) ) . 

Let Jz denote the representation of G afforded by C(I). Then, if SB, 
Jı is, an induced representation. If (KS8).a—J,@---@JI;, where the L 
are indecomposable left ideals, then TO m=- J, ®© Fr, is a decomposi- 
tion of T° into indecomposable representations. If p{[G@:1], then the Jz, 
are irreducible and Jz, and Jz, are equivalent if and only if J, and J; are 
(KS) o-1-igsomorphiec. 


4, Application. It was shown in $3 that C(I) is K(G@)-isomorphic to 
(T) where F is a left K(SH)-module. Jl’ is K(SH)-isomorphic to the 
(inner) tensor product of two modules which afford projective representations 
of SH. This proves results of Mackey [7] and Clifford [2] when G is a split 
extension of H by G/H. 


I’ was defined in $3 to be the left K(SH)-module with basis. 
{c(1, yl.) | 15hS(I:K),1SpS(L:K)} 


where {ss | 1S kS(I:K)} is a basis for I over K and {l | 1S pS(L:K)} 
is a basis for L over K. Define a factor set (a-*)* of SH by 


(a+) * (bihi, bolta) == a * (ba, bs), 


for every b€ 8, h€ H, i= 1,2. Since § N H== {1}, (a*)* is well-defined. 
Let I(SH) be the left (KSH) (a-1)+-module which is a vector space over K 
with basis {s; | 1 Sk <(I:K)} and module operation # such that 


bh # s= b:s8, for every DES, hE H, sel, 
I(8H) affords the projective representation of SH which is obtained from the 
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projective representation of S afforded by Z and the natural homomorphism 
of SH onto SH/H =&. 
Define a factor set a* of SH by 


g” (biha, baha) =a Q (bis ba), 


for every b€ S, h€ H, i= 1,2. Let M be the left (KSH)a+-module which 
is a vector space over K with basis {l| 1 »(£:K)} and such that 


bhl =— D T (h)l, for every bE 8, hE H, te L. 
The tensor product of (SH) and M has as a basis 
(Dha | 1SkS(I:K),1SpS(L:K)}. 


If bE 8, heH, then the action of bh on a basis element of I(SH)@M is 
given by 
bh (s: @ la) == bh EO bhi, — |) S DoT (h)l,. 


I(SH) QM is a left K(SH)-module, since a*(a-?)*—=1gy. Let y be the 
K-homomorphism of I’ into I(SH) @M such that for every k and p, 


y: (1, 8y, la) > SB ly. 


It is easily checked that y is a K(SH)-isomorphism of I’ onto I (SH) @M. 
Therefore, O(I) is K(G@)-isomorphic to (I(SH)®M)%. This proves in 
particular that LO is I (@)-isomorphiec to ((K8) (a-t)«® MW). 

Suppose pT[G@:1], then by the Frobenius Reciprocity Theorem (see [6]), 
if I ig an irreducible left K(G@)-module such that L is a component of I/ 
restricted to H, then L’ is a component of LO, Thus, L’ is K(G)-isomorphic 
to (I(SH) ® M)%, for some I. By Corollary 2, J is irreducible. If J, and J, 
are irreducible and (I,(SH)@M)® and (I,(8SH)@M)® are K(G)-iso- 
morphic, then, by Corollary 4, J, and J, are (KS)q-1-isomorphic. This proves 
the following theorem of Mackey in [7]. (Mackey’s theorem is more general 
than the version stated here.) 


Turorem 7%. Let G be a finite group with a normal subgroup H such 
that G is the split extension of H by G/H. Let K be an algebraically closed 
field of characteristic p, pt{[G@G:1]. Let L be an irreducible left K(H)- 
module and let H, be the subgroup of G consisting of all z€ G such that sẹ L 
is K(H)-tsomorphic to L. Then, there exists a factor set a for H/H unique 
up to equivalence and a factor set (a*)* for H, and a projective representation ` 
M of H, with factor set (a-)* such that M restricted to H coincides with L 
and such that I —> (I(SH) @ M)® sets up a one-to-one correspondence (equtv- 
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alent representations identified) between the irreducible projectwe represen- 
tations of H,/H with factor set a and the irreducible representations of G such 
that L is a component of thew restriction to H. 


Remark. The subgroup H, in Theorem 7 corresponds to the sub- 
group SH. 


5. Special cases and some examples. Before Theorem 5 can be applied 
to a specific group, it is necessary to know the structure of the «”'-twisted 
group algebra (KS) g= of 8. In general more is known about the structure 
of the ordinary group algebra K(S), than about (K8)a+, Thus it is of 
interest to determine some conditions on T, 8S, and/or H so that (KS)a i8 
K(S). In other words, it is desirable to know conditions which imply that 
a: b— D», where D, is a linear transformation of L such that D,TODy,* =T, 
is equivalent to an ordinary representation of 8. Some such conditions are 
given in the followmg theorem. 


THEOREM 8. Hach of the following condittons implies that a can be 
taken to be an ordinary representation of 8. 


1) T®) equwalent to T implies TO =a T; 

2) T +8 one-dimensional; 

3) There exists a homomorphism of S into H such that b—> lẹ and 
T(R TOT (hy) =T; 

4) For every b€ 8, d: h— bhb ts an inner automorphism in, of H, 
tay: A hy bhy where the hy are such that haty = has, for every a,b€ 8; 

5) H i a complete group, i.e, H is a group such that all its auto- 
morphisms are inner and its center = {1}; 


6) S ts cyclic. 


Proof of 1). For every }€ 8, define D,—1z, where 1z denotes the 


identity transformation on L. Then, øe: b— 1z is an ordinary representation 
of S. 


Proof of 2). If T is one-dimensional, then L is one-dimensional. By 
Schur’s Lemma, Homg(L,£)—K-1,. Thus, D,, T®(h), and T(h) com- 
mute for every hE H and b€ S. Therefore, T® equivalent to T implies 
TO = T and condition 1) is satisfied. 


Proof of 3). For every b€ 8, define Dy») =T (hy). Then, Das = T (ha) 
= T (haho), for every a,b€ 8, since b->h, is a homomorphism. But, 
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T (haho) = T (he) T (hy) — DaD. Therefore, for every a,b€ 9, Da = DD, 
and o: b> D= T (hy) is an ordinary representation of 8. 


Proof of 4). The mapping b—> hy is a homomorphism of S into H. 
For every kE H, 


TO (h) == T (bhb) = T (hy thhy) =T (hy) tT (A)T (hs) 
so that 
T (hy) T(h)T (hy) = = T(h). 


Therefore, T(hy) TMT (h) t= T and condition 3) is satisfied. 


Proof of 5). 6: h—b“hb is an automorphism of H and since H is 
complete is therefore an inner automorphism %, of H. ‘Then, for every 
a,b€ 8 andhe H, 


hay thhey = Oa t*hab = biha hhab ma hy the hhahp 


so that hahphay* is an element of the center of H. But then, haphap == 1, 
Therefore, hah, == hap and condition 4) is satisfied. 


Proof of 6). Let 8 = [b], where b is of order n. It is possible to select 
D, such that (D,)” == 1r. In order to show this, let D be any non-singular 
linear transformation of L such that DT®D-t ma T. Then, D* PO) D-* mm T', 
But since b*= 1, TO =T and, therefore, DST D"—T. Thus by Schur’s 
Lemma, D*—{-1,, for some € K. Since K is algebraically closed, there 
exists a p such that p»—¢?. Then, Dy—pD is such that D,T®D,+—T 
and Dy” =m (pD)” == gg. Iz = Íz. Define Dy by Dy = (D,)*. Define e by 
o: bt-> Dy = D. o is well-defined since D,*=—=1,, and b¢==}/ implies 
i=j modn. o is an ordinary representation of 8, since 


Dy Dos = DD, — D,‘ oan Dyt. 


This completes the proof of Theorem 8. 

Examples of groups H which satisfy one of the conditions of Theorem 8 
are: (i) H is abelian and (ii) H — 8, the symmetric group on n symbols, 
n= 83 and n46. For, if H is abelian then all its irreducible representations 
are one-dimensional so that condition 2) of Theorem 8 is satisfied. If H =— Sp, 
n= 3 and n6, then H is a complete group (see Kurosh [5, p. 92]), so that 
condition 5) is satisfied. 

Suppose pT[9: 1] and (K8)g1—K(S). Let F*,- - -, Ft be a complete 
set of inequivalent irreducible matrix representations of. § over K and let 
F(b) == (ft,,(6)), for every bE S. The functions {ffas | 1S m, v S dim F*} 
are called the coordinate functions of Ft. K is assumed to be algebraically 
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closed. Thus, by a theorem of Frobenius and Schur (see [3, §27]|), the set 
of coordinate functions 


(Ho |1SnyvSdimP1sish} 
is linearly independent over K. 
The elements 
(5.1) { 2 Pur(O*)0 [1S mrs dm ptl Ssst) 


form a basis for K (S). Since for every b,b’ € 8, F*(bd’) = Ft (b) F#(0’), 


it can be shown that 
dim Ft 


(5.2) DS flar(b*)b) = E fho) (  ftun(d+) 0). 
bes Azi beS 
Thus, for every i and p, 1SiSt and lps dim F*, the elements 


{ 2 f'm (0) l\1=,~sdimF 


form a basis for a left ideal Ha of (KS)ex. Then 
(KS)a1= F Ia and L= > D Cn). 
» fh 1 fe 


C (Ia) is of dimension (L: K)[B: S|(L: K) over K and has as a basis the 
elements 
(5.3) {Efa ODD h| 1 SAS dim Fy, 
bE 
tSySr1S78 (L: K)}, 


where {lp | 1 S75 (L: K)} is a basis for L over K. 

Order the elements (5.3) lexicographically by the triple (y,A,7). It 
will be convenient to consider the basis elements in blocks determined by y 
and A. Thus the (y—1)(2,;: K) +A block of the basis elements consists of 
the elements 


{ È faa (b7)ayb QD |1SyS (L: K)}. 


The matrix representation J, of G afforded by C(J,,) relative to the 
basis (5.3) ordered as stated can be determined from (5.2) and the Properties 
in §3. T is the matrix representation of H afforded by L relative to the basis 
{ly | 1 Sy (L: K)} and Dy is the matrix of the linear transformation De 
of L relative to that basis. 


Jiu(h) = (matrix with T (h) in the 
((y—1) Gi: EK) +A, (y—1) i: EK) +A) block position; 
zeros elsewhere) 
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Jin(b) == (matrix with f*,,(6’)D, in the 
i ((8—1) (lı: E) +A, (y—1) (L: K) +r) block position; 
where bay == agb; zeros elsewhere) 
J +,(as) =< (matrix with Fas) Dy: in the 
g ((@—1) (L: K) +à, (y—1) (L: K) +v) block position; 
wheredga., == agb’ ; zeros elsewhere). 


From the matrices of J im it follows that J,a = Jip, for every mp 
= 1, - -dim Ft. 94, is equivalent to (74,)% where Jaa is the matrix 
representation of SH afforded by (l,a) relative to the basis 


(Z fat Dh] 1 Sy Sdim F145 (L: K)} 


ordered lexicographically with respect to (¥,7). It will be convenient to con- 
sider the basis elements in blocks determined by v. Then, 


Tya(h) = (matrix with T(h) in the (»,») block position; 
zeros elsewhere) 
Ty ,(b) — (matrix with f,(b)D, in the (A,v) block position). 
Ln is equivalent to the tensor product representation ,,(8H) 8H, 
where l,a (SH) and M are projective representations of SH such that 
Ira (8H) (h) = lames 
L a(SH) (0) = (matrix with f4,,(6) in the (à, v) position) 
M (h) =T (h), and M (b) — Dy. 
As an example in which o cannot be taken to be an ordinary represen- 
tation, consider the following group G. Let H be the quaternion group of 


order 8 and let B be the group [z] X [y], where z and y are of order 2. 
H is generated by a and b where 


at = b* ==] and a? = (ab)? — b’. 
Define the split extension G of H by B by the automorphisms: 


Z:a 7c tue—b 
b> rtbr =a 

Y: a—> y tay = b? 
by thy == që, 


Let 7 be the two-dimensional representation of H over the complex field 
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K. Let L bea repreenakon module of T:. Let {1,,1,}-be a basis for L 
over K such that 
T (a)h == la T(a)b——h 
T(b)iwtl,  T(b)h =— üa. 
(See Curtis and Reiner [3, §47].) Since H has only one two-dimensional 
representation over K, T@ and T are equivalent to T. This gives S == B, 
Define linear transformations D and C on L by 


Dh = 1/ V2 (h — ila) Dha —=1/V 2 (il, — l) 
Ch == 1/ V2 (l -+ tla) Nee + ly). 
D and C satisfy the following relationships: 

_ DTOD- = — 0? 1, 


CTAC- = ; a == — CD. 
Define o on 9 by . 


o(&) = D, o(y) =C, o(zy) = DC, and o(1) = 1z. 


Let « denote the factor set of o. Since tee a, (KS) et (KS)a. 


Let o’ be a projective representation of § with representation space M 
such that o” is equivalent to o. ‘Then, there exists a vector space isomorphism 
U of M into Homg (L, L) and a function p: S— K* such that for every b € 8, 


' o’ (b) U — p (b) Uo (b). 


hen, o (b) == p(b)Uc(b)U~ and | 
of (a) 0’ (y) = (p(w) Uo (2) U*) (p(y) Uo (y) U>) | 
== p(%) p(y) Uo(x)o(y)U* —=—p(2)p(y)Uo(y)o (2) U~ 
} =— (p(y) Uo (y) U>) (o(2)Uo(2)U=) =— o (y)o (2). 
Therefore, o” is not an ordinary representation of S. This proves, in particular, 
that o cannot be taken to be an ordinary representation of S, since any other 
choice for o is equivalent to o. Since ø is not equivalent to an ordinary 
representation, (KS9)a5¢K(8). : | 
The elements {1 + y, 1— y, £ + zy, £ — zy} form a basis for (KS). Let 
I, be the K-subspace of (Ki9)a with basis {1 +y,z + gy} and let I, be the 
K-subspace with basis {1 — y, z— zy}. I, and I, are left ideals of (KS)q. 
It is easily checked that the K-homomorphism £: I,—> I, defined by 


B +y) =2—ay and (2+ 2y) —1—y 
is a (KS)aæ-isomorphiem of I, onto I 
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I, relative to the basis {1 + y, £ -+ xy} affords a matrix eae meee 
F given by: 


F(e)—= d] of md FW) = i z= 


If N is a matrix over K such that for every b€ 8, NF'(b) =F(b)N, it can 
easily be shown that N is a scalar matrix. It then follows from Theorem 2 
and the fact that the characteristic of K is zero that I, is irreducible. Since 
I, is (KS),-isomorphie to I, I, is also irreducible. 

By Theorems 4 and 6, LO == C(L) +0(I:), where C(L) is K(G@)- 
isomorphic to C(I.) and C(I) and C (I+) are irreducible, Thus, if T, denotes 
the representation of G afforded by C (L), +=1,2, then T, and T, are equiv- 
alent and irreducible. The elements 


(184) + (80h), (18) + (y@Ch), 
(z8 DL) + (zy ® CDL), (18 Dla) + (zy 8 CDI) } 


form a basis for C(I). The matrix representation T, of G afforded by C (I) 
relative to this basis is given by: 


na| Y rmp tosia pRO] ot 
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ON THE BEHAVIOUR OF THE GEOMETRIC GENUS UNDER 
GROUND FIELD EXTENSION.* | 


' By Perm L. Fars? 


1. The geometric genus. Let V be an irreducible, normal, r-dimensional 
variety defined over a ground field k of characteristic p340. We assume that 
the function field, K, of V over k is separably generated over k. Let p be a 
prime divisor of K/k which is.of the first kind on V and let W be the center 
of pon V. Let u4,---,%p be p-parameters of both W/k and V/k with k, 
as associated field of p-constants ([1]). (ie., wy: + +,Up are a p-independent 
set of elements of k such that the ideals of V and W, &(V) and &A(W), have 
bases consisting of polynomials with coefficients in K?(w,° - +, up) and k, is 
a maximal subfield of k, containing k”, such that [k (u: * ‘,up): ki] = p°). 
For the moment, we shall assume that the p-parameters and field of p-constants 
have been fixed; and we shall (tacitly) assume that all derivations, which 
we may consider, are trivial on k, (but not necessarily on k). Then, ([2b], 
p. 88, Theorem 83), we can speak of uniformizing coordinates of p relative 
to the p-parameters t4,°- -,Up and the field k, of p-constants; i.e., we can 
consider elements &,: > -, Éper of the valuation ring © of p for which there 
exist. derivations D, of K such that D= êy (4,7 =—=1,---,p-+17r) and 
DOCO (compare with [1] Definition 1). Uniformizing coordinates 
Én’ - *,€pu of p are characterized by the conditions: (i) k(p) is separable 
algebraic over kı(Eu' * -,€4) where bar denotes Yt-residue, Yt being the 
maximal ideal of © and (ii) k [é - -,&.,] contains a set of uniformizing 
parameters of p ([1] Theorem 1). 

Since the space D(K'/k,) of derivations of K over k, has dimension p + f, 
we may speak of differentials of K, of degree p4 r, and for any p+r+i1 
elements A, Z° ° *,Zpsr of K, we have a differential Adz: * apr of K. 
Furthermore, if nt- <; pir. are uniformizing coordinates of p, then every 
p-+r-fold differential of K can be written in the form Adé,- - «dé, AE E. . 


Definition 1. If Tu,’ °+,@, 18 a separating = basts i K/k, 
ies emer ad are Daorn coordinates of p, and if dr, -- da, din’ dup 
—=Adg,: > dps, (where the t are the given Soa then the order 


* Received December 13, 1961. 
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of dz, - - dæ, at p (in symbols: vp(da,- > -dzr)) is the integer vp (A) where 
vy 18 the valuation defined by p. 


PROPOSITION 1. Let z,,: '',z, be a separating transcendence basis of 
K/k such that y ts of the first kind with respect to R= k[t, > +,2,| (such 
a transcendence basis exists since p is of the first kind on V). Let Ra be 
the integral closure of hin K and let De=Dar,atay be the different of K 
over k(21,°- -,2r). Then vp(day: > -da,) = vy (De). 


| Proof. For r=1, this is the main result of [1]. Let k == k(t y Zp-a) 
where we assume Ja p is of the first kind on R) that p is trivial on &. 
Tf le, = kn (2, -+ Er), then [k: k] = prt, Let M == k[t > >, 21] 
— (0). Then we have ([2a] p. 299, Theorem 27) Vy (Dryy/kte-1) isle 7 
and since p is a prime divisor of K/k, Vp (De) oe) where i is the 
differential of a over k. But vy (da, ) == vy (da,da,: + > dëndur" * dup) 
SİNCE Us,’ ° *,Up,%1,° * +, 2p. are p-parameters for p over k. Thus we see 
that io = vy (dEr) = Vy (dTa + + dee). 


COROLLARY. Vp(dz,' ` -daz,) 18 well défined. 


Definition 2. If w is an r-fold differential of K over k and if 
o = Adz + -dz, where {x1,: + +,2,} is a separating transcendence basis of 
. K/k, then the order of w at p, vp(w), ts the integer vp(A) + v,(dz,- + < dz,) 
and w ts regular at p tf vy(w) = 0. 


Let 0(V/k) = {o: w is an r-fold differential of K/k and o is regular 
at all prime divisors p of K/k which are of the first kind on V}. It is clear 
that 0(V/k) is a vector space over k. Let p be any prime divisor of K/k 
and let w be a differential of K/k. Then, ([2b], p. 89, Theorem 31 and p. 97), 
there is a normal model V of K/k on which is of the first kind and 
. consequently, v;(w), is defined (relative to the model V). We -assert 
that v;(w) is independent of the choice of model V. To see this, we 
observe that if V, V, are two normal models, with respect to which p is of 
the first kind, then there is a set Zı,' '`,Zp of p-parameters and associated 
field f, of p-constants for V, V, W, v. where W, W, are the centers of p on 
V, Vi respectively,’ and that there exists a set of uniformizing coordinates 
£:,' © +, par of both the center W of $ on V and the center W, of p, and Vi. 
Our assertion follows immediately. It makes sense therefore to speak of tho 
regularity of a differential of K/k at any prime divisor of K/k. Let 0(K/k) 
= {w: w is an r-fold differential of K/k and o is regular at all prime divisors 


* Compare with [1] Section 1. 
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of K/k}. It is clear thet O(K/k) is a vector space over k and that 
0(K/k)C Q(V/k). We now assume that K/k is a regular extension. 


PROPOSITION 2. Let p)(V/k) <= dim,0(V/k). Then p,(V/k) is finite. 


Proof. Let 2,,: + :,2, be a separating transcendence basis of K/k and 
let yut © tpar De Tas’ °°, Dr, Usy* * *, Up (where the uw are our p-parameters). 
Suppose that &[V]=<k[2,---,2y] is the coordinate ring of V. We con- 
sider the set {Dw;} ((—1,---,p+r, j—=r+1,---,M) where the D; are 
the derivations of K (over the field k, of p-constants) such that Dms = bis- 
_ Then there are only a finite number of prime divisors of the first kind in V 
' which are polar divisors of some Diz}. It follows that if p is any other prime 
divisor of K/k (of the first kind on V), then m,’ * * yp are uniformizing 
coordinates of p (i.e., satisfy the conditions of [1] Theorem 1) since ©, is a 
quotient ring of k[2,,---,ay]. Let P = {Pu --,p,x} be the set of prime 
divisors of the first kind on V at which the y; are not uniformizing coordinates. 
Let £, - +, &es be uniformizing coordinates of p, (relative to. p-parameters 
Un’ * +, tp, Ups’ aUo Le, {Un' © t, Up, Up,’ °°, Uo} I8 8 set of p. 
parameters for both p, and V. Then dy’: - dypsdupyy* ' ` duo == Adé, + dor 
and it follows that either vp (m) <0 for some ¢ or p, is a component of the 

divisor of A. Let w€ Q(V/k) and suppose that | 


udt: ` * dupdtipy: ` ` dto = Bady, ` ` dypsrdupyu: * dabii + déou 


Then, Yp (w) = vp (B) + 0p (4) 20. Let s(p,) = min{—vp(4), 0}. We 
define s (pa), *,S(Pa) in a similar way and we set Z =— J s (pi) p Then, if 
wd: - - dup = adı’ * * dnp, We have, (a), (the divisor of a), is such that 
(a) +220. It follows that Q(V/k)C {f: (f) +2=— 0} ‘and therefore, 
([2b] p. 357), since K/k is a regular extension, we have p,(V/k) <o. 


COROLLARY. If p,(K/k) = dim,Q(K/k), then py(K/k) is finite. 


Definition 3. The geometric genus of V/k is the integer Po( V/k) and 
the geometric genus of K/k is the integer p,(K/k). 


Let k be an extension field of k, which is linearly disjoint from K over k 
and let K’ be obtained from K by extending the constant field to W. We 
observe that If’/k’ is again a regular extension so that we may speak of the 
geometric genus of K’/k’. We shall investigate the relationship between 
pg(K/k) and p (K' Ik) in the sequel. 


2. The main result for finitely generated extensions. We now assume 
` that k is a finitely generated extension extension of k. The main object of: 
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, this section-is the proof of the following theorem which is well-known in the 
`” case of curves: 


TAROREM i. If K/kiwa eagle extension, tf K 1s a finitely generated 
extension of k which ts linearly disjoint from K over k, and tf K/K 8 
s obtained from K/k by extending the ground field from k to k’, then p,(K’/k’) 
< pz(K/k) with equality if k ts a separably generac? extension of k cas 
i alently, if k’ is a separable eztension of k). 


_ Before proceeding to prove this theorem, we shall make several remarks 
sehen will facilitate our exposition of the proof. 


Remark 1. It will suffice to prove the theorem in three cases, namely: 
(i) K isa purely transcendental extension of k, (ii) kis a separable algebraic 
extension of k, (iii) k’ is a purely inseparable extension of k, Furthermore, 
we neëd only demonstrate the theorem for simple extensions in each of these | 
cases as once we have done this an easy induction on the ae o generators 
Í of k” over k will give us the: main result. 


Remark 2. Ifoisa differential: of.. K/k. and MEN E ‘di, where ` 
{2 `, Dp} is a eee transcendence basis of K/k (a fortiori of K /¥ J, 
s then w Vas Adz, - d'z, is a well-defined differential of K /¥ ee we call 
the ‘cotrace of w and which we denote by cotro. 


Remark 3. Let p be a prime divisor of K/k and let p "A a prime iior 
of K’/K’. which lies over p. Letu,’ >>, up be p- -parameters of p with k, as a 
field of associated p-constants. Then, if  —k(a) where a is transcendental 
over k, U1,’ * p Up, & are p-parameters of p’ (which is unique) with [ey (a?) 


- agan associated field of p-constants. This is an immediate consequence of 


the well-known facts that if R is the coordinate ring ‘of’ (normal): model 
of K/k, then K [E] is the coordinate ring of a (normal) model of E’ /h; 
that if M is a prime ideal in R, then WLR]: is a prime. ideal in [RI]; 
and that prime divisors of a function field correspond to minimal prime ideals 
in the coordinate ring of some normal model of the’ function field [2b], 
pp. 88-99). 


Remark 4. Let p, p’, TNE `- üp} and k, be as in the previous. remark 
and let KW mee where a is separable algebraic over k. We may choose a 
set. {U1 °°, Up, Ups," *»*, Uo} of p-parameters for p’ where the u; are all 
in k. To see this, we note that if Y is an ideal in k[a][X.,- + +, Xa] (observe ` 
‘that K m= k(a%) = ka] as a is algebraic over k), then if fe) i is a basis of Y 
-where we view the f, as elements of k[a,Xj,- - +, Xa], we can find p-indepen- | 
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dent elements th,’ + Ups E. -uo in k such that, the fy have coefficients - 
in P(t: + +, tc) (a) and since « is separable algebraic over k, we may > 
suppose œ is separable algebraic over h?(u,-.--,uc). It follows that 
a E KP (aP) (th, © +, to) and that tn, > soe are dekadi over k?( a?) 
(since the ‘derivations D? of k?(w4,° *',uo) such that Du; ày can be 
‘extended to be derivations over #’?.) Our assertion ‘follows (where N is the 
ideal of the center of i on a suitable model). - If k, is a field of p-constants 
associated. with th,’ * *,Uc as pean of p, then kz (a?) is a field of 
p-constants associated with t,’ > -, te relative to y 


Remark 5. Let p, p’ be as in the two previous remarks and let kh’ — k(a) 
be a purely inseparable extension of degree p. Then we may choose a set 
{u © *,t%o, aP} of p-parameters of p such that {t,-- *, Uo, a} are p-para- 
meters of p’. To see this, we observe that by the argument of the previous 
remark, we can find p-independent elements tn,’ - +, to, @? which are p-para- 
meters of p such that the coefficients of the polynomials which form a basis of 
the ideal of the center of p’ on & suitable model are in b?(t,- - >, ts, a) (a) 
== WP (W, © +, to,@). It is clear that u,:-°~,uc,@ are p-independent. If 
k, is a feld of p-constants associated with {t,° > *, uo, aP}, then k,—k,(a?) | 
is a field of p-constants associated with {t,: °°, to, a}. ` 


Remark 6. If p is a prime divisor of K/k. and if A, T> * *,£r are in 
Op then Adz,- ~ - da, is regular at p. -In fact, if t,,-.- -,tpir, B are elements 
of ©, (where we have a set {u," < *,up} of p-parameters of p), then . 
Bdt,:- bide is also ‘regular at p in the sense that if Bdt,- -dipr 
== Odé: - -dép where 1° * ', ép ate wniformizing coordinates of p, then 

CED This follows immediately from the fact that the derivations D, such 

that Dié; = &; map Oy into Dp. : 

We now proceed to prove the theorem in each of the three cases where 
we assume that W ==k(@) is a simple extension of k. Each case will be 
treated in a separate proposition. 


PROPOSITION 3. If ats transcendental over k, then py K/k) = p,(K’/F’). 


Proof. We first show that p,(K/k) = pg(K’/k’). It will suffice to prove 
that if w€ O(K/k), then «= cotro € O(K’/k’) as it is clear that for any 
differentials w,,---,o; in Q@—=0Q(K/k) which are k-independent and for 
which w; = cotre; are in 0’ =0(K’/K’), we have the: k’-independence of the 
wi Let p be a prime divisor of K’/k’. If p is trivial on K, we conclude 
from Remark 6 that o’ is regular at.p’. On.the other hand, if p’ is not 
trivial on K, then p’ lies over a prime divisor p of K/k; and if we choose 
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p-parameters t,''',up as in Bemark 3 and uniformizing coordinates 
é.,° °°, €par of p relative to the tw, then odin’ - a ae - -dpr With 
AED will imply that o’du,-- du da = Ad: Konda and hence, we 
have, by Remark 6, the ey of w’ at p’. In any case, œ is ai at p 
for any prime divisor p’ of K’/k’ and our assertion follows. 


Now let 6€ Q and observe that there exists an o, Which.is a differential 
of K/k, such that &==~ A’ cotre, A’€ K’. Suppose that A’—f(«)/g(a), 
f,g€K[a] which are relatively prime and let p’ be a prime divisor of K’/K’ 
which is trivial on K. We observe that v(cotrw) 0 since we can choose 
p-parameters W’ ° *, tc, a of p with the win k? and we can extend the 
derivations Des’ **, Da, of K to K’, where 2,,:--+,7, is a separating transcen- 
dence basis of K/k, by setting Daa = 0 ; i.e., we have Ti,’ + +, Dry Un’ * ' ta, @ 
as uniformizing coordinates at p’ from which our assertion follows imme- 
diately. Now g(a) ==c][ g(a) where c€ K and the g; are. irreducible 
elements of K[a] which either generate prime divisors p^; of K’/k’ trivial on. 
K or are in K’. Suppose, for example, that g, generates p’,; then vp, (g) 221 
implies that v,,(@) <—1 which contradicts the regularity of 6.. It follows 
that A? mm 3 (a/b) a! where a,€ K and bE K. Let oj—ayw. We claim wE 0 


for all 7. Suppose p is a prime divisor of K/k and let : be the prime divisor 
of K’/k lying over p. We choose p-parameters th,’ '',up as in Remark 3 
and we let ae "+, per be ee coordinates of p relative to aes ty. 
Then wdu,:- up mm Adé,- * dois and 


odu, ' matures == > { (7 cotre dit, - - + dupda) - a5} 
= 3a déi- + + dipsda) ad, 


It follows that; > Aal is in Oy. ` But bE kis a unit in p and thus we 


have E {aA)al € Oy N K[«] =O [a].* Consequently, (a;A) is in O, for all 
j and awy is therefore regular at p. This completes the proof of our proposition. 


3 To see this, we let M ae an ideal in K[X: Xa and {f,} be a basis a X. 
Then f, =}, ar (a, X4,° ° » 4) /o(a) where ay,(a, X. yy) E kla, Xut., Aa] 
b(a) € bal and we consider the field obtained by adjoining pee ren of ay, and b and 
also the element a to k’, 

‘Let h(a) €O,, Kiaj. Then h(a) = J, (0:/0)at with o, o in Op Let c be 
such that v p (Ota) = min{o, (0) }. Then h(a) = (0,,/0) hy (a) where h,(a) ED, [a] which 
has one coefficient equal to 1. If h(a) were not in © [a], then, applying the place 
determined by p’ to h(a) ` o/u, = h(a), we would obtain the contradiction 0 ='1, 
Hence h(a) E O, [a]. i \ 


pon 
i 
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PROPOSITION 4. If a ts separable algebraic over k, then p)(K/k) 
= p (K'/k'). w i 


Proof. Let w€ Q(K/k) and let w= cotro. Let p’ be a prime divisor 
of K’/k’ and suppose that p’ lies over p. Then we choose p-parameters 
Uy,‘ © °, Uo of p’ as in Remark 4 and it will follow that if &,- - -,éc., are 
uniformizing coordinates of p (relative to the ių), then &,---,éos are 
uniformizing coordinates of p. It follows immediately. that the regularity of 
w at p implies the regularity of w’ at p’. Then arguing as in the beginning 
of the proof of Proposition 8, we see that p,(K/k) = p,(K’/k’). 

On the other hand, suppose that 6 is in 0(K’/k’) and observe that there 
exists a differential w of K/k such that ‘o== A’ cotro, A'E K’. Then 
@ ma A G cotrw)a/ where qE K and ico, it will suffice to show that 
eas are in Q(K/k) (compare with the previous proof). Let p be a 
prime divisor of K/k and let p’ be a prime divisor of K’/k lying over p. 
Let &.,- © +, éo be uniformizing coordinates at p relative to p-parameters 
4,‘ ° *,Uo chosen as in the first half of the proof. Suppose ajwdu,- - > duo 
== Adé: + ‘dor. Then we have X (ajA) at € Oy as ô is regular at p’ and the 
é are also uniformizing coordinates at p’. It follows that Si(aA)alEM Oy 
where p’ runs through the set of prime divisors of K’/k’ lying over p. It is 
well-known that N Dy == Opla] and therefore, we have a,4 € Dy and so wy is 
regular at p. This completes the proof of our proposition. 


Proposition 5. If æ is purely inseparable ` over k, then p,(K’/k’) 
S p,(K/k). 


Proof. We observe first of all that it will be sufficient to prove the 
proposition under the assumption that [W : k]—p as once the result is 
established in this case, it will follow in general by a simple induction. We 
let 6 be in Q(K/k'). Then there exist differentials w; of K over k such that 


6 = 3 > (Cotro) af and it will suffice to show that the w; are aai differentials 


of K 7 (compare with the previous propositions). Let p be a prime divisor - = 


of K/k and let p’ be its unique extension to a prime divisor of K’/k’. We 
have two cases: (a) k’ (p) is a purely ee extension of k(p) of degree ` 
p; (b) eyy—=p and k(p’ ) —=k(p). We let tg’ ~~, uo, x be Peace : 
of p chosen as in Remark 5. E 


Case (a). Let yp: > Teira cr aniformizing coordinate of p relative to 
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_ {uar} with (say) qı a uniformizing parameter, of p (a fortiori of p’).° 
Then we assert that (say) 71,° ‘shos are uniformizing coordinates at p’ 
relative to {u,a}. Suppose, for the moment that this has been established 
and let O= Dp, D = Dy. Then OD’ = O-+ Da- -+D and 


- 1 i 
Sdiy: © -duoda = Y (adn, -@adu,: + duoda) al 
7 j=0 


where %,:-° *,@, is a separating transcendence basis of K/k (a fortiori of 

K’/k’). Let Dae + +, Dosa be derivations of K such that Dj; == 8, and denote 

~ by 1/4,: + +,D ow the extensions of Dat t, Dor to K and let D'a be the 
derivation of K’/k’ with respect to «. It follows that, if 


Ò — (d'z: oe d'td: ee duo) (D’,,: a Dor), 
then: E E 
$ Á a ' p-1 
(odu, a ares duoda) (D'i oo gy D'or, D'a) =>; (a;8) a, 
i 
However, 

(oydi + - duoda?) (Da ` `, Desn Dora) — a(d," + = daydeh,: + - duodat) 
(D,,° 7 Down Dosa) ad AOD or? since Dia = 0, 1 = i “39S -f> T. Since 
we have > (a,8) ad EO’ and Dorna? E€ D, we ‘know that aSDowne isin O and 
Oaea y: that w; is regular at p. It remains to show that our assertion 
about the uniformizing coordinates is true. We let ki, ka be fields of p-. 
constants as in Remark 5. Then, ([1] Theorem 1), it will be enough to show 
that W (p) is separable algebraic over ky(72,° - ts Foma) (say) since m is a 
uniformizing parameter of p and p’. However, if D(b’/k.) is the space of 
derivations of k’(p’) over ka then, ([1] Lemma 1), dim D(p’/k,) So +r. 
On the other hand, k’(p’) is separable algebraic over ka(H2,° * +s Hossa, a) — L 
from which it follows that dim Ð (Z/k,) S0 +r and therefore, LE : ka (LP) ] 
< p, As a¢ ka (Lr), some 3, 88Y, Fose, 18 P- -dependent OD Fay’ iorn G 
and our assertion follows. 

Case (b). We let 1o’ - °, a+r be iiia coordinates at p (relative 
to {u aP} with yo a uniformizing parameter at p, ņno== where ¢ is a uni- 
: formizing permet of p. Then, if D = a and D= Dp we have 
O=O HOH + 0H 


© Let Dise e Daa be jer vations of K such that Di == $y aa let D's,° +>, Doar 
be their extensions to K”. We let fi i be the derivation of K’/k’ with respect 


= (11) A of Theorem i}: 
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to ¢ and we observe that t, my" an coordinates .of p’. 
([1] Theorem 1). = | P x 

Now öd: duda ETE œŒ sdin: - + ducda)al where Tay" ER Le 


'J=0 
is a separating “transcendence basis of K/k meh that mED, t= l, rf. 
Since D'it ==: - = D'i, = D'in =: a ‘= D'o = 0 we have, if 


EE (dzi ; day dy “dits) (D's . +, Darr); 
(Gdu,: ` - dada) (D'i: - “, Doan sf = S = (438) anne 
‘ Furthermore, since — ss Drs T : , Ue are in K, we have . l 
(adz - da: ducde) (Dy -Damn Do) = aD 


' (since Dia? — 0 if izi). It follows that it will suffice to show that aê D,a? 
is in © for each 7 as this will demonstrate the regularity of each wy, at p. 


If K’ == K (8), then we define a mappitig Sg of K’ into K as follows: if 
acK’ and a= ao + ap H: papa with. à EK, then” Sg(a) = apa 


(compare with [3]). We observe that a — > Sp ap") pr for all a € K’; and - 
furthermore, if 8, y are two generators of m ‘over K with D’s, D'y denoting 
the derivations of K’ with respect to 8, y respectively then, ({3]), we have 
Sg(a) = Sy (a (DB) =). = 8y(a(D’gy)?*) for all a in K’. We let 8 = Sa 
and T == Pe Then: - fog “We oe E 

(1) Eas Daye! - 3 (aT ( (Daja) ji E O 
and therefore, ‘since Y= ela HOP, dor y= 0, . CE ee 


2 aa ( Da) pt rai) = 5 ass ( Da) rises «) eo. . 


It follow: that, ne y= p- tj, S aj8S((D? aa) is is in D. However, s ((D'ia)ral) 


— 0 for = `- p>—2 ind S (Darr) 2 (D'a)%. Thus, we have > 


' Ap 18(D'ya)? ig in D. i we multiply the left-hand ice of eee (1): by 
ape, waete we coe É 2—1), epe 


(2) ` > a (D'a) oa T S Oana Daja á 43 3 oe (D'a) at 


is in Č.: Applying. i on which ` we. aged k show ‘that Oy18 (D a)? 


a 
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- was in ©, to the right rere side of equation (2), we see that haia 
is in O for p= 0, - + ,p— 1. Hence it will suffice to show that vaD ¢)?) 
=m Vy (a,8 (Daat) ) i.e that’ Uy ( (D':a)?) -n Yp( (Daat) ). 


Now a = yo H Yit t: > ++ Ya" with the y, in D and thus, we have: 


aP = YP F YP f° + Yoan l 
(Dia) = yi Hyatt e -H (ply? 
(D'a)? = y? + By i H veo H (p —1)PypaPn t 
(D'oa) = yY? 4.29 "nos ++ (p — 1) Yp- °. 
Since’ vy (4) = 0 for +—=0,: +.-,p-—1, we also see that | 


Up((D'sa)?) = min{pop(ys), poga) + 1," *s pues) + p—2}— = v4((Daa). 


The proof of our proposition is now complete 


We remark that, in the course of our proofs of Propositions 3,4 ana 5, 
we have established the ree lemma which will be used quite frequently 
in the next section. 


Lemma 1. Let K, k, K’, w be as in Theorem 1; let p bea prime. divisor 
of K/k; let p’ be a prime divisor of K’/k’ which lies over p; and let w bea 
-~ differential of K /k. If the sai cotra of E/K. is regular at p’, then « w 
is regular at p. 


3. The main result for arbitrary extensions. Let k’ be an arbitrary 
extension of & (which is linearly disjoint from K over k). The main object 
of this section is to extend our Theorem 1 to this situation.. In other words, 
we wish to prove the To owing theorem : 


THEOREM 2. If K/k 1s a regular extension, if Kk’ ig an. dztension of k 
which ts linearly disjoint from K/k, and if K'/k is. obtained ‘from K/k by 
extending the ground field from k to k, then pee ) = p(k /k) with 
equality tf k isa separable. extension of k. 


Proof. Let {da} be a vector basis of w ovet k and let ' ő be an. element of 
Oe ). Then there exist Qay’ ` `, Ge, (wheres, to be sure, n depends on @) 


such that b= 3 te, COtT w. -with the «,- diesa of K over k. - As in the 
previous section, it will suffice to show that w€ O(K/k) for all i inorder to 
prove p,(K’/k’) =p,(K/k). Let l == k (dan - > *,de,). . Then, if K/k is 
` obtained from K/k- by extending the ground field to k, we observe: ‘that o 
may be ‘viewed as a differential of K Jk and that it will suffice to show ‘that é 
(viewed in this way) is in a(K 7, k) since the result will then follow. from our 
proof of ‘Theorem 1.’ In other words, we may assume that 6 == Cotro. ‘We 
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will consider two cases, namely: r Y is separable over k (b) Bi is purely 
inseparable over k. It is clearly sufficient to do so. 

Case (a). We shall first establish that p,(K/k) <p,(®*/) in this 
case so that the, equality assertion will follow from p,(K’/k’) S p,(K/k). 
To do this, we let w'a = Cotro where o € 0(K/k) and we let p’ be a prime 
divisor of K’/k’. If p’ is trivial on K, then the regularity of w’, at p’ is an 
immediate consequence of Remark 6. If p’ is not trivial on K, we let p be the 
contraction of p’ to K. Then there exist p-parameters u,’ ° °, Up of p and 
elements tpm’ °°, to of K such that t,’ - ` tke are p-parameters of p’. To 
see this, we observe that p-independent elements of k (over k?) remain p-inde- 
pendent over k’? in view of our separability assumption. So if &,- ©, pr aTe - 
Pane of p and if oidin- - - dup = Adé,--- dép,, with A E Dy, 
then cotrw,du,° ` dupåüpn' ` dg == Adé, ` + dbp dupss” - - dug and our 
assertion follows from Remark 6.. 

We now wish to show that pg(K/k) > p,(K/¥) in this case. Let p be 
a prime divisor of K/k and let p’ be a prime divisor of K’/k’ which lies over p. 
Then we can choose p-parametere ly,’ © *,to of p’ such that t,’ ' -,up are 
p-parameters of p (compare with previous paragraph). Then if &,- - -,&psr 
- are uniformizing coordinates at p, we have odu,: « ‘dup = Adé,’ - ` dpa and 
(cotro)dtu,: + * duo = Adé,’ > -d&piduipis* + ‘dtc. Suppose for the moment, 
that e =p; ie. that t,’ *,up are p-parameters of p’, then A will be in 
Op N K =Q since we have Oy as a quotient ring of k’ [Dy] and the deriva- 
tions D; of K such that Dé; = ôy can be extended to derivations of K’ which 
map k[®»] into k’[D,] (i.e. the & are uniformizing coordinates of p’). 
Now, if o > p, then we adjoin tpm,’ *, uo to k and we let pë be the con- 
traction of p to K (tpu,° + ', Uo) = K*. It follows that if w* is the cotrace 
of w from K to K*, then a is the cotrace of w* from K* to K’ and, moreover, 
w* is regular at p*. We let kf = k (tips - + -, ug) and we observe that K*/k* 
is obtained from K/k by extending the ground field from k to k*. It follows 
from our Lemma 1 that w is regular at p. The proof of our theorem is now 
= complete in this case. 

Case (b). Let p be a prime divisor of K/k and let p’ be the prime 
. divisor of K’/k’ which lies over p. -Let 7, be a uniformizing parameter of p’. 
We observe that there exist p-parameters v, - -, vo of p’ such that if K* is 
obtained from K by extending the ground field to k* =k(v,,- + -,v0), then 
y E K*. Let p* be the contraction of p’ to K* and let v,,- + +, Vo, u, © *, Up 


s To see this, we let ey ; inet be p- parameters of p’ with k, as a field of p- 
constants. Then m € k’,[10,,° wE] le, m = flwy" "yy May ",8,) “where 
®,€K and f is a polynomial ae coefficients in hk’; We set k* = k(t,,° ° 


, yas 
coefficients of f). 
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. ` be p-parameters of pt where we assume that the u; are all in kK?" It follows 


that if. At, = kk’, where k'i is a field of p-constants for the v; then there 
$ exists a field of p-constants for {v, w}, ka such that k*, C k*, (e. g., take 


a *, as a maximal subfield of k*, containing kf such that [k*; (tn, +; up): k*:] 


=p). Let o* denote the cotrace of w taken from K to K* and let yi, + +, Nosr 
be uniformizing coordinates of p’ relative to the v; and W- such that the ™ are 
in K* (compare with the proof of [1] Proposition 1). Then we observe 
that K* is separable algebraic over k*,(1,° °°, 90+) since K” is separable 
algebraic over k'i (y1,° * nasr); k'i is purely inseparable over &*;, k’, and K* 
are ‘linearly disjoint over k*,, and K’ =F, (1o * Moun Yar” : yy) where 
o K* me bs (h +s Non yyw) ([2a], Corollary 41, p.. 125 ‘is used 
here), It follows that we have derivations :D*,,° 2 Drar OL IC */k* such 
that D*m— dy (i,j = 1, **,o-}-r) and also that these derivations can be 
extended to derivations D’;,:--, Dasr of K Ie. Consequently, noting that the 
cotrace of w* taken from K to K” is ð, we have: adv,:: : Wg = Adm,’ ++, dno 
ando*dv,: + -dvedu,- > + dup == Ady, ++ dyoirdtt,: +> dup with A in K*. How- 
ever, & is ie at p’ and therefore, A is in Dp N K* = Ops. It follows that 
o* is regular at p* and consequently, that œ is regular at p (Lemma 1). The 

proof i is now complete. | 
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7 We can make this aequmpvion for the reason that if My, ° „u, (say) are not in 
k’?, then a p-basis, {11,°- >, wa} of he’? (44, ° Oa a wall ‘he p- parameters of 
p and urn,’ - tp wu: yt will be p- parameters of p*. ; 


FACTORS OF CUBES.* 


By Kyune Wan Kwon and FRANK RAYMOND. 


| Introduction. Let E” denote euclidean n-space, I” denote the n-cube 
or n-cell, and ©” denote the n-sphere, or what is the same, the boundary of 
I", We shall use the equality sign between two topological spaces to mean 
topological equivalence. Consider the equation *—=A X B. If n= 4, then 
both A and B must be cells [17] and [4]. On the other hand, if n=5, 
examples of (n—1)-combinatorial manifolds M with boundary such that ` 
M X I= I" and MI" have been given by Poenaru [12], Mazur.[11], and 
Curtis [8]. For n= 6 the argument simply consists in finding a contractible 
combinatorial (n—1)-manifold M with boundary whose boundary is not 
simply connected. Since the boundary of M X I must be simply connected, 
it follows from Smale’s proof of the generalized Poincaré conjecture that 
Mx I=I1*. No other unorthodox factorization of cubes were known here- 
tofore (at least to our knowledge). In fact, it is not difficult to see that if 
M=- is a combinatorial (n—-1)-manifold with boundary such that M™* x I? 
= I", then M™+ X I == I", for all n except perhaps 5 or 6, see [8]. Thus 
it seemed to be an interesting problem to construct, if possible, factorizations 
of the cube where the factors fail to be manifolds with boundary. By using © 
a recent result of Andrews and Ourtis, we construct (Theorem 2) for each 
n= 3, an n-dimensional space X such that X XJ is not a manifold and 
X X [? =I? With this result it is not difficult to factor "=A X B so 
that each factor fails to be a manifold with boundary if n= 8. The spaces 
X that we construct in Theorem 2 are modified in Theorem 3 so that for 
each n = 4 we have n-dimensional spaces M” such that M’ fails to be a manifold 
with boundary at exactly one point and W’ X I =— I™!, This enables us to 
construct explicit 4 and 5-dimensional factors of 5 and 6-cubes which are 
srreducible in the sense that they can not be further factored. a 
Fortunately, there is a limit to the pathology-exhibited by factors of cells. 
We show in Theorem 1 that any factor of a cube must be indistinguishable 
from a cell on the homology level both locally and globally. That is, we show 
that a generalized-cell can be written as a product if and only if each factor 
is a generalized cell. (Every cell is, of course, a generalized cell and also a 
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generalized cell of dimension 2 or less is an actual cell.) The significance 
of this result for our constructions is to enable us to attach a meaning -to 
“boundary ” and “interior” of factors of cubes and candidates for factors of 
cubes. 


1. Factorization of generalized cells. In this section we shall use 
Oech cohomology and Borel-Moore homology theory with integer coefficients 
and compact supports. For the definitions, as we plan to use them, of 
generalized manifolds (cohomology manifolds) or generalized manifolds with 
boundary the reader is referred to [13]. 


1.1. Definiiton. A generalized n-cell X will mean a compact connected 
. orientable generalized n-manifold X with non-empty boundary such ues 
H?(X) =0, p > 0. , 


The reader is referred to [14;7] where the Poincaré duality is used to 
- obtain the Lefschetz duality theorem for generalized manifolds with boundary. 
The point is that Poincaré duality implies that H,(X, X — Bd X) = 0; where 
Bd X denotes the boundary of X. The universal coefficient theorem implies 
H, (X) =0, p> 0. Therefore, by the preceding remark H,(X — Bd X) —0, 
p> 0 and hence by Poincaré duality H? (X —BdX) =0, pn. The exact 
cohomology sequence now implies that H?(BdX) = H?(8"*), where §*+ 
denotes the (n--1)-sphere. Hence, 


Every generalized n-cell is an acyclic generalized n-mantfold with sphere- 
like boundary. In particular, a separable metric generalized n-cell is an actual 
euclidean n-cell if n= 2. A generalized 3-cell X must have a 2-sphere boun- 
dary although the boundary does not necessarily fit onto X as a locally 
euclidean manifold with boundary. 


We point out here if we use coefficient from a field instead of the integers 
then the discussion shows that this modified definition of generalized cell 
agrees with that originally given by Wilder [15; p. 287]. In fact, for our 
applications of Theorem 1 it would be sufficient to only consider coefficients 
from a field. 


THEorEM 1. Let X=AXB. Then X is a generalized n-cell if and 
only tf A is a generalized k-cell and B ts a generalized (n —k)-cell. 


Proof. The Künneth theorem immediately implies that X is acyclic if 
and only if both A and B are acyclic. By [13; Theorem 6], X is a generalized 
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n-manifold with boundary if and only if A and B are generalized k and (n — k) 
manifolds with possible boundary. Since both Int A and Int B (Int X, means 
the interior of X or X —Bd X) must be orientable, A and B can not be acyclic 
_ Without having a non-empty boundary. Thus by the yous remarks X, A 
and B are generalized cells. 

_ Recall that for a generalized manifold X with niim Bd X is the 
set of. points for which the: n-th local co-betti number vanishes and that 
Int X = X — Bd X. We remark that in [13; Theorem 6] it is shown that 
Bd(A X B) = (Bd A X B)U (4A X BaB) where (Bd AX B)N(A X BAB) 
— Bd A X Bd B. Furthermore, Bd A X BdB (a generalized (n — 2)-manifold) 
‘fits onto both Bd4 XB and AX BAB as a manifold with boundary; 
Int(4 X B) is precisely Int A X Int B. 

As a corollary of Theorem 1 we obtain the results of Ee [7 and 
Bing [4]. 
COROLLARY. Let A.X B=I". Then A and B are cells, tf nS 4.. 


Proof. If n< 3, or if n= 4 and one factor is 2-dimensional, then we 
need only assume A X B is a generalized n-cell. In this situation, the corollary 
is a direct consequence of Theorem 1 and the fact that low dimensional 
generalized cells are actual cells. In the remaining case, we may assume, 
by the theorem, that B is 1-dimensional and therefore a 1-cell, 


Bd(A XI) = (BAA XDT)U(AXD) = (8?*X DT) U(AXO)U(AXD) = 


Since (A X 0) C 8? and Bd A = 8?, A is a 3-cell by Bing’s theorem [3] if 
we can show that Int(d x 0) is uniformly locally simply connected. The 
uniform local contractibility of Int A is implied by that of Int J‘. 


2. Factors of cells. In [1], using the technique of Bing [2], Andrews 
and Curtis show that if æ is an arc in #" and if «œ is collapsed to a point 
then the resulting space when multiplied by E* is the end result of a certain 
pseudo isotopy of #** onto itself. The result of Andrews and Curtis, when 
specialized in the cube, yields: 

Lemma 1. Let a be an are in Int In, U a neighborhood of a, and «> 0. 
Then there eatsts a pseudotsotopy pi of I” X E* onto itself such that 

(1) pots the identity, l 

(2) me for each t< 1, is a homeomorphism, 

(3) m OS tS, is the identity on (I*"—U)X Ft, 

(4) {uit(p)| pE IX Bt} = ig Xy|A=aora point of Ina and 

y E E}, 
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(5) During the isotopy no point of x E: is moved along the i 
direction by as much as e. 


LEMMA 2. aa the same as Lemma 1 except that S* replaces E”. 


Proof. We merely replace the vertical subdivision of. E> by a È 
subdivision of S* (cf. [2], p. 410, the first paragraph). 


We are now ready to prove the main result. 


THEOREM 2. Let X be the space obtained from I* by shrinking an arc &, 
a C IntI”, to a point. Then X X P == "°, i 


Proof. We show that (1) XXI is a manifold with boundary; (2) 
BA(X X P) = 8", and (3) XXI C Em2, Then it follows that X X I 
is the closure of a bounded complementary domain in F**? of 9™!, By Brown 
[7], S*** is collared in X X I, and by Brown [6], X X I? is an (n + 2)-cell. 

First, X is a generalized n-cell with an actual (n—1)-sphere as boundary. 
That X is a generalized n-cell over every field follows from Wilder’s monotone 
mapping theorem, [16], and hence by a theorem of the authors [10], X is-a 
generalized cell over the integers. Thus, X X J? is a es (n+ 2)-cell 
and Int ¥ and Bd X have a definite meaning. , 


(1) We show that each point of XX J* has a closed neighborhood | 
homeomorphic..to an ‘(n-+2)-cell. Now, Int(X XT) =IntX X Intl? 
= Int X X FE’ = (Int X KT) X Et = E" by Andrews and Curtis [1]. Let 
pe Bd(X XI). If p€BdX XI, p clearly has the desired neighborhood. 
Suppose p€ X X Bd/J*. Then p has a closed neighborhood homeomorphic to 
(X XE) XI =I" XS! which itself is a manifold with boundary. 


(2) Let G be the upper semi-continuous decomposition of I” consisting © 
of « and the points of I*--a, Let p denote the quotient map of G. Let p. 
be a pseudo-isotopy of J” x.S* onto itself such that m; is the identity on 
Bdi* X 8 and {u.%(2)| ce IX S} GXI. The existence of p; is 
assured by Lemma 2. Consider the maps.f: Bd(J* x J?) > Bd(I* X ae and 
g: Bd(l" X I*?) +> Bd(X XT) defined as follows: 


( (z, y), if z€ BAI, JEI 
Jy) = l pi (2, y), if X EI, yÇ Bal? 
g (2,9) = ($ (2), 9). 
‘The maps f and g are continuous and onto, Furthermore their point inverses 
are precisely {A Xy | AEG, ye I A Xy C BAI" XI}. Since BA(I* KI*). ` 


i. 
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and Bd(X * I’) are: ‘the adie spaces of the same SPREE semicon- 
tinuous decomposition, they are homeomorphic. 


(3) EXP CEX ECE 


COROLLARY. For each n24, there exists a space M” which is not a 
manifold with boundary and such. that M" X I ==1"*. 


Proof. Let X** of the theorem be obtained by using an arc a@ of 
Blankinship [5]. Then X* fails to be locally euclidean at (a). Hence, 
X" X [== Af” is not a manifold with boundary as Bd M™ fails to be locally 
euclidean at two points. But M” X I=- J*** by the theorem. 


Remarks. By modifying the method of [9], we can also construct a 
generalized (n—1)-cell X such that X contains no (n—1)-cell but 
XX Pat, for all n24. Many questions concerning factors of cubes 
can be raised, The following seem interesting. 


Diesin 1. Does there exist. a space M- such that M xI= Im? and 
Bd Mf contains no (n—1)-cell? | 


Question 2. Does M XII imply M x M = I»? If X is the space 
in Theorem 2, is X X X a cube? — i 

Having obtained the Corollary one can make many jenas about patho- 
logical involutions on J* and §*. In particular, one can obtain, for all n = ð, 
involutions on I” such that the orbit space is still J” and the fixed point set 
fails to be a manifold with boundary. 


Let us consider possible factors of I". Young a Bing (the Corollary 
to Theorem 1), have shown that the factors are necessarily cells if n< 4. 
In particular, a 3-dimensional factor. is unique. But Theorem 2 shows that ` 
this is not the case if.n2=5, The method of Theorem 2 and its Corollary 
easily implies in case n = 8, I" == A X B, where 'neither A nor B-is a manifold 
with boundary. We conjecture that this is also possible when n= 6 or 7. 


3. Modifications of M. Let AX B=C. We call A an irreducible 
factor of C if A does not permit a non-trivial factorization. Since our M is © 
not irreducible, one might ask if each (n—1)-dimensional irreducible factor 
of I” is necessarily a manifold with boundary. The following construction . 
of M’ not only simplifies M in the sense that M’ has only one point at which 
it fails to be a ‘manifold with boundary (instead of two) but also shows that 
I", n= 5, 6 can have “bad” irreducible factors. This problem was posed by 
Bing i in the course of conversation. | 
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Construction of M’. Let M==X XI as before. Let ,7—[4,2]* and 
assume a C IntI”. Let X’—¢(1,"). We consider §* as the real numbers 
modulo three. Let u; be the pseudo isotopy of Lemma 2, with J," replacing 
I* and with e= 4. Consider the continuous map k of I" X S onto itself 
defined by 

3 (x,y) if ce I”— IntI,” 


han = dey it ve a 
Let k be a homeomorphism of I” X 8* onto X X © defined as the composite 


h-* (> X identity) -> 
(z, y) ——> (A, y) > (4(4)., y’). 
Observe that k moves the S’ coordinate by less than $ and if z€ Bd Z”, then 
y =y. Let W be the subset of X X S* bounded by 


Bd MW’ = (BAX XI)U(X¥K0)U R(I* X1). 


Clearly, Af’ has only one “bad” point, viz. (a) X 0. 


THEOREM 3. MX J = [**, 


Proof. (1) W XJ is a manifold with boundary. This is so because each 
point of M” is locally like a point of M. 


(2) Bd( MW’ Xx J) =§"". Consider the (n+ 2)-cell Y — (X x[o, 21) 
XI. Observe that Bd(k(I" X 1) J) is locally flatly imbedded in Bd F = 9, 
and that Bd(M’ X I) is the union of one of the complementary domains of 
Bd(k(I* X 1) I) in BAY with k(I*"X I)X TI. Since both are os 1)- 
cells, Be xe ="? (See Figure 1). 


(3) M’™x TC Em, This follows from the fact that 
| M’XIC (XX [0,2] XI = m, 


COROLLARY. For I", n=—5,6, there exists an irreducible (n—1)- 
dimensional factor. which is not a manifold with boundary. 


Proof. Let I* = MX I, with the arc «a being an arc of Blankinship. 
Suppose M’== A X IF, for some k>0. Then, using a certain homogeneity 
of the cell, it can be shown that M’ cannot have only one “bad” point. Thus, 
for all n, M’ is irreducible with respect to an arc. In particular, if n—65 
or 6, any non trivial factor of M’ would have to be an actual cell by Theorem 1. 
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HERMITIAN FORMS OVER LOCAL FIELDS.* 


_ By RONALD J ACOBOWITZ. 


One of the basic problems in the theory of forms is the determination 
of invariants for equivalence of two forms in an arbitrary field. Let F be any 
field, not necessarily commutative, with an anti-automorphic involution, i.e., 
a bijection a~—> a* of F into itself, satisfying (a + b)" —a* + b*, (ab) * == b*a*, 
and a**==qa for all a, b in F. Then, in analogy with the complex numbers, 
we may call an nX n matrix A= (a,) over F conjugate-symmetrtc if aya 
= Qaa? for all A, m, and we define the n-ary hermtttan form (in the indeter- 
minates £,,- - ', Én) corresponding to A to be the expression h(n’ - -,&) 
= x > Éan. (Of course, if a* =a for all a, A is a symmetric matrix and 


h ae a quadratic form.) 

Given an arbitrary n X n matrix R == (nu) over F, the matrix B == RA*R* 
(‘h* = conjugate-transpose of F) is also conjugate symmetric; thus if we 
make the linear substitution & == = Dt is AS n) into h(é: - >,&), the 


<n»> indeterminates, there onl the n-ary herimitian form h’(m1,° tsha) 
= 2 Ly yonp*, With coefficients Drp = Bi Drato" f The forms h and W 


are “alle (fractionally) equivalent it ae exists an tnvertible matrix 
R= (Tha) over F for which the above substitution takes h into M, i. e„ if 
(baa) = RAtR*, Furthermore, if there is a reasonable definition of a ring O 
of integers in F, and if the matrix È is unimodular (i.e., the entries of both 
R and R~ lie in D), then h and A’ will be called integrally equivalent. 


In this paper, we shall obtain invariants for integral equivalence over 


commutative and certain non-commutative local fields of characteristic not 2; 


the fractional invariants were found by Jacobson [6], and will be described 
in $3. The similar problem for integral equivalence of quadratic forms over 
a commutative local field has been completely solved by Durfee [5] and 
O’Meara [8], [9]. 

Considerable use willbe made of many of the er and proofs found 
in O’Meara’s papers and forthcoming book [10] and, indeed, we. feel greatly 
indebted tó O’Meara for his: generous encouragement and assistance. We wish 
also to Stores thanks, to C.-H. Sah for several aa conversations. 


z Received November 30, 1961. 
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1. Local fields with an involution. Throughout this paper, F will 
denote a field of characteristic not 2, with the following properties: 


1) F has an involution a—>a* different from the identity. 


2) F is local, i.e. is complete and has finite residue class field under a 
discrete non-archimedean valuation, a | a |. (for discussion of these ideas, 
ef. Ch. I-ITI of [1]). 


8) If F is non-commutative, we require that F be a quaternion algebra 
over a commutative subfield F. As shown in [4], p. 135, F is a 4-dimensional 
vector. space over E, with basis <l,u,v,uv> satisfying u’==f, v? =A, 
uv —=— vu, where § and A are any non-zero elements of E; we shall write - 
F = (H,6,A). In addition, we require that the involution be the natural one, 

e., (a+ But yv + uv) == q — Bu — yv — dur, with a, 8, y 8in E. In 
fact, there exist other involutions in some quaternion division algebras relative 
to which no such basis representations exist: for example, the algebra 
(Qs, —3,—3), Q, denoting the ordinary p-adic numbers ([1], p. 17), can 
easily be shown to be a division algebra by the argument of Section 6, 
below, together with the fact that the 3-adic Hilbert symbol (— 38, — 3) is — 1 
([7], pp. 26-27) ; now the map o(a-++ Bu -+ yv + suv) = a + yu + Bo + dun 
is an anti-automorphic involution of (Qs, —8,— 3), but the subspace of 
vectors a in (Q3,—-3,—3) for which d(a) = —a is only one-dimensional, 
The need for such a basis will be seen in 83, below. 

In the non-commutative case, char F 542 implies Æ is precisely the fixed 
subfield under the involution. In the commutative case, we define E to be 
this fixed subfield; thus F is a quadratic extension E(-V6) of FE, 6 a non- 
square in #, and (a+ fV6)*—a—fV6 with «,@ in F. 


Notations. Greek letters a, 8,: - - will denote elements known to belong 
to E; one of these is the norm Na—aa* of any a in F, specifically: 
N(a+ pv) —a?—pe if F is commutative, N (a -+ Bu -- yv + dur) 
== a? — B30 — yA +- 80A if noncommutative. Let p denote a prime element 
(generator of the value group) for F. Let O= {a€ F | |a| S1}, the ring 
of integers of F; o == ON E, the integers of E. Let R= {a€ F| la] <1}, 
the unique 2-sided maximal prime ideal in D, p—=$ N F, the corresponding © 
ideal in o. By assumption, the restdue class field O/$ is finite, hence com- 
mutative ([2], Theorem 1.14). It should be noted that the proper Ò- 
ideals of F are all 2-sided and principal, and are precisely of the form 
p'O = {ae F | |a| S |p |t}, ¢ running over all rational integers; they satisfy 
the strict inclusions 0C---CpPOCBP—=ph COCpPOC. CF. If 
|a| = | p |$, i is called the ordinal of a. 
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The subfield Ẹ is o a TE local field. To see this, note 
first that F is algebraic over E (for quaternion algebras, a is a zero of 
x? — (a +-a*)z-+-aa*), so the restriction of | | to E is non-trivial, by [11], 

' Lemma 13, p. 18, and is of course non-archimedean and discrete. The residue 
class field o/p of F is clearly finite. Completeness in’ the non-commutative 
case follows immediately from the fact that a guaternion algebra is by defni- 
tion—or computation—central. If F is commutative, we note that the real- 

# valued function | |, on F, given by |a@|,—]|a*| for a in F, defines a new 
valuation with respect to which F is complete, and so must be equivalent to 
| |, by [11], Lemma 18, p. 217; this means that the involution a—a* is 
continuous, and so the fixed field E is here, too, complete under the restriction 
of | |. 

Conversely, if we start with a commutative local field # and construct 
either a commutative quadratic extension or a quaternion division algebra F 
over Æ, Theorems 9 and 10 of [11], pp. 58-54, show that there is a unique 
extension of the valuation | | on E up to F, given by |a| = | Na |t; the 
residue class field O/% is finite by Corollary 1 of [11], p. 20, and F, as a 
normed linear space over F, is complete under the extension ([1], pp. 18-20) ; 
thus F is a local field. In particular, this proves the eatstence of a non-com- 
mutative local field with involution, and shows |a? |= |a] in all cases. 

We shall consider further questions relating to the arithmetic of the field 
extension, such as ramification, in § 5. . 


2. Hermitian spaces and lattices. From the point of view of notation, 
the theory of equivalence of forms is considerably simplified if expressed in 
the language of geometric algebra. In this paragraph, we outline briefly these 
geometric concepts and their connection with hermitian forms—for further 
details, the reader is referred to [8] and to Chap. ITI of [2]. 


Definition. A hermitran (or unttary) space is a finite-dimensional vector 
space V over F with a scalar product from V X V into F, written z- y, that 
is conjugate-symmetric (c:y==(y-z)*) and F-linear in the first factor. 
By a lattice in V we shall mean a subset L of V that is also an ©-module of 
finite rank relative to the module-structure on L inherited from F by D. 

Of course, by “finite rank” we mean that L possesses a finite ©-basis. . 
Since all -ideals are principal, any sub--module K of a. lattice L is again . 
a lattice, and in fact there exist bases <z," -,2,> for Land <yn - +, Ym> 
for K (m=) such that | T3 


(2.1) Ya =m AZ for LSAz=m, 
the a, certain elements of © (proven as in § 134 of [12]). 
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We will. ay speak of a “lattice L” about explicit mention of the 
. underlying space V, since it is the subspace FL = {ar|aée F,x€ Ly} of V 
that is actually of significance for us. 

_ To indicate that hermitian spaces V and W are isometric ([2], Definition 
8.2, p. 107), we shall write V = W; similarly, a lattice-isometry (an -linear 
‘product-preserving isomorphism) will be written LK. Both types of 
isometry are equivalence relations. Clearly, L = K implies FL ~ FK, but not 
conversely: take L= Or and K==O(pr), with a? = 1 (z? abbreviates 2-2). 

To any n-ary form $, > £426," there corresponds a hermitian space V, 
an abstract n-dimensional vector space with basis <a,:-:-,2%,> and scalar 
product, defined by 2,-%,==a),, and also the lattice L in V defined by 
À Lea Oty +- eH Dzn.. Conversely, given an n-dimensional hermitian space V 
_ [or lattice L of rank n], there corresponds a hermitian form $, X &(a,- 2,)é,* 
‘defined by choosing a basis <t, - -,2,> for V [respectively L]. Standard 
computations show that two forms are equivalent if and only if the corres- 
ponding spaces are isometric, integrally equivalent if and only if the corres- 
‘ponding lattices are isometric. The study of forms is thus replaced by that 
of spaces and lattices. Let us note here the following facts: 


1) If V and W are isometric ‘spaces, with basés:~z,> and <y,) respec- 
' ‘tively, then there exists an invertible matrix T satisfying 


(2.2) (Yn Yn) =T ( (0° ta) )'T*; 


2) If L and K are isometric lattices, with bases <ta and <y> respec- 
tively, then there exists a unimodular matrix T satisfying equation (2.2). 
Since (s: s)*— xs: s for any vector v in V [or L], we see that 2? always 
lies in-the subfield #; such a scalar is said to be represented by V [L], or 
by z. A non-zero vector is called isotropic if it represents 0; following [10], 
we call ‘a space or lattice i if it contains an isotropic vector, otherwise 
anisotropic. 
To indicate ‘that a space V is the direct sum of mutually orthogonal sub- ` 
spaces Vate oe, Fa we shall write V=V,;,@-:-:-@V;=— Be, Vy, and call 


each Vy a component of V; the same notation will be used for lattices. On 
the other hand, given unrelated spaces V,,- © +, Va it is obvious how to con- 
_ struct a space V — ees W with each a Va and we may write V = 2, Yy 


similarly: for lattices. Formula (2) on p. 265 of [6] shows that a space 
“always has an orthogonal basis, in fact one containing a prescribed non-zero, ` 
non-isotropie vector; as shall be evident later, this need not be true for a 
lattice. | , ; 
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- The orthogonal complement ([8], Definition 6, p. 12) in ‘the space y 
n lattice L]. of a subset S will be denoted by SL. The radical, V1, will be 
written ag Rad V; as usual, V is termed nondegenerate if Rad V =0, other- 
wise degenerate. Note that V—V,©@ V: is a nondegenerate space if and only 
if both V, and V, are nondegenerate as subspaces. For example, a 1-dimen- 
- sional space or lattice cannot be both nondegenerate and isotropic; the hyper- 
' bolic plane, by definition a space with basis <z,y> satisfying z?—y? =Q, 
‘g-ye=1, is an example of a. 2-dimensional nondegenerate isotropic space 
(and, up to isometry, is the only such—cf. (8.1), below). 

Every space V can be written V — V, ® Rad V, V, any supplementary 
space to Rad V; similarly, using (2.1), we may write L = L, @ Rad E for a 
lattice L; V, and L, are necessarily nondegenerate. As in [2], p. 116, there 
are canonical isometries V, ~= V/RadV and L, s= L/Rad L; since isometry 
of radicals is equivalent to equality of dimension [rank], it follows that we 
need only find isometry invariants for nondegenerate spaces and lattices. In 
the sequel, all spaces and lattices will be assumed nondegenerate and non-zero. 
As a consequence, V = V, @ F: implies V == V.L, whereas Wil—W for. 
-any nondegenerate subspace W of a space V; the same is true for lattices. 


Determinants... We assume here that F i8 commutative. Let V be a 
hermitian space, <a> any basis, and consider det((%-2,)): if <y,> is any 


`` second basis, then by equation (2.2), det((2,°2,)) and det((y,°y,)) differ 


by a factor from N (F) (F denoting the non-zero elements of F), and so the 
. scalar det((2,:z,)) is. well-defined modulo N(F’); we. use the notation 
dV = det((2\'Ta)), and call dV the determinant of V. Similarly, for a 
- “ae L with basis <n>, det ( (2)\*£a)) is well-defined modulo N (11), where 

U= {a¢F||a|—1}, the units of F, so we may define the determinant of 
L: dL = det ( (2°: Ta) ): The following properties of dV and dL should be 
noted: aust 


(2.3) VW implies.dV ~ dW; similarly for lattices. 
(2.4) If V=V.@ Va then dV ~dV,:dV,; similarly for lattices. 


(2.5) If L, K are lattices, then aL = = dK implies d(FL) = -a(PK ) but not 
‘conversely. 


(2.6) If DL, is a sublabtics of L such that rank L, = rank L “aa | dL, | 
| | =| 4L], then Li == L. 


For z example, (2.6) follows from o 1); the other Spi are ioo 
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3. Fractional equivalence. We now quickly derive the invariants for 
space-isometry. Let V be a hermitian space. As shown in [6], pp. 266-267, 
- the definition z # y =: $| (x-y) + (y:xv)] makes V into a quadratic space V# 
over the subfield # (this is the reason for our requirement in § 1 that a— a* 
be the “natural” involution in the non-commutative case), with dim V# 
= 2 dim V.if F is commutative, dim V* == 4 dim V if F is a quaternion algebra. 
| Note that v # z= g: v for any z in V, and recall ({10], Remark 63:18) that 
a quadratic space of dimension at least 4 over a commutative local field 
field represents every non-zero scalar; this implies that a hermitian space V 
always represents 1 in the non-commutative case, and also in the commutative 
` case provided dim V = 2. Thus V == Fr, Q: -O Fa, with each T? =] in 
the noncommutative case, and with T}? ==] for ASn—I1 and 2,?—~dV in 
the commutative case; we therefore have the following result of Jacobson’s: 


_TuHrorEM 3.1. Let V and W be hermitian spaces over P. Phen e 


1) f F 18 commutatwe, V =W if and only if dim F == dim W ia 
adv= dW; 


2) tf F is a quaterntion algebra, V = W tf and only af dim F == a W, 


The following fact, proven similarly to its quadratic. k i (G01, re. 
Proposition 42:9), will be of considerable use to us: a 


(3.1) Let V be a 2-dimensional space. If V is kakono then it is a — | 
bolic plane. If F is commutative, then V is isotropic if and only if 
a dV ~—1. l j CRE ie A 


4.. General properties of Hermitian lattices. Most of the ideas of this — 
paragraph occur in the study of quadratic lattices—cf. [8] and [9]—and 
proofs will often be omitted. In the sequel, L and K will denote lattices. 

If L has an orthogonal basis <a,- > + ,%>, with ma? == a, we may often 
write | | res: 

L == Dr O: aii D Otr = (1) 2 ~” (an), 
or simply L= (a) @---@(a,). It L is a lattice of rank 2 with basis 
<2, y> for which z? =q, y? =$, and zy =a, we often write L == Dr + Oy 


=(*, T or simply L= T ; a more complete notation would be 


D = ( > where b ==y-2—but b= a*, and 80 is superfluous. Lattices 


of rank 1 and 2 will be called lines and planes, ees In general,- ‘the . 
notation L == Or, -+> + : Oz, will be used only if ¢z,,- © -£> is a basis for L. 
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Definition. For any non-zero scalar a, define aL == {ax | z€ L}, also a 
lattice (in the space FL). Call a vector z of L masimal in L if x does not 
lie in pL. 

PROPOSITION 4.1. a) Hach vector in a basis for L is maximal in L. 


b) A maximal vector z in L can always be extended to a basis for L. 


c) If x+s any vector in L, there exists an integer a dnd a maximal vector 
y such that z = ay. 


This result is merely a statement of certain facts from elementary divisor 
theory of modules (cf. [10], §81), and the proof is left to the reader. In 
particular, if the vector z in c) is isotropic, then so is y, which is therefore 
called a mazimal isotropic vector. 

Let « be any non-zero. element of the subfield E. We define the scaled 
lattice ao L to be the module L with a new scalar product given by roy 
—a(z-y), where z-y denotes thée-old scalar product in L. (Note that the 
scalar-product laws need not be satisfied by ao L if a does not lie in Æ.) The 
reader should be careful.to distinguish between aL and co L. 

One speaks of scaling a vector, which describes replacement of a vector 
-æ by ba, | b | = 1; for our purposes, this will always mean replacement of a 
basis <z,y> for a plane, with |c-y|==|p|*, by either <p'(c-y)a,y> or 
<z, (p*)*(y-z)“y>, so as to obtain a new basis <2, Y> with a,-¥, equal to pt. 
In the sequel, we will understand “scaling” a vector to oeno this operation, - 
without further specification. ; ` 


Definition. Let sL == {s> y| z, yE L), nL = the ideal Boner by all 
scalars x* with z in L. 

sL is an ©-ideal, and measures the size ‘of ee of vectors of L; it is: 
called the scale of L. nL méasures the maximal size of squares of vectors; 
. It is called the norm ideal of L in [8], but we shall not generally use this term, 
since it conflicts with the field norm. ‘Clearly, nl sL; if nL == sL, we call 
L normal, otherwise subnormal. For example, a line must be normal. The 

following properties of nL and sL should be noted > 


(4.1) s(aL) = a'sL and n(aL) = a nl for all non- zero & in F. 
(4.2) s(ao L) =asL and n(o L) = anL forall non-zero « in E. 
(4.3) s(L K) —=sL48K and n(L OEK) —nb + nk. 


. Definition. Let i be any ordinal. L will be called pt-modular if s- L 
= p*> for every maximal vector z in D. i 
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Da of pt-modular lattices are lines Or with |z| =]|p Ji, and 
planes Ox + Dy with |z- y| = | p |$, |2] <lp]t |y*|<|p|t. Asa special 
case of, the latter, we define, for each- ordinal 4, the Eh plane 


A(t) = T P nF by (8.1), the spaces FH (t) are all isometric. 
A L is pt-modular, then sL == p*). Furthermore: 7 


(4, 4) E Lis o*-modular, then pi is p*J-modular for any sauna j; ue 
go` L. is p*4-modular if [e] =]|p i. 


(4. 5): D, @ L is pt-modular if and only if both L, and LD, are.. 
By direct computation we can show: 


+ PROPOSITION 4. 2. Suppose L=O0, +: paler. If the scalars 





Oy == — ae ee are integral for all rz 2, ‘then we is a component of `L, and. 


(0n) L= Š D(n + om), If the scalars ` 

(ay: Ly) Ie" — (2° T T) per nas - _ (m: Tin? ele w) (Ta Zs) 
(23° 21) (T1 Ta) — L1? T3? (T2 21) (21 * La) — TT 

are integral for all AZ 3, then Or, HOr: is a gs ae oF L, and: 


(Oz, ue Oer,)1: = z D (2 + bya, + AOR 


Given L= Dn. ++ + + H Dln either some | zê? | or, if not, then |z: "i l 
(i>&j), is maximal in the get {| 2a Ta |Jim un; in the former case Or; is 
therefore a ‘component, in the latter Orn + Dr, and these were seen to..be 
modular. By repeating this procedure, we obtain 


by = 


PROPOSITION 4.3. L can ee be written as an orthogonal sum of- 
modular. lines and planes. i 


‘Not all TEE example, a subnormal plane og (4,3) w have 
orthogonal bases. We prove: — 


. PROPOSITION 4. 4. The pi-modular lattice L has an a k basis eu 
any of the following conditions holds: 

a) ZL has odd rank. `` 

b) L ts normal. 

c) i=0 and F contains an imen a with [a| =la tat |=1. 


Proof. a) L=Dri p: HOT n odd. If n= 5, and if we assume 
the result true for rank :3,.then we may (Proposition 4:3) write 
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L=: - @ L, with, say, L, a line, and repeatedly apply the case n = 3 
in the obvious way. Thus it suffices to take n = 3: L = Dr, O (Dr: -+ Dra) ; 
by Proposition 4.2, we may assume |g? | < |ag:a3| and |23| < | 2-2 |, 
hence |a,°|==|p|* and (by scaling) Tz' t= pt. The scalars a=—-2,*p"* 
and b == (pis x, — (p*)*) /a,” satisfy |a| | p | and |b | = 1, so the vectors 
Yı = Ta FHD (ae, F Ta), Y2 = T1 + To, Ya = Ta give L= Dy, © (Oy: + Oys) 
with | y.2|—=|p|'; we then may use Proposition 4.2 to find an orthogonal 
basis for Dy. + Oys. 








b) By part a), we may assume D=Or,+:-:+:+0a, with n even. 
L contains a vector v with | s |*=] p |*; by Proposition 4.2, L==O2, © (Oa,)+, 
and a) may now be applied to (O2,)-+. 


c) By Proposition 4. 3, it suffices to assume L == Dr + Oy with | 2? | <1, 
[y| <1, and (by scaling) -y==1; but then L=O(ar-+-y) + Oy with 
| (az +-y)? |] = 1, and Proposition 4.2 may now be applied. q.e. d. 

Definition. For any ordinal j, define Lip = {re L|«-LCpip}. 


Lp is a sublattice of L having the following properties: ` 
(4.6) s(Lin) G pD and (LK) =La OK yy. 


(4.7) If K isa pt-modular sublattice of L, then K is a component of L if 
and only if KC Ly. 


(4.8) If F is commutative, and L is pt-modular of rank n, then | dL | 
=p” 

These are proven as follows: (4.7) as in Proposition 1 of [9], (4.8) by 

choosing bases for the separate components in Proposition 4.38. 


Definition. A decomposition 2. Ly will be called a Jordan splitting 
1 St 


if the Jà are all modular and satisfy sL, D sL D+: D sL;. Jordan splittings 
L = $ Ly and K = ® Ky will be said to be of the same type if t=T 
ISAS ISAST 


and, for each A, sly) = sKy, rank Ly = rank Ky, and Jy and K, are both normal 
or both subnormal. Given a Jordan splitting @ La, define the ordinal s(A) 
by shy = pO; thus s(1) <8(2) <<: + + <s(t). 

By (4.5) and Proposition 4.8, L always has a Jordan splitting. It is 
canonical in the sense that two Jordan splittings of isometric lattices—in 
particular, two splittings for the same lattice—are always of the same type 
(cf. [10], Theorem 91:9). 


Thus s{A) = s,{A) is an invariant of L, not depending on a particular 
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Jordan splitting. Similarly, we may use any splitting D A to define the 
- Invariants 

url à) =u (à): n(Laay)) = P0 for LSA, 

fa (A) = F(A) == pt-N for LSASt—1. 


These have the following properties (M La denotes an arbitrary J aia 
splitting for L): 


: (4.9) u(1) <u(2)<-- ee: c 


(4. 10) niy C (C pend C C pans for each A. a 
(4.11) EL has normal p*-modular component, then nLy = pD. 


(4.12) F(X) C po for all À. 


(4.13) s(à), u(à), f(A) are Hane under isometry; f{A) is invariant 
© under scaling (i.e, fr(A) == faer(A)). 


In view of (4.10), O’Meara calls a Jordan splitting @ Ly saturated if 
nIn=p*%D for all A. That every lattice has a saturated splitting can be 
shown as in Proposition 2 of [9], using the following concept: 


Definition. RL= {re FL |e LO}. 


As in [9], p. 162, we can easily show that RAE is a lattice with the 
properties 


(4.14) LEK) -RLG RK and RRL=L. 
(4.15) If L is pt-modular, then RE == pL (thus p-t-modular). 


5. _Ramification in the extension F/E. From now on, z will denote a 
prime element for Æ (thus p==70),u— {a € E | | a |= 1} the multiplicative 
group of units of E, | F |= {]a] | a40 and a€ F} the value group of F, 
|E | the value group of E. We also borrow a notation from [8]: to indicate 
that an otherwise-unspecified scalar a has value |a| |b], we shall write 
-a= {b}; to indicate |a|==|6|, write a= [b]. Thus, g =h + {p°} means 
gent | 6" |, g= h -+ [a] means lg—h | = |o| and g—-h lies in F. 
Now, |#|C|F| always; if | E |== | F |, the extension is called un- 
ramsfied, otherwise ramified. When F is commutative, Theorem 6 on p. 55 
. of [1] shows that the product of the group index (|F |:| Æ|) and the residue 


class degree [O/Ņ:0/p] (0/p is ee embedded in O/$) is equal to 2; 
thus either 
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1) F/E unramified> | F |= |F | and O/P is a quadratic extension of 
o/p; or 

2) F/E ramified > |E | has index 2 in | F| and O/B = 0/p. 

If |2| =1, F is called non-dyadic; if |2| <1, dyadic. 

The next two facts describe a “ critical point” for squares in a local feld. 


(5.1) The subfield Æ contains a non-square unit of the form 1+ [4] (cf 
[10], Proposition 63:4). 


(5.2) 1-+ {4r} is always a square in Æ (cf. [10], Theorem 63:1). 
In the sequel, (5.2) will be referred to as “Hensel’s lemma,” although 


it is in fact only a special case of that lemma ([11], Theorem 4, p. 35). 


Suppose F is commutative and dyadic. Since o/p is finite of charac- 
teristic 2, it contains square roots of all elements; thus 


(5.3) Given @ in 9, there exists 8 in o such that B?s=« (mod7z). 


(5.3) will be used repeatedly below. In particular, it shows that (still 
in the commutative dyadic case) every H-unit a can be written as 6? -- y with 
|y] <1; the smallest E-ideal yo for which such a representation exists will 
be denoted by ds (a). By Hensel’s lemma, dz(a) is either 0 (if œ is a square 
in Ẹ) or else includes 40 (if a non-square) ; in fact, according to Propositions 
63:2 and 63:5 of [10], the Z-ideals occurring as da(a) are precisely 0, 40, 
and all +9 for which | 4| < |r |? < 1, and furthermore dz(1 + [a”***]) 
is precisely 7****p for such k. i 

In the commutative case, F=E( V8) ; poby replacing 0 by =™0 for 
suitable ordinal m, we shall assume @ is either a (non-square) unit or a prime 
in Æ. Using Hensel’s lemma and our observations about dy, ramification is 
readily characterized as follows: 


Non-dyadic Case. F/E is ramified if | 6] == |r |, unramified if |6|—1. 
Dyadic Case. a) F/E is ramified if | | = |% l. 


b) F/E is ramified if |6|—=1 and d9(6) == rto with |4| < [a |27 
<1, and so F==#((1-+ a*8)4) with |8| =1. 


c) F/E is unramified if |#|==1 and dz(6)=40, and so F 
== E ( (1+ 48)4) with | ê| =1. 


We will refer to ramified dyadic extensions of type a) as ramified-prime 
(“ R-P”), those of type b) as ramified-untt (“ R-U”) ; that a ramified exten- 
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tion cannot be both R-P and R-U is easily seen by expressing (1 + 7**8) as 
at 8BVvr and squaring. 


Examples. Non-dyadtc case. Qs(V3)/Qs is ramified, Qs(V2)/Qs un- 
ramified. 


Dyadic case. Q2(V2)/Qz2 is R-P, Q2(V3)/Qz2 is R-U, 
02(V5)/Qz2 i8 unramified. 


6. The non-commutative case. In this paragraph, # denotes a qua- 
ternion division algebra over F, w a fixed prime element for Æ. Let us note 
immediately that ([10], Proposition 63:11b) Æ is necessarily isomorphic to 
the algebra (E, r,«¢), e denoting the special unit of (5.1). Moreover, since 
an isomorphism ¢ of quaternion algebras commutes with the basic involution, 
i.e. (pv) * == p(z") (cf. [10], Proposition 57:6), the scalar-product structure 
is preserved under such isomorphism, so we may assume F = E + Eu + Hy 
-+ Ew with u? =r, =e, Since |a|=|Na/* for any a in F, F/E is 
ramified, with index (|F |:| E ])=2, and so u== Vr will serve as prime 
element for F; we therefore write u = p == Vr, v == Ve. 


Proposrrion 6.1. Let L be a pt-modular lattice of rank n. Then 
a) Le (rt?) O (wt?) @ - + (7?) if i is even; 

b) LSH) @Ht) @---O@H(s) fitis odd. 

Proof. Scaling L by a suitable power of +, we may assume î==0 or 1. 


a) t= 0. By Proposition 4.4, c), with a—1 in the non-dyadic case, 
a= (1 -+ Ve) in the dyadic case, L has an orthogonal basis; it thus suffices 
to show that a line Or, with | z? | = 1, represents 1, and this is clear since Fx 
does (Theorem 3.1). 


b) t=1. Since F/E is ramified, sL C pO, and so L is, by (4.5) 
and Proposition 4.3, an orthogonal sum of p-modular planes; it thus suffices 
to assume Lis a plane. FL is isotropic (cf. §3), so with x maximal isotropic 


in L, we may, after scaling, write L—Oe+Oy=(% ): if we set 
viz 

b = — 4y°p™ in the non-dyadic case, b == — $ (1 -+ Ve)y?p™ in the dyadic 

case, then 6 is an integer, so L == Or + O(br +y) = (° #) =H (1). 


q.e. d. 
It follows that two pt-modular lattices are isometric if and only if they 
have the same rank, and so we conclude 
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THEOREM 6.2. Suppose F is a quaternton dwision algebra. Then two 
lattices are tsometric if and only if they are of the same type. 


For the remainder of the paper, F will be assumed commutative. 


7. The unramified case. Whether or not F/E is ramified, local class 
field theory ([11], Theorem 4, p. 163) shows that the norm group of F has 
index 2 in the group of non-zero elements of Æ. In the unramified case, we may 
take + to be a prime element for both F and FE; since r cannot be a norm, 
this shows that every non-zero element of Æ having even ordinal is a norm, 
every element of odd ordinal a norm times v. Now, F satisfies c) of Proposi- 
tion 4.4, with a == 1 in the non-dyadic case and a—4$(1-+ (1-4 48)5) in the 
dyadic case; thus every lattice has an orthogonal basis (scaling by any power 
p* is allowed). Combining these observations, we see that any p‘-modular 
lattice may be written L cz (at) ®:- -@ (wt). As in the non-commutative 
case, we have 


THEOREM 7.1. Suppose F/E is unramified. Then two lattices are 
isometric if and only if they are of the same type. 


8. The ramified non-dyadic case. As in 85, we shall take F= E( Vr) 
and p= V~r, r a suitably chosen prime of #. The following result should be 
compared with Propositions 6.1 and 10.4. 


Proposition 8.1. Let L be a pt-modular lattice of rank n. Then 
a) Lex (rl?) O (1) O- - @ (rt) @ (w@-Dt2dL) if i is even; 
b) Lo H(t) OH(t) @®:--@HA(s) if ¢ is odd. 

Proof. As in Proposition 6.1, we may assume t=O or 1. 


a) t=0. By Proposition 4.4, c), with a = 1, any component of L has 
an orthogonal basis. Now, as is well-known (cf. [2], p. 143), a binary 
quadratic form over a finite field of characteristic not 2 represents any non- 
zero element of that field; thus each binary component of L represents 1 
modulo ~, with coefficients from o, and so by Hensel’s lemma represents 1. 
Using Proposition 4.2, the result then follows by induction on n. 


b) t==1. As in Proposition 6.1, we may assume L is a subnormal 
plane, say (after suitable scaling) L= 4 Oy ex (1 P \; but then 
T 


d( FL) = {r°} — pp* = — pp*(1 + {r}) ~ —1 by Hensel’s lemma, so ((8.1)) 
FL is isotropic, and the result follows as in Proposition 6. 1. q.e. d. 
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It follows: that two pt-modular lattices are isometric if and only if they 
have the same rank and—when 4 is even—the same determinant. 


THEOREM 8.2. Suppose F/E is ramified non-dyadtc. Then the lattices 
L and K are isometric tf and only tf both of the following conditions hold: 


1). Land K are of the same type. 


2) Gwen Jordan splittings L= @ Ly, and K == @ Ky, dL, = dk, for 
each index 4 for which s(j) is even. 


Proof. By what has been shown, it suffices to prove necessity of 2); 
we may assume L==K and s(j)==0. With ¢ denoting the projection 
map: L;-> Ky, we easily see that s'y = (r): (py) He {p} for all x,y in L; 
in particular for vectors v, y of an orthogonal basis for L;; thus by Hensel’s 
lemma, dL; = d(L;), so | d(@L,;)|==|dK,| by (4.8). By nondegeneracy, 
$ is monomorphic, hence rank-preserving: rank L; = rank L; = rank K}. By 
(2.6), oly; K; so dL; = dK;. q.e. d. 


9. The ramified dyađic case. Hyperbolic planes. For the remainder 
of the paper, we assume F/E is ramified and |2 | <1. In view of §5, we 
have, for some prime v in E, F=- E(Vxr) in R-P, and shall take p= Vr; 
F = FE ( (1 -+ 8)8) in R-U, with 8 |=1 and |4| < ia ee and shall 


take p == teres (note in fact that top| —= Vier). 


The a ordinal k in R-U will be used repeatedly in computa- 
tion, but will not appear among the final invariants. It is worth noting that 
pp* —— rô in R-U. 

Expressing the arbitrary F-scalar a=% + 8V8, it will be convenient 
to call a the “real part” of a: «=—Rea. The following estimate will be 
useful : 


In R-P, with i even, |2Re{pt}|<|2pt| and nH (i) —2p'D 
(9.1) R-P, todd, |2Re{p*}| =| 2p] and nH (i) = 2p" 
R-U, t even, | 2 Re{p'}| =| 2p+*| and nH (i) == 2pt*H 
R-U, todd, |2Re{p*}| S | 2p- | and nH (i) = 2pt1-*8 


To prove the estimate on | 2Re{p*}|, note that since any integer of F 
can be written « -+ 8p with a, 8 in o (1 and p form an integral basis for F/E), 
we may express {p°} =r" (a + Bp) if i is even, {pt} = a(t-)/2p* (a + Bp) 
if ¢ is odd, and then Re{p*} is easily computed. To eon puis nH (i), we may 


4 
assume, by scaling, that i==0 or 1. Expressing H(i) == Or + Dy = ( 0 i ): 
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we have (av-+ by)? == 2 Re(aptb*) for any integers a, b, so by the estimate 
for |2Re{p*} |, nH (+) is surely included in the correct ideal; the reverse 
inclusion follows from the fact that this ideal is equal to 27), where z is the 
vector x+ y in R-P with +—0 or R-U with 11, pz -+y in R-P with t=1 
or R-U with t==0., Moreover, it follows that H (1) is always subnormal (recall 
|2 |£ |r | in R-0). 

PROPOSITION 9.1. a) If L ts pt-modular, then nL D nH (i). 


b) If a ts any H-scalar in nH (1), then 


œn {9 ") 
H (1) = ( * ' 
Proof. By scaling, assume i= 0 or 1. 


a) It suffices to assume L a subnormal plane, say (ef. (9.1)) 


i 
L = Dr + Dy sà 0 f ), If either sO 2 nH (t) or y DnH (i), we are 


done, and otherwise nL D 2°O == nH (i) for the vector z used above to compute 
nH (+). 


b) Write L= Qe + Dy = ( 


element of o) 


28 in R-P, ix0 
G cm RTB in R-P, t=] 9 
2*8 in R-U 


0 pt 


0 ); by (9.1), we may write (8 an 


EE pes in R-P with i=0, R-U with 11 


ppe-+y in R-P with i=1, R-U with i-—0 


i 
then gives L == Or + Oy, = (° = ). q.e. d. 


PROPOSITION. 9.2. Let L be a pt-modular plane with nL ==nH (+). 
a) If L is isotropic, then L =H (îi). 


b) In R-P with i odd and in R-U with i even, L must be isotropic. 
In the other two cases, tf L tis anisotropic, then O ==nL for any maximal 
vector v. 


c) If K is another pt-modular plane, with nK =nL and dK = dL, 
then K =L. 
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Proof. By scaling, assume +0 or 1. 


i 
a) L= Dr + Oy = (° fn} ). Defining the scalar 


we have L =r + O(az +y) = C PN: 
b) R-P case. If i=1, L= ( is) , 80 
APL ea pp (Lp ar) etl 
(Hensel’s lemma) ; thus L is isotropic, by (3.1). Ift=-=0, then |2?| < |2| 
implies L=0r+ oya 07 
anisotropy requires 2° == 2O =nH (0). 
R-U case. Write L == Or + Oy = ( 


), a( FL) ~—1, E again isotropic, so that 


[ Qa er 
Dap kt ag 
|a|=1. First suppose i==0; setting y,—-—-apréa+y, we have y, 
se {27841} and therefore L = Dr + Oy, = C ); and repetition 
of this procedure eventually shows, as in R-P, that L is isotropic. Next 
suppose t = 1; we must show r == 0, so assume r = 1. Setting y, = — an*x-+ y, 
[ane] pt 
{Qa er] 
therefore requires r==0, ie, z? = | 2n*|, PO —nH(1). 


p\ _. 
) with r=20, s20, 


we have 4,7 = {2m 8+1} and again L = ( , isotropic ; anisotropy 


c) Note that dL s dK requires, by (3.1), that L and K must be both 
isotropic or both anistropic; by a), we need only consider the latter case. 
By b), write L= Dz, -+ Oy, and K = Or, + Dya with 


TO = YO = 2D = y O = nH (i) and t'y = T’ Y= pt. 


Since the spaces FL and FK are isometric, we may assume FL = FK, and can 
thus write ©, = h18: + hayz Yı = lL + Gest, the a, in F; in fact, by a) 
of Proposition 4.1 and b), above, the a, must all be integers. Thus LCK, 
and the result follows by (2.6). q.e. d. 

As with quadratic forms, hyperbolic planes may be cancelled from iso- 
metric lattices. Specifically: 
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PROPOSITION 9.3. Suppose L,@H,=L,@ Ha, with H, = H; = H(t) 
for some ordinal 1. Then L, = Ly. 


We do not give a proof, since it is similar to the analogous result for 
quadratic forms ([9], p. 165), with the usual exception that we must consider 
p°- and p-modular lattices separately. Note also that Proposition 1 of [9] 
is our (4.7), while Theorem 14.3 of [8] may be replaced by our Proposition 
9.2, c). 

The general cancellation law—L @ K =J @ K implies LJ for arbi- 
trary K—is not necessarily true in the ramified dyadic case: for a counter- 
example (cf. [5], p. 696), take E =Q} F==Q,(V2), L= (1) 6 (1), 


K=(1), J =(° j xe (0). In the earlier cases—non-commutative, 


unramified, and ramified-non-dyadic—tull cancellation is valid, as can easily 
be seen by considering the isometry invariants we have computed. 


10. The ramified dyadic case. Modular lattices. Having studied pt- 
modular planes L with nL minimal (—=nH(+t)), we next consider those with 
nL > nH(t). For quadratic forms ([8], Theorem 14.3), two such planes 
are isometric provided they have the same determinant and represent the same 
numbers. The next result—the proof of which depends on the presence of 
an extension field # from which to choose suitable scalars—shows that, in the 
hermitian case, “represent the same numbers” may be replaced by the weaker 
“have the same norm ideal”; as a consequence, the final set of invariants is 
simpler in the hermitian than the quadratic case (cf. Theorem 11.4, below, 
and Theorem 2 of [9]). 


Proposition 10.1. Let L be a p*-modular plane with ni =p" 
DnH (i). Then L represents every non-zero element of nL. 


Proof. Suppose we have proven that L represents 7”, and are given 
arbitrary a in pO, say ame "B with r= 0 and | 8| =1: then if r is even, 
the lattice fo L will represent m”, so L contains a vector with 2? == 78, 
and (x*/*z)*— a; if r is odd, then (xB/pp*)-*o L represents m”, L contains 
x with 2? ==2""8/pn*, and (arf Yor)? a= a. 

It thus suffices to show L represents m”; by scaling, assume 1—0 or 1. 
Now, L surely represents m” +- {7}, since it contains a vector z with 
z? — |7"], and if we pick a in u with e?==,7/z? (moda), then (az)? 
== a™ | {71}, Our procedure will be to assume L contains a vector æ with 
T? =n” + [amr], r 21, and then to show L also represents m™ -- {nrt}. 
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by induction on r, Hensel’s lemma can be invoked to find a representation of 
a™, There are several cases. 


1) L normal. Here i=m=0, |2?|—1, so L= Drp Oy with 
|y? |=1. For r even, pick 8 in u with 8°== (1 — 2°) /r"y? (modz) and set 
gı = T + Br"l?y ; for r odd, pick £ in u with 83° = (1—2*)/pp*a"*y* (mode) 
and set Tı == g + Bprt-Y/?y, In either case, s1? = 1 + {x7}. 

+ 4 

Suppose then L is subnormal; write L = Dz + Dy = ái a ) 

2) R-P, i=1 with nD=2). We first express L= Dr +4- Oy 


Yeo 

= ¢ nt) permissible because if |y?|<|a|*, then y,—a-Ly will work 
R : 

‘(after suitable scaling). Pick @ in u with 6?s=—-y,*/2? (moda), set 

gun BT 4- y, and zı == g -+4 (r”— z?) (z-2)-12 (note that $ (r — 2?) (2-2) 

is an integer); then since | 2?|<=|a|™*, we have 2,2 =r p {mmt}. 


8) R-P, i=1 with nL > 20), or +==0. Here we seek expressions 


L = D + Dy = wre and L == Oz +- Oy, = eee : the former is 
handled as in case 2); for the latter, pick y in u with y*==—2*/y,? (mod r) 
and set y? =— g -+ yyı which will (after scaling) work as our y, unless 
| (y2)? | S| 7 |", in which case pr + y:’ will work. Now choose the unit £ 
and vector z as in the following table, the choice depending on the value of + 
and parity of r: 






(ir) (1, odd) 

2 T” — T? 

8? (mod x) = pp*at ty, = at yg 
Ta T -+ pprt) ya g- Brey, 


In all cases, an easy computation shows 243 == -+ {amt}, 
4) R-U, |a|™">|2r*+|. The preliminary expression here is 
a t : ; : 
La De+ y= ( re] ), obtained by taking yı, =s +y if | y| < |z|”. 
Now if r is even, pick 8 in u with A? == (m"— q°)/a"y,° (modz) and set 
xı =% + Brt/*y,; if r is odd, pick £ in u with BP? == («™— 2?) /pp*r" y? 
(modr) and set T, = T -+ Bor Dy, Again, T1? = r" -+ {rm}. 


5) R-U, |m |m | 2m7 |. This time we seek to express 


Ae N g3 ‘ 
L = Du +09. =( ET a say, L == Dr -+ Oy = ( a) 
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with non-negative ordinal s, and we proceed as follows: if s is even, pick £ 
in u with §?==—4?/rtc*? (mod) and set y’ == Bri/#¢-+ y, while if s is odd, 
pick 8 in u with p?==— y*/pp*a* 12? (moda) and set y = Bpr Vg +- y; 
provided | x |+: > | 2a-*4|, this procedure, which yields L = Or + Oy’ with 
(y)? | S| |™*** (for the case t==1 and s= 0, cf. (9.1)), may be repeated 
until the desired expression is obtained. Once we have found y,, the vector 
Tı = wb $r” (n” — x°) (p*)**y, is seen to satisfy T4? men +. {mrt}, 
q.e. d. 


Proposition 10.2. Let L be a pt-modular plane, i=0 or 1, with 
nL = p” D nH (i). 


a) If L 1s normal, then Ls (1) @ (dL) = re: 

b) Jf L is subnormal, then D = er J where a = rt in R-P, 
a == Age Ph-mtt-l in R-U. 

Proof. By Proposition 10.1, L contains a vector 2 with z? =r”. JÊ L 
is normal, then L= Or @ Oy with y? = dL, and also L=Dr + O(r-4 y) 
ex C { Pa Next, suppose £ is subnormal, and write L = Os -+ Oy 


= (™" if a If |y?| >al, we show how to express L= Or -+ Oy, with 
las? |<] y? Write |y] = |r |», r= 0: if r is even, pick 8 in u with 
B = —- y/n" r? (mod r) and set yı = Bre -+ y; if ris odd, pick 8 in u with 
? = — 9° /pp*at ta (boda) and set y, == Bp*r0-9/2 ty, The usual com- 
putations show 44? = {n""*1}, and we proceed by induction. q.e. d. 
The following result should be compared with its quadratic-form analogue, 
equation (18.1) of [8]: 


Proposition 10.3. Let L be a pt-modular lattice of rank at least 3.` 
Then L= L, ® (® Hy), where La 18 a pt-modular line or plane with 
nLo==nL, and each Hy = H (è). 

Proof. By scaling, assume t==0 or 1. 


1) L normal. Here 10, and by Proposition 4.4, b), we can write 
L= L, Q La, where Lı = Or, @ Or: @ Ors. Since rank L,==38, L} is iso- 


tropic, and so by Proposition 4. 2, L,—= (Oy: + Oy.) B Oy; = 3 P ) p ({1]) 


with r20., Pick a in u with a?==—y,3/(pp*)ty,? (mod), define 
2g = Ya + anys, and note that Yi’ Zg = 1 and | Z,° ss | T pris thus Oy, + DZ 
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we ({1]).. Repeating this pro- 
cedure, we may as well assume to begin with that y.20 CnH(0), i.e. 
n(Dyi + Dy2) = nH (0); applying Proposition 9.2, Oy, + Oy: = H (0). We 
conclude by induction on the rank of (Oy, 4- Oyz)+, where n( (Oy: + Oys)+) 
—= 7 by (4.38). 


2) L subnormal. Here L= L, @- - - @ Ls, with each Ly a pt-modular 
plane, and with, say, nL = nL = p'O. Write 


[7] P") 


{x™} 


is a component of L, i.e, Ly = 


I= Oa, + Oy, = ( 
and 
[ar] r) 


a ed 


with 7,820. Pick 4,8 in u with a?=:—2,7?/(pp*)'c,? (mod) and 

*==— y2"/(pp*)*a* (mod), set Ts = T: + ap'a, and ys = y: + Apa, and 
(ae? TN, : 

note that K: = Or, + Dy, = ( finest} ); thus K, is a component of 

L, ® La say Lı ® L: = Kı @ K: where necessarily nK = nL, = nL. As in 

the normal case, we may take 2, CnH(t) and 90 CnH(t); thus 


L, == H (t), and we conclude as above. q.e. d. 


We are now in a position to determine the invariants for modular 
lattices : 


PROPOSITION 10.4. Let L and K be pt-modular lattices, i any ordinal. 
Then L and K are isometric if and only if rank L = rank K, nL =nK, and 
dl = dK. 


Proof. We need prove only the sufficiency. Applying the cancellation 
law (Proposition 9.3) to the decomposition given in Proposition 10.3, it 
suffices to assume L and K both planes (the result for lines is clear by 
dl= dK). As a further reduction, we may (by scaling) take i—0 or 1, 
and assume (by Proposition 9.2) that nL = nK =p" > nH(t) and 
(Proposition 10.2,a)) L and K are subnormal. Write 


Lon + One (My) nd Kn + One (7), 


with œ as in Proposition 10.2. Let j be the ordinal determined by 
pID = 2pPmaty.in R-P, pI = 2pm- in R-U, 
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and define the plane Hy == Dz; + Dr, = p O P) ; using (9.1), we see 

2 "3 
that nHo=nH (3) in each case, hence Ho =H (j) by Proposition 9.2, 4). 
The sublattice Lı = Or, + O(a,+ 24) of LO H, is clearly isometric to K; 
noting further that sLı ==sL D sH, (since p'O > nH (t) by assumption), 
(4.7%) shows that the pt-modular L, is a component of L @ Ho, say LO Hy 
am I, OJ, with J a pi-modular plane. We claim nJ ==nH,: using (4.15), 
hROo=ptl and #H,=p JH», so (by (9.1)) nk H,-=nkL in all cases; 
then 


nei, + nR = nR (L, QJ) —nk (LOH) = nkLtinh Ay =n Ao, 
i.e, NRJ Cn Ho, thus 
nd =n RJ =n(piRJ) = phn RI Cp nk A, =n(p RH) =n, 
and so nd == nH, by Proposition 9.1, a). Also, 
dJ = d (L, @J)/dL, = d(L O Hy) /dK =dH); 
by Proposition 9.2,c), Js:H,. We may now cancel (Proposition 9.3) to 
obtain L = Ly; but L, = K. q. e.d. 


11. The ramified dyadic case. The invariants. We consider a new 
concept. Let L, K be lattices with | dL | = | dK | and with bases <a> and 
<y>, respectively, such that det((2-2,))/det((y,-¥,)) ==1-+ 4, where 
|a| <1. We shall write dL/dK =1 (moda), and say that L and K have 
the same determinant moda; this is an equivalence relation. Clearly, 
dL,/dK,s¢1 (modo) and dL./dK,s<1 (mode) implies 

d(D,@ L,)/d(K, ® K.) =1 (modeD); 
furthermore, dL = dK implies dL/dK <1 (moda) for any a in p. 

Proposition 11.1. Let D In and @ K, be two Jordan splittings 

1SASt ISASi 


for the same lattice L. Suppose L, (and therefore K,) ts either a p°-modular 
line or a p-modular plane. Then dL,/dK,=1 (modf(1)). 


Proof. 1) L a p°-modular line. Write [,==D2 and K: = Oy, with 

| z? | = | y? | = 1. Express y—ac-+-2 with a in © and z in D Ly, thus 
§S At 

x? /y? = 1/aa* — 27/aa*y*; since | a?/y?|—1 and | 2?/y?|—|29| S| p|¥@ 
== | p [#20 (here u(1) =s(1) 0), a must be a unit, thus 2?/aa*y? 
is in f(1), and dZL,/dK, 21 (modf(1)). 

2) L,ap-modular plane. Write L, = Or, +- Or, and K, = Dy: + Oy: 
with £1’ T == Y1 Y2 = p, and express Yı =X, +2, and Ya = Xz -+ za with 
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X„ X, in Ly, and %,%, in Bb. Computing with (9.1), we find 


[2 Rely 2) ]O C nH (8(2)) T p*@O, A—1,2, thus YY =p? (mod p*), 
therefore (mod p*®), and also 4,-Xe=y.:y, (modp*®); this shows 
| d(0X, + O02X;)|— | dK, | = | dLa | (cf. (4.8)), and so D, == DX: -+ OX, 


: ka -}- (2) 
l by (2.6). We now wish to express L = OX + OT, = & i ai r): 


from above, (Yy1°Y2)/ (X1: X) =— 1 -+ p-a for some integer a, and we set 
X = (1 + pi@-1¢)X,. Clearly, X : Xay Y= p. To show X? = y,?+ {p+}, 
we must estimate 2 Re(p'®-a) X,’ and (p*@-*aX,)?: as with 2 Refy: z), 
above, we have [2 Re(p*®)-*a)|© C nA (s(2)— 1) = n[p>H(s(2))] C p79, 
hence | 2 Re(p9-*a)X,? |< |p|"; and since p%-"aX, lies in p*@-1Z, 
= (Lx) (ay) (cf. (4.%)), it follows that |(p*@a¥,)?|<|p|*@. Thus 
X? = X,? +- {p*} = y? + {p*}, giving the desired expression. But then, 
using (4.9), . 


AX — (X Xa) (Xa X) SS yy? — (yaya) (ys 91) (mod peo), 


so dL,/dK, 1 (modf(1)). ai 


Proposition 11.2. Let BP and P, K, be two Jordan splittings 
s ISAS 


for a lattice L of the following special type: each p*+-modular component is 
a line, each p***'-modular component a plane. Fis j, 1S jst. Then there 
exists a finite chan O L>: > Oh OA": - > PE, of Jordan 
splittings such that, for any adjacent pair DB Ih, QJ), either 


Se \ == p Jy or 
IRAs 1SASj 


(ii) In——J, for all AS j—1. 


A proof of this result can be easily based on that of the analogous 
Proposition 8 of [9], and will not be given here; in fact, our hypothesis.on 
the type of L allows us to replace the “op” change of basis in [9], pp. 168- 
164, by suitable use of our Proposition 4.2—details left to the reader. Note 
that a “canonical basis” for L—mentioned in [9]—is merely one formed by 
taking the union of separate bases for each component i in some Jordan splitting. 


LEMMA. Let L be a pt-modular lattice of rank at least 4, and suppose 
g is any E-scalar in nL. Then Ll, @ Ly, where L, represents a and 
NL we nL. 


Proof. By Propositions 10.3 and 9, 1, we may assume nl D nH (i). 
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If L is normal, then (Proposition 4.4) L= L, @ La, where L, is a plane 
and nL, = nL; == nL, and the result follows from Proposition 10.1. Sup- 
pose then L is subnormal, and write L= L, @® H, where nlo=nLD and | 


i 
H = Dr + 022 =(° 0 P )= A(t). By Proposition 10.1, Le contains a 


vector y with y? ==, and so the plane L,—2(2,+ 4) +2, represents q 
and is a component of L: L= L, Q La Now, nln =D -+ nH (1), iLe, 
aDCnk. If aD C nb, then nL, C nb, so nL =nL; if aO = nL, then we 
note by inspection that z ==4y-—&(£' T1)" T, lies in L+ = L, and satisfies 
Z? = g, £0 here too nL, = aD = nL. q.e. d. 


Proposition 11.8. Let L= Lı ® L, be a saturated Jordan splitting, 
with L, a pt-modular line or plane, i= 0 or 1, and with rank La Z4. Let K, 
be a pt-modular lattice for which rank K, = rank L, nK, = p0, and 
dD,/dK,=:1 (modf(1)). Then L has a second saturated Jordan splitting 
L’ @ Lë with Lt = Ky. 


Proof. We first shall express E, and K, as follows: b, = Oxs, and 
K, = Oy, if L, is a line, L = Dr, + Or, and Kı = Oy, + Oy, if L, is a 
plane, where m’ ==4,° (mod p*@), and (if a plane) £i’ £s = yy: Y = pe) 
and t =y. If L, is a line, any 2, and y, will work, since f (1) = peOO 
here. In the case of a plane, use Proposition 10.2 to write L, = Dz, -+ Dr; 


maul) ps) . 
=( fu} |: then since dL,/dK,=1 (modf(1)), K, has a basis 


CV VD With 2,227 —~ (21 23) (LoD) = W0 — (21 V2) (V201) +a, where 

la| S |p|", The plane J = ‘ie i P p >) is evidently p*™- 
1 

modular, with ns ==nK, and dJ = aK., so by Proposition 10.4 is isometric 

to Kı; thus K, obviously contains the desired vectors 41, Yz. 

Now write y? == g? -+ 8, with | 8| |p |*@. Since L, @ Lz is saturated 
and rank L: = 4, the Lemma shows L =J, @ Ja, where J, contains a vector 
z with 2?==8, and nmJyg==p*%D, Define L,’/=O(2,+2) if L, is a line, 
L’ =O(2,+2)-+O2, if a plane. J,’ is a sublattice of Lı ® Jı, and is 
isometric to K,; in particular, by (4.7), L1’ is a component of L, Bui, 80 
L=L/ @L,’. Finally, L’ = K, implies L,’ @ Ly is saturated at s(1), while 
JaC De’ C Lacy implies OD == mJ, C nDe’ Cn (Lis(2))) = pXOO, which 
is saturation at s(2). q.e. d. 


THEOREM 11.4. Suppose F/E is ramified dyadic. Let L and K be 
lattices, and suppose L == D Ly and K = O Kry are any Jordan sphiitings. 
1BASt 1SAST 


Then Land K are isometric tf and only if the following four conditions hold: 
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1) Land K are of the same type. 
2) dib=dk. 
3) wur(A) ==ux(A) for all A Sst. 


4) d(L,@:--@®L;)/d(K, @- > -O Ky) = 1 (madf(7)) 
for all 75 t— 1. 


Proof. Necessity. 1), 2), and 3) have already been shown. To show 4), 
we may assume each p*#-modular component is a line, each p**?-modular 
component a plane, since adjunction of a (rt) or an H(t) to both L and XK, 
or cancellation of an H(+) from both L and K, will alter neither the isometry 
Jc: K nor the determinant-ratio 4); and we adjoin and cancel in view of 
Proposition 10.38, so as to retain as Jordan components of L and K only the 
Lo of that Proposition. We may take L= K. By scaling (recall (4.18)), 
we may also assume s(j7) =0 or 1. Now apply Proposition 11.2: since deter- 
minant mod «D is an equivalence relation, it suffices to prove 4) for splittings 
@ LZ, and @ K that differ by a transformation of “type (i1)” (it is trivial 
for “type (i)”); thus say eee In=( A AeA K). But 

1S\St 1shSj-1 JaSt 
D a GD m= E Ey and since the ideal f (j) for Be js 
included in fz(7), we may take fj == 1, But the result is now that of Proposi- 
tion 11.1. 


Sufficiency. We use induction on the non-negative ordinal s(¢) —s(1): 
for s(t)——s(1) 0, L&K by Proposition 10.4, so the induction can be 
started. There will be four preliminary reductions: 


a) s(1)=0 or 1 (by scaling). 


b) rank D,—rankK,<2 (write L, and K, as in Proposition 10.3; 
1)-4) remain valid when the H, are cancelled, and after the smaller lattices 
are proved isometric, the H, may be restored). 


c) rank L, ==rankK: = 4 (as in b), adjunction and cancellation of 
hyperbolic planes does not affect 1)-4) or the isometry). 


d) @ L and @ K are saturated splittings (the necessity-proof shows 
that 1)-4) hold for any splittings of L and K). 


Now use Proposition 11.3 to write L, ® La = Ly @ L? with nL,’ =n, 
= pO and L&K, The lattices D/L, OL: Q --@L; and 
KY == LP. K clearly satisfy 1), 2), and 4); by saturation, ur (A) = ur (A) 
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== Ue (A) = tx (A) for all A= 2, so I” and K’ also satay 3). By induction, 
L’ = K’, hence Le K. q-e. d. 


Norre. Although we have found simpler criteria (Theorems 6.2, 7.1, 
8.2) for isometry in the other cases, let us show that Theorem 11.4 is also 
correct there, thus giving a complete set of invariants in all cases (in the 
noncommutative case, we ignore the determinant conditions 2) and 4) in 
Theorem 11.4; in the ramified-non-dyadic and unramified cases, note that 
“determinant moda” may be defined exactly as above, with the same 
properties). For the necessity, 1)-3) are again obvious; as for 4), we have 
the even stronger statement d(l,@::-@L;)=d(K,@---@XK;) for all 
j<=t—1 (im the ramified non-dyadic case, cf. Proposition 8.1, b), and 
Theorem 8.2). ‘For the sufficiency, condition 1) is enough to guarantee 
isometry in the non-commutative and unramified cases; in the ramified non- 
dyadic case, (4.12) and Hensel’s lemma transform condition 4) into 


“d(L,®+ -O Li) ¢d(Ky®: - -O Ey) for all jS t—1,” 


which together with 2) implies dEn == dK), for all A-—and then L=K by 
Theorem 8. 2. 
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COVARIANT FIBERINGS OF KLEIN SPACES, IL* 


By G. D. Mostow.* 


1. Introduction. By a Klein space, we mean a space on which a Lie 
group of transformations operates transitively, or equivalently, a quotient 
space of cosets G/G’ where G is a Lie group and @ a closed subgroup. It is 
well-known that if G is a connected Lie group, then @ is topologically the 
. direct product of a compact subgroup and a euclidean subspace. From this, 
one can deduce in the case of a connected closed subgroup @ that G/@’ 
admits a strong deformation retraction to a subspace K/K’, where K is a 
maximal compact subgroup of G and K’ == K N G is a maximal compact sub- 
group of G’. This result suggests that the Klein space G/G@’ can indeed be 
decomposed into a compact Klein space K/K’ and a euclidean subspace. In his 
paper entitled “On covariant fiberings of Klein spaces” hereafter referred to 
as CFI (cf. [8]) the author investigated this suggestion. An example of 
H. Samelson had shown that G/Q is not the direct product of K/K” and a 
euclidean space. CFI introduced the notion of a covariant fibering of a Klein 
space G/G@’: it is a fibering into euclidean fibers satisfing | 


1) the fibers are permuted transitively by the action of some maximal 
compact subgroup K of G. | 
2) the subgroup of K which keeps a fiber F invariant operates linearly 
on F. | 


It is proved in CFI that any two covariant fiberings are equivalent. Moreover 
the existence of covariant fiberings is established in the case that both G and 
G are connected and G’ is self-adjoint modulo the radical of G. (C£. Section 
6 below for definitions.) This last condition is satisfied in a wide variety of 
cases, notably when @ is semi-simple, compact, or in the radical of G. 
Thus it was conjectured that the self-adjoint hypothesis could be dropped. 
The proof of this conjecture is precisely the purpose of this paper, and it 
settles in the affirmative Problem 88 of the Cornell Conference of 1955 on 
Fiber Bundles (W. Massey, “Some problems in algebraic topology and the 
theory of fiber bundles,” Annals. of Mathematics, vol. 62 (1955), pp. 327-359). 


* Received January 26, 1962. 
_ 7 Supported in part under National Science Foundation Grant 19576. 
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We rely on the results of CFI, and our method applies equally well to the case 
of a Klein space G/G’, where G and @ are Lie groups having a finite number 
of connected components; such groups are referred to hereafter as fcc groups. 
The reader is referred to CFI for a more detailed account and bibliography 
of the results that we shall be citing below. 


2. Let G be a fcc group. By a decomposition of G we shall mean a 
topological direct product decomposition 


G=K-# 


where K is a compact subgroup of G and E is a closed subspace homeomorphic 
to euclidean space; that is, the map (k, e)— ke of K X # into G is a homeo- 
morphism onto G. The subgroup K is necessarily a maximal compact sub- 
group of G. For if L is a compact subgroup of G with LD K, then the 
fibering of the coset space KN G with fiber KNAL and base KNINENG 
= DNG yields a fibering of the euclidean space E with compact fiber KN L; 
hence KN is a point and L =K. 

Every fce group admits a decomposition (cf. [4]) and a decomposition 
with factor K is tantamount to a cross section of the euclidean base KN G into 
the principal K-bundle G. Moreover, the maximal compact subgroups of an 
fee group are conjugate under an inner automorphism (cf. ibid.). It follows 
exactly as in the proof of Theorem 2.3 in CFI that if K’ and I’ are compact 
subgroups of an fec group Q, and if K and L are maximal compact subgroups 
with K D K’ and L D I’, then any inner automorphism which sends K’ onto 
L’ can be modified to an inner automorphism having the same effect on K’ 
and mapping K onto L. 


8. Let G be an fee group and @ a fee subgroup. Let K’-H’ be a 
decomposition of G’. By a split extenston of K’- EH’, we shall mean a decom- 
position G == K- E such that 


1) KD K’ 

2) H==F-H’, with F a euclidean subspace of G; that is, the map 
(f,¢) > fe of FXF to EF is a homeomorphism. 

3) bRk*=—F for all ke K’. 


We shall say that G and G” have coherent decompositions if there exists 
a decomposition of @ which is a split extension of a decomposition of G’. 

Let GD @ D @” be fee groups with decompositions K-F, K’- E’, and 
K”: E” respectively. If K-# is a split extension of K’-H’, and if K’-E’ is 


6 
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a split. extension K” - B”, then it follows readily that @’ and G” are closed 
in G and @ respectively and that K- E is a split extension of K” E”. 


4. Let @ be an fcc group with decompositions K-# and let @’ be an 
fce subgroup with decompositions K’:- E’ and K’-Ey. If K-E is a split 
extension of K’-H’, then H—=F-E’ with kFkt==F for all k€K’. Set 
Hy== Fs Hy’. We- assert that KF, is a split extension of K’-H,’. For con- 
sider the mapping tı: K X F X E,/-+ @ given by (k,f,¢:) > kfe:. In order 
to prove that ¢, is a homeomorphism onto G, we consider the continuous map 


u: KXFXE!>KXFXE 
defined by 


(k, f, 61) —> (bh, h*fh, 6) 


where e, = he with hE K’ and e€ E’. From the fact that K’: E and K’- B7 
are decompositions of G’, it follows at once that wt exists and is continuous. 
Clearly the map ¢, factors 

Íy om b+ t 


where ¢ denotes the homeomorphism (k,f,e) >kfe of KX FX EH’ onto G. 
Consequently ż is a homeomorphism and K- F, is a split extension of K- F”. 


5. Let GD @ D G” be fcc groups. If G and @ have coherent decom- 
positions, and if G” and @” have coherent decompositions, then G and.@” have 
coherent decompositions. For by hypothesis, we have decompositions K - E =G, 
K- EF == ¥ = K’ HY, K” E” = G” with K- # and K- HY split extensions 
of K- E’ and K” E” respectively. Inasmuch as the maximal compact sub- 
groups of an fcc group are conjugate under an inner automorphism (cf. [4]) 
we can find an element g € @ with gK’g*—= K,’. Upon replacing the decom- 
positions K- F and K> E by their transforms under the inher automorphism 
by the element g, we can assume that K,’==K’. By paragraph 4, we can 
find a split extension K- E, of K’:#,’. Then by paragraph 3, K- E, is a split 
extension of K”: E”. Consequently, G and G” have coherent decompositions. 


6. We shall recall now the basic theorem from CFI on the existence 
of coherent decompositions. Let G be a semi-simple real Lie algebra. A sub- 
algebra K is called compact if the analytic subgroup K of the adjoint group 
of G whose Lie algebra is ad K is compact—or equivalently, if the Killing 
form TradXadY is negative definite on K and K is closed. A Cartan 
decomposition of G is a decomposition G ==K -+ E where K is a maximal 
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compact subalgebra and E is the orthogonal complement to K with respect 
to the Killing form. It is known that all the maximal compact subalgebras 
are conjugate by an automorphism of the adjoint group; and that the linear 
map of @ which sends X > X for all Æ € K and Y > — Y for all Y € E is an 
automorphism of the Lie algebra G, called the K-star automorphism. <A sub- 
algebra of G is called self-adjoint if it is stable under some star-automorphism. 
This condition is equivalent to the condition that the subalgebra have a self- 
adjoint image under some faithful representation. 

A sufficient condition that a subalgebra H of the semi-simple Lie algebra 
G be self-adjoint is that the subalgebra ad H of adG be algebraic and fully 
reducible (cf. [4]); a necessary and sufficient condition is that p(H) be a 
self-adjoint family of matrices for some finite dimensional faithful represen- 
tation p of G. 

Let G be a simply connected semi-simple analytic group, let K be a 
maximal compact subalgebra of the Lie algebra G, and let K be the analytic 
group corresponding to K. Since Ad G/Ad K is euclidean and simply con- 
nected, we find that K == Ad-*(Ad K), and thus K contains the center of G. 
It follows at once that the center of G is elementwise fixed under the auto- 
morphism of @ induced by the K-star automorphism of G and thus the K-star- 
automorphism of G induces a well-defined K-star-automorphism of any analytic 
group with Lie algebra @; moreover this automorphism leaves fixed each 
element in the center of G. | 

We can now define a subgroup H of an analytic semi-simple group @ to » 
be self-adjoint in G if H is stable under some star-automorphism of G. 

If H is connected, then H is self-adjoint in G if and only if H is self- 
adjoint in G. If H is not connected, the following sufficient condition covers 
our needs: a closed fcc subgroup H of an analytic semi-simple group G is 
self-adjoint in G if its Lie algebra H is self-adjoint in G and has an algebraic 
image under the adjoint representation (cf. [4]). 

If @ is an analytic group with radical R, and if H is a subgroup of G, 
we call H self-adjoint modulo the radical of G if HR/R is self-adjoint in G/R. 

Theorem 2.1 of CFI can be restated as: 


THEOREM. Let G be an analytic group and let Œ@ be a closed analytic 


subgroup. If Œ is self-adjoint in G modulo the radical, then G’ and G have 
coherent decompositions. 


7. The main result of this paper involves dropping the hypothesis that 
G” is self-adjoint in Œ modulo the radical. At the same time, we wish to 


470 G. D. MOSTOW. 


treat the somewhat more general case of fcc groups rather than analytic groups. 

Let G be an fcc group and let Œ, denote the connected. components of 
its identity. Then G and G, have coherent decompositions. For if KẸ is 
any decomposition of G, and if K, =K N @, then Kı: E is a decomposition 
of G, and K- F is a split extension of K,-#. Thus, by paragraph 5, in proving 
for any pair G, @ of fcc groups with @’ a closed subgroup of G, that @ and 
G have coherent decompositions, no generality is lost in assuming that @ is 
an analytic group. 

An examination of the proof of the above-cited Theorem 2.1 of CFI 
reveals that one can prove in exactly the same way: 


THEOREM. Let G be an analytic group, and let G’ be a closed fcc sub- 
group. If Œ ts self-adjoint in G modulo the radical, then G’ and G have 
coherent decompositions. 


_ Indeed, in the proof of the cited theorem, the only assertion which 
requires amplification occurs in Case 3, the case that G is semi-simple. It is 
asserted there that if C is self-adjoint in G with a to the K-star auto- 
morphism of G, then 


CaO Kh’ 


where K- E is a Cartan decomposition of G and B’==sexp(C NE). How- 
‘ever this fact follows at once from [6], Section 3, where it is proved for the 
case of fcc matric groups G. 


8. A closed subgroup G’ of a Lie group G@ is called almost maximal in 
G if dim @ < dim G and G’ is not contained in any closed subgroup H. with 
dim @ < dim H < dim G. Clearly every closed subgroup @ of a Lie group 
G lies in some almost maximal subgroup if dim @ < dim G. Also, every 
closed fcc subgroup G’ les in some almost maximal fcc subgroup of G if 
dim G’ < dim G. 

We now prove a result which is the analogue of Theorem 3.1 in [5]. 


Lemma. Let G be an analytic semi-simple group, and let M be an almost 
maximal subgroup. Let G and M denote the Lie algebras of G and M 
respectwely. Then the image of M under the adjoint representation of G ts 
an algebratc Ine algebra and etther | 

i) M is self-adjotnt in G. 
or : 

ii) G=—K-+-M for any maximal compact subalgebra K, and G—= KM, 
where K is the Lie algebra of the analytic subgroup K., 
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Proof. Let M, denote the connected component of the identity in M. 
If M, is normal in G, then M is an ideal in G, and therefore M is self-adjoint 
in G and ad M is an algebraic Lie algebra. 


We can. assume therefore that M, is not normal in @. Since M, is 
normal in M, no generality is lost in assuming that M is the normalizer 
of M,. Then M contains the center of G. We can therefore transfer the 
discussion to the adjoint group of G; thereby G may be taken as the adjoint 
group of G and M becomes the normalizer of M in G—an fce group of finite 
index-in its algebraic group hull. Thus M is an algebraic Lie subalgebra 
of G. — 

Let N be the maximum ideal of nilpotent elements in the radical of M. 
If N—0, then M is fully reducible (cf. [2]) and therefore self-adjoint (cf. 
[4]). Thus it remains only to consider the case that N0. 

Since N is invariant under the inner automorphisms by the elements of M, 
the normalizer of N, which is a proper subgroup of G, cannot exceed M in 
dimension. Thus M is the Lie algebra normalizer of N in G. 

It follows by the argument of [5] p. 509 that M is the orthogonal sub- 
space to N with respect to the Killing form of G and that M contains a 
maximal triangular subalgebra of G. ‘Consequently (cf. ibid.). 


G=K-+-M and G=KM 


where K is somé maximal compact subalgebra of G. Inasmuch as all the 
maximal compact subalgebras are conjugate under an inner automorphism 
from G, and since G is generated by K and M, it follows that all compact 
subalgebras are conjugate under an inner automorphism from M, and thus 
G=:KM and G=K-+M for all maximal compact subalgebras K. 


9. Let G be an analytic group, and let H be an almost maximal closed 
fcc subgroup. Let H, denote the connected component of the identity in F. 
Let R denote the radical of G. If H does not include R, then H,R=G. 
Dividing out the radical Æ, we find in the semi-simple analytic group G/2, 
that ee Ns 


G/R = (G/B, G/R] = [H,R/R, H,R/R] —(H.R/R, H,R/R] C HR/R, 


where the Poisson brackets denote the commutator subgroup (the last equality 
is by the well-known result of A. Malcev that the commutator subgroup of 
an analytic subgroup J coincides with the commutator subgroup of its topo- 
logical’ closure J; it is proved by transferring the question to the simply 
connected ‘covering group of /, in which every normal analytic subgroup is 
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closed). Thus G=: HR and H is self-adjoint modulo the radical. G and H 
have coherent decompositions by paragraph 7 in this case 

If H DR, then H/R is an almost maximal closed fcc subgroup of the 
semi-simple analytic group G/R. Set M <== H/R. By the Lemma of para- 
graph 8, the image of M under the adjoint representation of cee iş an ee 
Lie algebra and either 


i) M is self-adjoint in G/R, or 
li) G/R-==J*+M, where J* is any maximal compact subalgebra 
of G/R. 


In case i), the fee subgroup M is self-adjoint in G/R yt the remark of 
paragraph 6. Hence H is self-adjoint in G modulo the radical, and in this 
case too, G and H have coherent decompositions. 

In case ii), let p denote the adjoint representation of G. Let G == S + R 
be a Levi decomposition of the Lie algebra G, and let S denote the semi-simple 
analytic group corresponding to S. Then p(H N8) is an punon maximal 
subgroup of S and 

p(S) —J*p(H N 8) 


for any maximal compact subgroup J* of the semi-simple linear group p(8). 
Consequently 
p(G) =Jp(H) 


where J is a maximal compact subgroup of p(G@), and 


G == LH 
where L =p (J). We have 


H/AGL=0/bean(Gy a: 


Since p(@)/J is homeomorphic to euclidean space, and ‘since every bundle . 
with euclidean base is a product bundle, it follows that there is a euclidean 
subspace #° in H such that — 


! H=(HNL)-E° (direct) 
and G=L- E° (direct) 


Inasmuch as p( L) is compact, we know that L is the direct group product 
of its maximum compact subgroup K and a central vector subgroup. It 
follows at once that there are vector central subgroups V, and V, in L and 
H N L respectively such that 
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L=(K(HNL))-V, (direct) 
HNL=(HnNK)-V; (direct) 
and 
| K(HNL)—K-¥; . (direct). 
Consequently 
G= L: E? =K: V, Vi E= KV, Va E” (direct) 
Setting F = V, and F’ — VE? we have 


G = KFE 
and 
Heo (H 1 K)E’ 


with kFic+==F for al kE WOK. Thus Gand H have coherent com- 
positions. | 


10. Let G be an fee group and let G’ be a closed fcc subgroup, not of 
the same dimension. Since G’ lies in an almost maximal closed fec subgroup 
of G, we can find an ascending chain of closed fee subgroups. 


G’ = GOC GMC---CEMug 


with G almost maximal in Œ+» for each += 1,: : + ,n—1. By the results 
of paragraphs 9 and 7, each pair of G@) and GŒ) have coherent decomposi- 
tions. Consequently G” and G have coherent decompositions by paragraph 5. 
On the other hand, if dim G’ = dim G, then G and G’ hace coherent decom- 
positions; namely, if K’- Æ is a decomposition of @, then G==K-H is a split 
extension of K’-# for any therefore proved that G and G’ have coherent 
decompositions. l 

Taking into account the remark in paragraph 1 on the conjugacy of pairs 
of compact subgroups K DK’ with K maximal compact, we can restate our 
result as follows. 


THEOREM A. Let G bea Lie group having a fintte number of connected 
components, and let @ be a closed subgroup having a finite number of con- 
nected components. Let K’ be a maximal compact subgroup of G’ and let K 
be any maximal compact subgroup of G with KDR’. Then there exists closed 
euclidean subspaces F and E’ in G such that 


G? xa K’- EY 


and 
G wen K+ F-E 
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as topological direct products, and 


3 GF) = F 
for all ke K’. 


From Theorem A it follows at once that 
GQ =K Xr F. 
In this way we have proved E 


 Trrorem, Let G be an fcc group and @ an fec closed subgroup. Then 
G/@’ admits a covariant fibering. 
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SOME PROPERTIES OF GENERALIZED AXIALLY SYMMETRIC 
POTENTIALS.*? 


By R. P. GILBERT. 


I. Introduction. The theory of integral operators as developed by S. 
Bergman, and some others (see [1]-[8]), formalized a procedure by which 
analytic functions of one or several complex variables are transformed into 
solutions of partial differential equations. The importance of this theory 
is three-fold (i) to transplant theorems concerning analytic functions into 
theorems about solutions of partial differential equations, (11) to obtain 
representation theorems for solutions, and (iii) to consider the analytic con- 
tinuation of solutions. 

Recently, S. Bergman [4], [5] has found certain properties of harmonic 
functions in three variables which depend on the series development of the 
function. In this note we shall show that several of Professor Bergman’s 
results have analogies in the case of solutions of the partial differential equation 


u 0z k Ou 

u Op? Tp Op 
where k = 0. The study of solution of this equation has been referred to by 
Professor Weinstein [9], [10] as generalized axially symmetric potential 
theory (GASPT). This equation is initially arrived at by considering those 
solutions of the n-dimensional Laplace-equation, which depend solely on z== z, 
p = (2 ++ + --+ £r?) In this case k is the integer, n—2. The location 
of the sigularities of solutions of (1) have been investigated by Szegé [11], 
Nehari [12], Erdélyi [13], Henrici [20], and Gilbert [14]. 


(1) Llu] = 





0, 


II. GASPT with meromorphic associates. In previous works [14], [15] 
this author has introduced an integral operator (closely related to the Sonine 
representation), which transforms analytic functions of one complex variable 
into GASPT function elements {p). More specifically, 


@) ws) =Or)—AELE= S ogan, 
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where o= tÉ tn |p—p | <6 pe=z-+ tp, psa 2° + tp, e>0 Is 
sufficiently small, and the integration path L is the upper semi-circular arc 
connecting + 1 to —1. (f(c) is called the associate of the GASPT #(p).) 

' . In order to see how this mapping occurs, we consider the case where f(c) 
is analytic in a neighborhood of o==0, that is for |o| sufficiently small. 
Then it may be seen that A,(f,Z,0) defines the GASPT function element [14] 


an! 


(4) ®(p) — i(t HT (8/2) È eet ay 


r*0 „žl (cos 0), 


where r? = g? -+ p?, cos (0) == 2/7, and On>(cos0) is a Gegenbauer polynomial. 


We next consider the case where f(e) is meromorphic in the finite o-plane. 
In this case we may use the Mittag-Leffler theorem [16], as does Bergman [5], 
to obtain a eae for the transformed functions. For instance, one 
may write 


(5) j(o) = ZIP, A —pr(o)] + e(o), 





where the b, and the poles of f(e), 





parts, the p,(c) suitably chosen We e a ensure convergence, and e(o) 
an entire function. Moreover, since this series converges uniformly in every 
compact set of the o-plane which does not contain the b,, one may evaluate 
the integral representation for #(p) by inverting the order of integration and 
summation. | | 


Dp) =f L= f, flo) UR 
(6) = (XP (5g) =o] Heee eea 
=$ [8(p) ~$(p)] + F(p), 


where ¢,(p) is a GASPT polynomial, and E(p) is an entire GASPT. The 
integrals, 


(7) ap) = f(s ai= deyt, 


are easily evaluated when k is an odd integer; in this case one may replace L 
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by the unit circle, divide by 2, and apply the residue theorem. For eae 
let 


— Map 
P, (r)-2 pe (e —b,)”? 


then 
ay (e—a at 
®(p) = My 3 lo — by)” ¿ 

(8) 


Hence, if & is an odd integer, 6(p) has the representation 


(9 oP iB CS Me a a —([z— by]? + p?)*/?] — y(2, p)} 


tp 
+E(z p). 


One may show, as Bergman has done in the case of harmonic functions 
in three variables, that this infinite series representation converges in every 
compact set in the p-plane, which does not contain singularities of the ®,(p). 
It has been shown earlier [14] for k > 0, that if f(e) has a singularity at 
o = b, then the GASPT has a singularity at p == b, and 6. For the case where 
f(c) is meromorphic, and k odd, this is evident from the representations (8) 
and (9). 

One may show the series converges by proceeding along the lines in which 
the Mittag-Leffler theorem is proved [5], [16]. In order to show that the 


series > [®,(p) —,(p)] converges, we first recall that the polynomials p,(c) | 
F= 


by 
and that 3:8, <œ. Now, if the integration path L is restricted so that Z = ett, 
P=1 


were chosen such that | P, (5r) o] <ô, for |o S |b |à A <1, 


0 Sy S r, one has |o | == |z + ip cosy | 5 | z -+ ip |= | p |, and hence one has 
|o| SR, when |p|. One may show that if RA|b,|, the the series 

5 [®,(p) —¢,(p)] converges uniformly and absolutely in |p| Ra, if N 
y=N+1 


is chosen such that |b,|< R for v & N, and |b,|>Rforvy>N. This may 
be seen as follows: 
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a > [#(p) —b(p) |S 2 5 (2) #0) 


a) =f c P, (L) -meea 


EN +1 





l 1 woe 
seS fP, (g) polo) a. ma, <o. 


The first N terms of the original series have pole-like, branch points in 
| p| SR; by deleting closed neighborhoods of these points from | p| << R the 
series is seen to converge uniformly and absolutely in this closed set. 

As Bergman [4] has shown in the case of harmonic functions in three 
variables, one may obtain an interesting class of GASP with eee 
associates by considering 

I a oeo 
n 7 1 n not- a 4-a’? 
where y is Eulers constant and T (e) is the gamma-function. Dapo [4] 
has also shown, that since there are numerous relations involving T” (e)/T (e) 
one may transplant these into relations concerning the class of harmonic 
functions. We shall list these results for the class of GASP A 
defined by 
‘7 views a) 


(12) (p54) == . Er (Cityt amo. 


aD f= KEES ayt’ 5 ee 


To +a) 


First, one notes that (pa) has pole-like been points at p = a —n, 
and ġå— n. From the relations. [4] o 
aa P(o) M E oti 
(18) ailopess 1 eaS a2 8) p 15, (c—v)-*, Reo >0, 

à T (c) pB l pel 
a an ' : 





T (mo) mY (gL. i/m) | 
T(mo) = l/m 2 I'(o -+-v/m) a ue 


m == 2,38,4,- °°, 


(14) 





one obtains respectively, 
®,(p34) = Lel pa) — FFO (p;a) D4 (a2) E FO (p +34), 
: . = 


where 


(15) Li (p32) = Í. log (o + a) (£—£4) tae /¢, 


Fi (p +r;a) =f (o-r a)(i gdt, 
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for Rep > 0, and 
(16) (mp; ma) -un Zeno b/s a) + log m Í. (¢— cyHat/e 


III. Singularities of GASPT. The use . of integral operators to study 
the solutions of linear partial differential equations has been particularly 
profitable in thé investigation of their singularities. The reason for this is, 
that frequently theorems. may be stated in terms of the solutions themselves, 
and not the associated analytic functions. In the case of GASPT there is a 
one-to-one mapping of singularities of the analytic function f(o) onto the 
singularities of ®(p), for I,p=0. Because of this; one can readily trans- 
plant theorems concerning singularities of analytic functions into theorems 
concerning GASPT [14], [16]. For instance, a Hadamard multiplication of 
singularities theorem [17], [18] also holds for GASPT. 


= THEOREM 1. Let ®(p), and U(p) be two GASP wth the sertes 
erpansions ` bay, T 
b(p) = > anr*C,*/? (cos), 
m 
Y (p) = $ dar*C,*/? (cos 0), 
n=0 E 


Furthermore, let us suppose, that ®(p) and ¥(p) have singuarities respec- 
tively at the point-pairs {a. a}, and {B, A}. nnn ‘the GASP gwen by the 
a i 


F(p) =D anbar” 0l? (cos 6), > 


has singularities at either the point pair {aB, ap} or at {G8, aß}. 


` Proof. Suppose f(c), g (o), k(c) are the associates of 6(p), ¥(p), F(p), 
respectively. By.the original Hadamard theorem, we know that if f(c), g(c) 
have singularities at 8, y respectively, h(o) may be singular only at èy. The 
corresponding singularities for ®(p), ¥(p), and F(p) are then at {8,8}, 
{y, 7}, and {8y, y} respectively. “This concludes our proof. 

In a similar way, one may transplant theorems about regions of regularity. 
For instance, we may obtain the radius of convergence given by the usual 
Hadamard formula involving the expansion coefficients. 


THEOREM 2. Let }(p) be a GASP with the pooweng sertes develop- 
ment about the origin. 


(p) = S dnt *Ci,2? (cos 6). 
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Then ®(p) converges untformly and absolutely in any compact sub set of the 
disk of convergence, 


|p| <R where R? — lim | a, |*/*, 


n-> w 


First, we note that me associated function 


a3 PGs) 
flo) = aye PH) $ | 


n=0 


has the radius of convergence 
R= [iim] SEP) jammy 
Ara n! 
(17) = (Him [SEE juni, a, [2/")2 
= (lim | on |=). 
æ+) 

This may be seen by using the Stirling formula expansion of —=—————— for 
large n, which shows that if k>1, rete) tends to œ as Ni and if 


0<kX<1, TET) tends to 0 as nhier, 


Next, we sina that |o|—|2+ipcosy |<] p], when ¿= 6t*, hence if 
one chooses p such that |p| R, < Ri <P then |co|<R, also, Moreover, 


since the series expansion for f(e) converges uniformly and absolutely in 
| oO E = Re one has 


| D anr*CO,*/? (cos 6) | S | ayr*C,*/2 (cos 9) | 
n=0 =0 : 


(18) ; | 
a SÈ f Ibal lol] 2siny ays —H 

a á R ` = 1— B,/R’ 
oe —iaT(k+n) m: . | . | 
where by (4a) in] This ayer our result. 


In general, over convergence and gap theorems may also be transplanted 
to the case of GASPT. We list as an example the analogous result of a 
theorem due to Fabry [19]. 


THEOREM 3. If &(p) = arc, (cos?) contains infinitely many 
suffices m such that 
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(19) (i) lite | am, [2 = 1/R, 
4-> ' 
and . . 
(i) | lim a/m, = 0, 
i> 


where s 13 the number of non-vanishing coeffictents in the expansion for ®(p), 
which satisfy the inequality 


m(1—6) < n< m(1+8), nm, 0<0<1. 
Then (p) has as a natural boundary the circle | p| = R 
IV. Inequalities for GASPT. In general theorems concerning inequali- 


ties for GASPT are given in terms of the analytic associate. Occasionally it 
is possible by means of the inverse operator [14] Ax*: 


(L= 2)" (1 — (0/1?) ) d 
20) 1) = TaS aT OO Gem) Fer 


(where W (r, £) ==u(r, cos é) ==-@(p), and C is the real axis) to obtain 
the inequality in terms of GASPT alone. For the general case, k > 0, we list 
the following weak Schwarz-lemma. 


THEOREM 4. Let (p) be a GASP with an associate ne , which has 
the following properties: 


(i) O IROS, when Jo] S1, 
(i - #(0) =0, 
then | ®(p)| S 7*/k | p |, when |p| S1. 


Since |p| = 1 implies |o | £1 (for ¢— 6t), this result follows from 
the inequality 


(21) aE STIO 2siny payaa (yay 
— g/k. 

We next consider bounds for GASPT with entire associate functions. 
From Theorem 2 we realize, that if ®(p) — F a70}! (cos 0) has an entire 
associate, then lim lay |1" —>0. If M(r) is the maximum modulus of f(e) 
on |o | =r, ten the order of f(e) is defined to be [19], 


ae es log log M (r) 
r>a logr 
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In other words à is the lower limit of all p= 0, such that M(r) Se forr 
large enough. Suppose the order of f(e) is A, but that one may replace the 
inequality M (r) <6" by M(r) Se", a>0. We now may further distin- 
 guish our functions by considering the lower limit az of values {a} for which 
the inequality is true. If a,—0, f(e) is said to be of minimum type, if 
ar > 0, f(c) is of normal type, and if no ar > 0 satisfies the inequality f(c) 
is of mazimum type [19]. 

By the same sort of argument used in Braai (21) one realizes that if 
the associate function f (o) satisfies the inequality | f(o)|<e%* for |o | =r 
sufficiently large, then | @(p)|e%* for |p|=r sufficiently large. This 
however, does not indicate ®(p) is of order A. Suppose f(e) is given as in 
Equation (8), and (p) is given by (4), then at cos@==1 (r==2, p==0) 
one has 
(4i) a 


p(z) = TORE 2 2 ün 


EFA = mc) 


4 (42) *4 = 
TETE eo 


(22): 


‘Now, if the maximum modulus of f(c) occurs, for |o| sufficiently large, 
along the real axis it would be clear that ®(z) and f(o) were of the same 
order and type.® 

-~ One may also obtain bounds for GASPT with ene associates 
(see Bergman [5]). Supiose f(c) ==h(e)/g(o), where h(c) and g(c) are 
entire functions of order A, then we may obtain bounds for | ®(p)| in certain 
regions of the p-planc by applying the theory of entire functions to h(c), g (ø). 
For instance, if m(r) is the minimum modulus of g(c), and {oa} is the set 
of zeros of g(c), then m(r) > 6?" on circles of arbitrarily large radius for 
those regions f excluding the circles | o— cop | = | on |*, where `>A, the 
order of g(s). This result has an interpretation for GASPT. If no o,—=0, 
then ®(p) is regular at p==0. The domain of association of @(p) is the 
p-plane less the segments F {z == Reon, p° =z Im on; n = 1,2,3- --}. Following 
Bergman, we then consider that subset of the p-plane less strips of thickness 
2 | oa |> covering the above segments, that is we consider the domain given by 


B=E{ $ [Roos + | 0, |" £2 £ Ro on — | op |" p? <0]) 
vel 
J 20> [Reo,— | op |-*S 2S Rea, + |o, |“, p? < | | oy 2 — | s—oy, |*|]}. 


 8Itisa conjecture of the author that a modtfied Schwarz-lemma Bolag for GASPT, 
and he is presently engaged in investigating this problem. 
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Tt is clear that if pE B then c€ R, hence we have the analogy to Bergman’s 
theorem, for the case of GASPT. 


THEOREM 5. Let &(p) be a GASPT with the associate f(c) = h(o)/g(o), 
where h(a) and g(c) are entire functions of order à. Furthermore, let h(c) 
not be of maximum type. Then in the subdomain B of the domain of asso- 
ciation for @(p), and for | p| ==r sufficiently large one has the inequality 


| &(p)| Swe tet, 
where a and e are constants, < > 0 is arbitrarily small. 


From the integral representation for ®(p) it follows that, 
ROES) aa 2 sef” 
L É o 


g (o) 
= A r r 
mm a RL or +€ [(at+a)r-6 +1) 





(s+ ipcosy) 
g(a + tp cosy) | i 











Ia 





Ok-4. aetaterA 
Se 
where a <œ since h(o) is not of maximum type, and where « > 0,’ > 0 are 


arbitrarily small. If r is large enough (and r> 1) we then have 


| 8(p)| Snare, 
where g =8 +1 -+e 
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SOME NUMERICAL CRITERIA FOR CONTRACTABILITY 
OF CURVES ON ALGEBRAIC SURFACES.*? 


By MICHAEL ARTIN. 


Section 0. 


Let V be a complete algebraic surface over an algebraically closed field k 
and let X be a connected curve on V. We assume that V is nonsingular along 
X. Call X contractable if there exists a map r: VV onto a surface V 
which is an isomorphism at every point of V — X and such that (X) is a 
single point P. If X is contractable then ~ is determined uniquely by the 
condition that P be a normal point of V. We call this uniquely determined 
map a the contraction of X. 

An example of Hironaka shows that in general there are no numerical 
criteria equivalent with contractability of a given curve X. On the other 
hand, Castelnuovo’s characterization p(X) = 0, (X?) =— 1 of irreducible 
exceptional curves of the first kind is numerical. It seems that if these con- 
ditions are read ‘X sufficiently rational and negative’ one obtains perhaps 
the strongest available numerical criterion for contractability. This (ct. 
(2.3)) and some more special results are in Section 2. The question of what 
is meant by a rational cycle is treated in Theorem (1.7). 

I would like to thank H. Hironaka for some stimulating discussions on 
the subject and J. Tate for suggesting a simplification in the proof of Lemma 
(1.4). 


Section 1. 


Let X =U X; (1—1,- - +,8) be a closed curve on a complete algebraic 
surface V/k, the X, being its irreducible components. We assume throughout 
the paper that V is nonsingular at every point of X. By a positive cycle 
Z == $, 1X, (1; > 0) we mean the closed subscheme [2] of V defined by the 
coherent sheaf of ideals on V whose sections on an open U C F are the rational 
functions f€ T(U, @y) which have zeros of order at least +; along X; for all i 
with XN U Ø. The local ring Ọz,p of a point P on Z is therefore 
Ov,e/(f) where f=0 is a local equation for X r;X, at P. We recall the 


* Received February 20, 1962. 
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definition of the arithmetic genus p(Z) ==4((2?) + (4-K)) +1. (Since 
V is nonsingular along X the terms are defined.) p(Z) satisfies the relation 


(1.1) 1—p(Z) —x(Z) = dim H°(6z) — dim H* (6z). 


If D is any divisional cycle on V we denote by Trg D the restriction to Z 
of the invertible sheaf Æ (D), i.e., the cokernel of the canonical injection 
£(D—-Z)— (D) (these sheaves are defined at least in a neighborhood 
of Z). 

Denote by @z* the sheaf of units of Oz. It is well known that the 
elements of H*(@z*) correspond canonically to isomorphism classes of inver- 
tible sheaves on Z. Using the natural map «: X;->Z we can associate with 
each invertible sheaf £ on Z the sheaf g*(¥) on X; Set 4 (£) = degree 
4a? (£) for tam1,---,s and d(L) = (d,(¥%),---,d.(L))€Z%. We call 
d( £L) the degree of £. The map —> d( £) yields a homomorphism (which 
we denote also by d@) 


1.2) d: H*(62*) > Ze. 


It is easily seen that d is surjective. 

We wish to get some information about H1(@,z*) which will be needed 
later. Fix a positive connected cycle Z=Sir,X, (t=1,:--+,s). Then 
X = $, X; == Zrea 18 the reduced scheme associated to Z and we have a sur- 
jective map Ox-> @x of sheaves. Therefore the induced map @z*—> Gx" is 
also surjective. Let N, Af respectively denote the kernels of these maps. 
Since Z (and hence X) is connected, H° (Ox) = k and H°(@x*) ~k*. There- 
fore the maps H°(@z) > H°(@x) and H°(@z*) > H°(@x*) are surjective. 
Taking into account the fact that X has dimension 1 we find exact sequences 


(1.3) 0— H (N) > H'(62) > H*(6x) > 0 
0—> H* (i) — H*(62*) > H?(Gx*) > 0. 


The kernels H*(N) and H*(M) are related as follows: - 

Lemma (1.4). There exist chains of subgroups 
H*(N)=N,DN,D-->-DN,=0, H(M) = MDM, D:--DM,z—=0 
and isomorphisms N/N; = Myi/M; (j—=1,: >- n) where nom X (r, — 1). 


Proof. We use induction on n = $ (r, —1). If n==0, i.e., Z is reduced, 
the assertion is trivial. Assume therefore that the lemma is true for n—1 
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(n> 0). Choose an i with r;>1 and set Z =Z— X, Let N’, W, J, K 
be the kernels of the maps Oz —> Ox, 62* > 6x*, 62-> Oz, Oz*—> 62* 
respectively. Here J? == 0, in fact JN = 0, and hence there is an isomorphism 
e: J-—>K given by ¢->1-+42 for any section x of the sheaf J. Moreover 
there are exact sequences . 0>J>N> N> 0, 0> K> M— W 0. We 
obtain exact cohomology sequences 


H?(N’) > E (J) -> H*(N) > E(N’) > 0 
(150) H° (M) HHE) > E (M) HM) > 0. 
Therefore the theorem will follow from the induction assumption applied to 
Z’, if we can show that in the sequences (1.5) the images of H*(J), H1(K) 
in H*(N), H! (M), respectively, are isomorphic. To show this it suffices to 
show that the image of H°(N’) in H*(J) is carried onto the image of H° (W) 
im H (K) by the sed Drea e: H*(J) > H'(K) induced by e. Now there 
is a bijective map e: H°(N’) > H°(M’) given by sx’ >1-+s%. This map is 
in general not a group isomorphism. However we claim that the diagram 


8 
H°(N’) ———> H' (J) 


la 
€ € 


8 
H (M) ——> H (E) 


of maps commutes, where the horizontal arrows are those in (1.5). This 
will complete the proof. - 

Let s € H°(N’) be given and choose an open covering {U4} of X such 
that s’ can be lifted to sections s; of N on Uy. Then ,—s,€T(U;N Upd) 
` and 8(8’) is represented by the 1-cocycle {({s;—s,)}. Hence «8(s’) is repre- 
sented by the cocycle {1+-s;—s,}. On the other hand the section ¢’(s’) 
==] -4-3 can be lifted to the sections 14+ s of M on U, and therefore 
se (s) is represented by the cocycle {(1-+-8)/(1+,)}. But since s— s; 
ET(U;NU,7) and JN =0 we have (s—s;)s; = 0. Hence 


(1+ 8) (1 + %—s;)) =1 +8 ie, (1+ %)/(1+ 5) =1+4—s5,. 


Thus the two cocycles are equal and the proof is complete. 


Consider now the reduced curve X == $, X4. Denote by X = [[X; the 
direct sum of the curves X, (cf. [2]). The map r: X-> X is finite (and an 
isomorphism at all but a finite number of points). Therefore £ is defined 
by the sheaf 7.6: = [I Gx, of finite @y algebras. 
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‘Since X is reduced, the map Ox —I][ Ox, is injective. Hence also 
Ox*— (II Gz,)* = 7,6G* is injective. The cokernels of these maps are 
concentrated at the points of intersection of the curves X; Now it is easily 
seen that H?(F, 0z) ~H?(X, II Ox,) and H(Z, 02*) Be II 6x,*) 
for all p. Therefore we get surjective maps 


H(X, Ox) > H*(X, 6x), H(X, Ox*) > I(E, 62") 


and we want to relate the kernels of these maps. The methods used are well 
known (cf. [4], [5]) and so we sketch the results briefly. One can relate 
the curves X, to their normalizations in a similar way. 

We begin by constructing a curve X’ as follows: Let @x the the sub- 
sheaf of [[ Gx, whose sections on an open set U are those f= (fi,- - -, fe), 
fe T(UN X, Ox,) such that f;(P) =f; (P) for all PEU and all 1,7 with 
PEX,VX;, Gx is a sheaf of finite Ox algebras and hence a scheme. XY’ 
and maps YX’ X. Since Ox p is actually a local ring for all Pe X, 
the underlying space of X’ is homeomorphic to that of X. Clearly 4” is 
maximal with these properties. The cokernel of the map Ox —> lI Ox, con- 
sists of vector spaces over k of dimension np— 1 concentrated at the points P 
of X where np is the number of components of X containing P, while the 
cokernel of x” —> [I 6x,* consists of abelian groups isomorphic to direct 
sums of np—1 copies of k* at P. With this in mind it is easily seen 
that the kernel of H'(@x-) > H+({[ Ox.) is a vector space of dimension 
N= (np—-1) —s--1 and that the kernel of H*(@x*) > HII 6x,*) is 
jennie to k*” (s is the number of components X;), 


Consider the map @x-> Gx. Its kernel is again concentrated at a 
finite set of points. Clearly H°(@x) ~H°(@x-) =k. Hence the kernel of © 
the map H'(@x)— H(z) is the direct sum of the groups 6x p/Oxp, 
PeX. Similarly, the kernel of the map H'(@x*) > H*(Ox*) is the direct 
sum of the groups Or p*/@x,,»* and we claim 


Lemma (1.6). There ezists an integer m, rings Oe A me pis 
— 0m me G xp and isomorphisms Opn / 05 72 01/04”, == l," ‘som, 


Proof. Denote by o’, o the rings @x,p, Ox. p and by në, m their maximal 
ideals respectively. Since o’/o is a finite dimensional vector space over k one 
can show easily that the conductor of o’ in o is m-primary (cf. [5], p. 67 f£.). 
Hence mC m for some integer m and so o-na =o. Set o 
=o-- nt, t—1,---,m. Then o; is a local ring and 01) —0', Dm= 0. 
Moreover, denoting by my the maximal ideal of oj, we have ny.?C mj. Clearly 
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Mu-1/0u © 0/01 Let m,* be the subgroup of o;* consisting of the elements 
of the form 1+2, c€m, Then also my.*/my* © 01/0". 


Define $: Mia nMua"/nu* by (r) —residue class of 1+. Since 
(1+2)Q+y)/A+e¢+y) =14 (2y/1 +24 y) 


and (ay/1+2+y)€ms7Crm, it follows that ¢ is a homomorphism. 
Clearly œ is surjective and its kernel is m. Thus my41/m~my17/m,* as 
desired. 


THEOREM (1.7). For a positwe cycle Z == rX, the folowing are 
equivalent : 


(a) H(z) =0. 
(b) (1.2) is an isomorphism, i.e., H1(62*) = Z. 
(c) For every positive cycle Y SZ, p(Y) = 0. 


Proof. Since the equivalence of the first two statements is true for the 
curves X, it follows immediately for any cycle Z from the above discussion. 
We shall prove (a) <=> (c). 


Let 0< YZ be given. Then the natural map Y —>Z induces a map 
I" (6s) — H*(@y) which is surjective since X is 1-dimensional. Hence 
dim H*(@y) dim H+ (Øz). Now certainly dim H°(@y) 1, and so it 
follows from (1.1) that p(Y) S dim H*(@y). Combining the two inequal- 
ities we get (a) ==> (c). 

Assume (c) holds. In particular, p(X,) ==0 for every component X; 
of Z, i.e., X, is a nonsingular rational curve. We use induction on Èr, 
remarking that the theorem is true for $,r; = 1. Suppose therefore that the 
theorem is true for Sr;—1>0. Fix a component XY, of Z and set 
Zo==Z— Xo Then (c) holds for Z, and so H1(@z,) ==0 by the induction 
assumption. Hence if K is the kernel of the map @,-—> @z,—>0 we have 
I*(K)—> H'(6z)—-0. Now K is isomorphic to the invertible sheaf 
Trxz,(— Zo) (the cokernel of the map E (— Z) > €(—-Z,)) as is seen from 
the diagram 

0 — £(—Z2)> Ör > 62-0 


(1. 8) 


0 £(— Zo) > r> 62, 0. 
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Since X, is a nonsingular rational curve it will follow that H*(K) ==0 and. 
therefore H*(@z) = 0 if deg(Trz,(—Z.)) = (— Zo: X.) =—1. This last 
inequality is equivalent with (Z-X,) S1-+ (X). Now, we may choose the 
component Xo arbitrarily. Therefore we are done unless for each + (Z: Xi) 
>1-+ (X77). Suppose however that (Z- X4) =2-+ (X;*) for each +. Since 
p(X) = 0 we have (K Xi) —=-— 2— (X) by (1.1). Hence (2?) + (Z: K) 
= ((Z-+-K) +S r4X,) 20 and so p(Z) 21. This contradicts (c) and com- 
pletes the proof. 


Section 2. 


Assume X == U X, is connected and denote by ||(X::X;)] the inter- 
section matrix. We recall the condition of Mumford [3]: 


(2.1) If X is contractable then || (X;-X,)|| is negative definite. 


Lemma (2.2). Suppose X is contractable and let m: V —> Ý be its con- 
traction. Then for any posttiwe cycle Z with support on X, y(V) —x(V) 
= p(Z). In particular, x(V) = x(V). 


Proof. It follows from the Leray spectral sequence of the map r that. 
x(V) —x(V) is in this case equal to dim H°R'1, 6, where Rir,@y is & sheaf 
concentrated at the image P of XY on V. The lemma follows easily from the 
theorem on holomorphic functions in Grothendieck’s form [2]. For variety 
we argue as follows: x(7)—x(V) is determined locally in a neighborhood 
of X on V and so we may assume V nonsingular. Then the surface V has 
only one singular point and hence is projective (cf. [6], Cor. II.2.6). Let 
H be a hypersurface section of V of sufficiently high degree so that H+(¢(#)) 
— H?(¢(H)) —0 and let H be the transform of H on V. We have an 
exact sequence 0-> (H —Z) > £(H)— 6;—0 and we may also assume 
H?(£¢(H—Z)) = 0. Then we find dim H1(¢(H)) = dim Ht (Öz). There- 
fore dim H*(¥(H)) = p(Z) by (1.1). Now @ is a locally principal divisor 
on V, and so we may write the Riemann-Roch theorem [7] on V in the form 
dim H°(£(H)) —=x(V) HEE) —(B-R)) (because H*(s£()) —0 
4+>0). We also have, on F, 


dim H°(¢(.H))— dim H*(£¢(H)) =x(V) +4( (4?) — (H - K)). 
Clearly 
dim H°(¢()) = dim H°((H)) and (F°) —(H-R) = (H°?) — (E-E). 
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Therefore | 
x(V) = x(V) + dim H*(£(H)) 2x(V) + p(4). 
The last assertion is obtained by setting Z = XY. 
THEOREM (2.3). . With the above notations the following are equivalent: 


(a) X is contractable and tf r: VY is the contraction of X then 
x(V) =x(V). | 


(b) i. The intersection matric ||(X,-X;) || ts negative definite. 
ii. For every cycle Z>0 with support on X, p(Z) S03 


Moreover, tf V ts a normal projective surface and (a) holds, then V +s also 
projective. 


Proof. (a) ==> (b) is contained in (2.1) and (2.2). Assume (b) . 
holds. Since both assertions of (a) are local along X on V, we may assume 
V normal and projective, and to complete the proof we have to construct V 
projectively with x(V) = (V). . 


Let G denote the free abelian group of divisorial cycles with support on 
X. For any cycle D on V define fp€ Hom(G,Z) by fo(Y) —(Y¥-D) for 
Y¢€G. This yields in particular a homomorphism 1: G—> Hom(G,Z). Since 
| (X42) |] is negative definite, + is an injection and since G and Hom (G, Z) 
have the same rank the cokernel of 1+ is a finite group. Therefore for any 
cycle D on V we have, for suitable n and Z E€ G, nfp = fan = — fz. 


Now let H be a hypersurface section of V of sufficiently high degree so 
that H?(¢(H)) = H?(£¢(H)) —0. Replacing H by a multiple if necessary, 
we may assume fg = —-fz for some (unique) Ze G. Since H is a hyper- 
surface section, (H-X;,) > 0 for all i, and hence since || (X; X,;)]| is negative 
definite it follows that Z > 0, and support of Z is X. For, write Z = A — B 
where A,B = 0 are without common components. Since (Z-X;) < 0 for all 4, 
(A.B) — (B?) == (Z-B) 0. But (A-B) £0 since A, B have no common 
components, and (B?) <0 since |(X,-X,)]] is negative definite. Hence 
(2:B)=0,1¢, (Z-B)=0, B=0. Therefore ae 0. Clearly then every 
Ay must be a component of support of Z. 


We have fy.z 0 and so it is clear that the degree of Trz(H + Z) ==0. 


We remark that p(Z) <0 follows from (b)i for ‘sufficiently large’ cycles Z. 
On the other hand, ¢ is nearly a consequence of ii- The only case where și holds but é 
does not is the case that X is set theoretically a ‘ruling’ on a meee surface (not 
necessarily a relatively minimal model). 
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Therefore since (b) ii holds we can apply Theorem (1.7) to conclude that 
Trz(H +2) = z. Thus we have an exact sequence 


(2.4) 0> £(H) > £(H +Z) -> 62-0. 


Now H'(¥(H)) 0 and hence the map H°(¢(H + Z)) —- H° (Oz) deduced 
from (2.4) is surjective. ‘Therefore there is a global section of (H+ 2) 
whose trace on Z is the constant 1, and so there is a divisor D in the linear 
system | H -+Z | which does not meet any point of X == support of Z. Since 
H is a hypersurface section, any base point or fixed component of |H+2Z| 
must lie on X. Therefore | H +- Z | bas no base points or fixed components 
and defines a map vr’ of V onto some projective surface V”. It is easily seen 
that 7’ is an isomorphism outside of X because |H-+-Z|>|H| and H is 
ample. On the other hand, ((H-+Z)-X,) ==0 for all + Since Æ is con- 
nected it follows that r’(X) is a single point of V’ and so if V is a normaliza- 
tion of V’ then m: V—V is the contraction of X. Since the normalization 
of a projective variety is again projective, V is also projective. 

By Theorem (1.7), H*(@z) <0. Since also H1(¢(H)) —0 it follows 
from (2.4) that H1(¢(H+2Z))=0. Denote by (D) the invertible sheaf 
on V corresponding to (H +Z). D is a locally principal divisor on V and 
(D*) — (D-E) = ((H+24)*) —((1+4)-K). Since H*(£(H)) —0, 
H?(¢(H+2Z)) —0 and also H?7(¢(D)) <0. On the other hand H*(¥(D)) 
=0 and dimH°(¢(7+2Z)) == dimH°(¢(D)). Hence we get from the 
Riemann-Roch formula on V and V, x(V) Sx(V) and so x(V) —x(V) by 
(2.2). This completes the proof. 


COROLLARY (2.5). In a gwen birational class of normal surfaces, a 
surface V with x(V) minimal for the class is projectiwe. 


A nonsingular surface is projective, so we may use induction on the 
number of singular points of V. Choose for V a surface obtained by resolving 
the singularity at a particular point of V. V may be assumed projective and 
we have x(V) = x(V) since x(V) is minimal, hence x(V) = y(V) by (2.2). 
Let X be the exceptional locus of the map x: V —> V and apply Theorem (2.3). 


COROLLARY (2.6). Suppose V normal. If X satisfies condition (b) of 
Theorem (2.3) and if D ts any divtsorial cycle on V with (DX) =0 for 
all i then D is linearly equivalent to a cycle D, with D, N X =Ø. 

For, we may assume V nonsingular and projective. Then a hypersurface 
section H may be chosen so that Ht(Y(H)) = Ht(¢(H+-Z)) =0,1>0, 
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and so that, in the notations of the proof of (2.3), fu==—-fz, ZE G. Then 
also fuin = — fz. Therefore we may conclude as above that there is a divisor 
Ain |E +Z] and a divisor Bin|H+D-+2Z| such that ANXY=BNX 
= Ø., Take D,—=B—A. 

The following is a particularly simple case of (2.3) which seems how- 
ever to be the most useful one. Let V be a normal surface, suppose X is 
contractable, and let +: V—>V be its contraction. If the canonical divisors 
on V are locally principal at the image P of X on V and if K is such a 
divisor then 7“*(K) is defined. In general 7 *(#) need not be a canonical 
divisor on V but we have 


THEOREM (2.7). With the above notations, the following are equivalent: 


(a) X ts contractable, K is locally principal at P and w(K) isa 
canonical divisor on V. 


(b) (X X;)| ts negative definite, and every component X, of X 4s 
a nonsingular rational curve with (XF) ==—}. 


Moreover, if (a) or (b) holds, then y(V) = (V). 


The possible configurations of curves satisfying (b) are easily enumerated. 
They are depicted in Figure (2.8), where a line represents a curve and the 
intersections are transversal. 


i) LL) 


iii) iv) v) 
Figure (2.8). 


Proof of (2.7). Suppose (a) holds. We may assume Æ does not pass 
through P. Then w4(k) does not meet X. Hence (X,-K)=—0 for K 
canonical on V and for all +. Since (X+) S—1 we have p(X) =4 by 
(1.2). Hence p(X;) =0 and (X77) =—-2. Since || (Y,-2,)]| is negative 
definite by (2.1) this shows (a) ==> (b). 
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Suppose (b) holds and let Z = > rX; be any positive cycle with support 
on XY. Then (2°) <0. Since (X,?) ——-2 and p(X) = 0 we have (X; K) 
=() and so (4:-K)==0. Hence p(Z) <1, i.e, p(Z) 0. Therefore con- 
dition (b) of (2.3) is satisfied and it follows that X is contractable and that 
x(V)—x(V). Since (X,-K) —0 for all i it follows that there is a differ- 
ential w on V whose divisor does not meet X, by Corollary (2.6). Clearly 
then the divisor (w)p of w on V does not pass through P and r*((w)7) = (w)y. 
This completes the proof. 

It seems unlikely that there is a stronger numerical criterion for con- 
tractability than that in (2.3) if the characteristic of k is zero, but if the 
characteristic is p £0 one can do slightly better. Given Z, denote by Dg the 
kernel of (1.2). For brevity we call a curve X simply connected if Dy 
contains a chain of subgroups Dy==D,2 D, >: + -DD,—0 with D/D: 
X k for te=], -,n. 


THEOREM (2.9). Let X bea connected curve on V. 


(A) Suppose the characteristic of k ts not zero and that | (X;-X;) | is 
negative definite. Then X is contractable if X is simply connected. In 
particular, X ts contractable if p(X) =0. 


(B) Suppose k is the algebraic closure of a prime field of charactertstic 
p0. Then X 18 contractible if and only if || (X4-X;) || îs negative definite. 


Moreover, under the hypotheses of (A) or (B), tf m: V — V ts the contraction 
of X and V is a normal projectwe variety, so is V. 


For the proof we will need the following 


Lemma (2.10). Suppose ||(Xi-X;)|| ts negative definite. There is a 
postitve cycle Y with support X such that for every Z Z Y, Z having also 
support X, the canonical may H1(6@z*) > H*( Gy") is an isomorphism. 


Proof. Choose N sufficiently large so that H*(¢) <0 if deg(£) >N 
for any invertible sheaf £ on X, alls, (cf. [4], Theorem 9). Since |] (X;-X;) | 
is negative definite we can find a FY >0 with support X so that (Y X) 
<—N + (X) for all 4, and we claim this Y satisfies the conditions of the 
lemma. | 

Let Z be given with support X and Z> Y. Writing 2Z— Y =) aX, 
(a, =20) we have 


((4—Y¥)?) = ((2—Y¥)- dads) <0, 
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hence ((Z2—Y¥)-X,) <0 for some i with a >0, say for 1+—0. Then 
(Z-X,) <—N + (X,?). Set Z.—Z—X,. By induction on $, a; we may 
assume H1(@z*) ~ H*(@y*), and we have to show that the map H*(@:z*) 
— H*(@z,*) is an isomorphism. But the kernels J, K of Oz > 62, 
Oz” —> 6,,* respectively are isomorphic as in (1.4) and hence K =~ Trx,(— Zo) 
by (1.8). Therefore the degree of K as a sheaf on Xo is (—Zo:' Xo) 
=— (Z— X.: X.) > N, and so H*(K) =0 by the assumption on N and 
the lemma follows from the exact cohomology sequence H*(K) > H*(@z*) 
— H?(6@z,*) > 0. 


Proof of (2.9). To begin with, we note that condition (c) of (1.7) is 
verified for Z == X if p(X) ==0 since X is reduced and p(X,) —0 for all + 
(necessarily p(X) = 0 since X is also connected). This follows immediately 
from the formula p(Z,-+Z2) —=p(Z,) + p(Z,) + (21:23) —1. Therefore 
(1.7) (b) implies that X is simply connected in this case and so the last 
assertion of (2.9)(A) follows from the first. 

Let Y be a divisor as in Lemma (2.10). The reason the theorem is true 
is that Dy (the kernel of (1.2)) is a torsion group under the assumptions 
of (A) or (B). In fact if X is simply connected then every element of Dy 
has p-power order, p==«chark, since by the definition of simply connected 
and by Lemma (1.4) Dy has a ‘composition series’ whose quotients are 
isomorphic to k-vector spaces. If k is the algebraic closure of the prime field 
of characteristic p40 then it is well known that each element of Dx, has 
finite order. On the other hand, the kernel of the obvious map Dy—> ® Dr, 
has by the discussion of $81 a ‘composition series’ whose quotients are iso- 
morphic to k-vector spaces or to k*. Hence this kernel is a torsion group, 
and so is Dy. 

We try to copy the proof of (2.3): We may assume V normal and pro- 
jective, and we choose a hypersurface section H so that H'(¥(nH)) ==0 for 
4,2 > 0, and so that fa =— fz for some ZE G (notation as in the proof of 
(2.8)). The proof will go through if we can show that Trz(H+ 2) = 62 
so as to obtain the exact sequence (2.4), and by Lemma (2.10) it suffices 
to show that Try(H + Z) = @y. Since (H + Z-X,) —0 for all ¢ it follows 
that the cohomology class in H*(@y*) representing Try(H + Z) is at any 
rate in Dy, and Dy being a torsion group it follows that Try(n(H + Z)) = 6y 
for some n. We may replace H by nH and Z by nZ. Then Try(H +2) = Ox 
and so Trz(H-+Z) = Oy by (2.10) as required. 


COROLLARY (2.11). Every normal surface defined over the algebraic 
closure of the prime field of characteristic p340 is projective. 
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The proof is the same as that of Corollary (2.5). Since a finite field is 
perfect, one can resolve the singularities of an algebraic surface over a finite 
field [1] and therefore obtain a nonsingular projective model dominating a 
given one. As the contraction of curves can be done starting with an arbitrary 
plane section H of high degree, it is not difficult to see that the projective 
embedding of a given normal surface may be obtained over any finite field of 
definition. 


REFERENCES. 





[1] 8. Abhyankar, “ On the field of definition of a nonsingular birational transform of 
an algebraic surface,” Annals of Hathematios, vol. 65, No. 2 (1957). 
[2] A. Grothendieck, Plémenis de Géométrie Algébrique, Paris, 1960-. 
[3] D. Mumford, “The topology of normal singularities of an algebraic surface and a 
criterion for simplicity,” Publications Mathematiques de VInstitut des 
Hautes Études Socientifiques, No. 9 (1961). 
[4] M. Rosenlicht, ac Equivalence relations on algebraic curves,” Annals of Mathematios, 
vol. 58, No. 1 (1952). 
[5] J.-P. Serre, Groupes algébriques et corpa de classes, Paris, 1959. 
[6] O. Zariski, Introduction to the problem of minimal models in the theory of algebrato 
surfaces, Tokyo, 1958. — 
, “Complete linear systems on normal varieties and a generalization of a 
lemma of Enriques-Severi, Annals of Mathematics, vol. 55, No. 3 (1952). 


[7] 





COMPLETE INTERSECTIONS AND CONNECTEDNESS.* 


By Rosin HartsHorng.t 


0. Introduction. We will place ourselves in the context of Grothen- 
dieck’s preschemes [2], since the results we obtain are valid over arbitrary 
(noetherian) ground rings. A closed subset V of a non-singular ambient 
prescheme X is a complete intersection if it is the intersection of s = codimen- 
sion of V in X hypersurfaces, where by a hypersurface we mean a closed 
subset of pure codimension 1 in X. Note that we do not care about the 
multiplicity of the intersection. In this paper we give a necessary topological 
condition for V to be a complete intersection in some ambient prescheme Z. 
It is that V should be locally connected in codimension one, which means 
essentially that removing things of codimension bigger than one does not 
disconnect V. 

In §1 we make precise the concept of a topological space being connected 
in codimension k. In §2 comes the heart of the proof, a property of local 
rings (Proposition 2.1) which is of some interests in itself. In §3 we give 
the main theorem (‘Theorem 3.4) and various applications. 

My thanks are due to R. C. Gunning, who asked whether the variety 
in Hxample 3.4.1 below was a complete intersection, and thus aroused my 
interest in the subject; also to A. Grothendieck for many helpful suggestions 
and conversations during the preparation of this paper. 


1. Connectedness properties. Throughout this section, X will denote 
a notherian topological space (see [2], Ch. 0, $2). We recall that if Y is 
an irreducible closed subspace of X, the codimension of Y wn X, codim(Y,X), 
is the supremum of those integers r such that there exists a sequence of closed 
irreducible subspaces Z; of X, 


VREDE 7X, 
If Y is a closed subset of X, but no longer irreducible, we put 
codim (Y, X) = inf{codim(Y’, X)} 
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where the infimum is taken over the closed irreducible subspaces Y’ of Y. 
Note that by this definition, the codimension of the empty set is +, being 
an infimum taken over an empty set. 


PROPOSITION 1.1. Let-X be a noetherian topological space, and k= 0 
an integer. Then the following are equivalent: 


(i) Whenever Y is a closed subset of X, and codim(Y,X)>k, then 
X — Y ts connected. 


(ii) If X’ and X” are irreducible components of X, then there ts a 
finite sequence X’ == X, Xa © c, Xrm X” of irreducible components of X, 
such that for each +—=1,2,° - + ,r— 1, Xi N Xin ts of codimension =k in X. 


Proof. (i)>(ii). If (ii) is not satisfied, taking Y to be the union of 
all those subsets of X which are of the form X, N X., where X, and X, are 
irreducible components of X and codim(X,M Xa X) > k, we see that A—Y 
is not connected, which contradicts (i). 


(ii) > (i). If (ii) is satisfied, and Y is a closed subset of X of co- 
dimension > k, then Y includes no set of the form X, N X: as above, and 
since the components of X — F are the sets X; N F, where X, are the com- 
ponents of X, we see that X -—Y is connected. 


Definition. If X satisfies the equivalent properties of Proposition 1.1, we 
say that it is connected in codimension k. 


Remarks. 1.1.1. If X is connected in codimension k, then it is also 
connected in codimension k’ for any K = k. 


1.1.2. Being connected in codimension k, for any k, implies being 
connected. 


1.1.3. Finally, if k= dim% (recall that the dimension of X is the 
largest codimension of a non-empty closed subset), then X is connected in 
codimension k if and only if it is connected. 


Example 1.1.4. A prescheme consisting of two planes which meet in a 
point is connected in codimension 2 but not connected in codimension 1. 


We recall that if Y is a closed irreducible subset of the topological space 
X, a generic point for Y is a point y€ Y such that F is the closure of the set 
consisting of the single point y. We will say that X has the generic point 
property if every closed irreducible subset of X has a unique generic point. 
From now on we suppose that all spaces considered have the generic point 
property. (For example, any prescheme has this property.) 
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Definition. A local topological space is a topological space which has a 
single closed point. If X is any topological space and y€ X, we. define the 
local space of X at y, Xp, to be the set of generalizations of y, that is, the 
set of points y whose closure contains y. 


Lemma 1.2. Let X be a connected topological space, and Y a closed 
subspace, such that for each y € Y, X,—y ts non-empty and connected. Then 
X — Y ts connected. 


Proof. We proceed by contradiction. Suppose X — Y is the union of 

two disjoint non-empty relatively closed subsets X1, X2. Since for each y € F, 
Ay—y is non-empty, Y contains no generic points of irreducible components 
of X, i.e. X — Y is dense in X. Therefore, taking closures in X, we have 
X = X,U ŽŽ, and £, A č, is non-empty, since X is connected. Let y be a 
generic point of a component of 4, O £., and look at the local space Xy. 
I claim that Y,—-y is disconnected, which will be a contradiction, since y, 
being in 4,1 č, is necessarily in Y. Indeed, X,— y is the union of the 
relatively closed subsets 

Zi == 2X, N (Xy—y), 
and 

Za =£, N (Xy—y). 


Now Z, and Z, are disjoint, since y was chosen to be a generic point of a 
component of £, N.. To see that they are non-empty, observe that since 
y € X;, there is a generic point z, of a component of X, which is a generization 
of y. But certainly z, ¢ Z, since Y, and X, are closed and disjoint in ¥ — Y. 
Hence x, € Z;, and Z, is non-empty. Similarly one sees that Z, is non-empty. 


PROPOSITION 1.3. Let X be a noethertan topological space, and let k = 0 
be an integer. Then the following conditions are equivalent: 


(i) For any y€ X, X, ts connected in codimension k. 


(ii) Whenever y€ X ts such that dim X, > k, then X,—y is connected. 


Proof. (i) = (ii) follows from the definitions. 


(i) > (i). Let y€ X, and let Y be a closed subset of X,, with codim 
(Y,X,)> kh Then for any z€ Y, dimX,>h. (Note that localization is 
transitive: for any z€ Xy, (Xy)e—=X,.) Therefore, by our hypothesis (ii), 
X,—z.is connected, and certainly X, — z is non-empty, since dim X, > k = 0. 
But X,, being a local space, is connected, so we are in a position to apply the 
above lemma to the pair X,, Y. We see that Y,—Y is connected. Therefore 
Xy is connected in codimension k. 
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Definition. If X satisfies the equivalent properties of Proposition 1.3, 
we say that X is locally connected in codimension k (Cy for short). 


Remarks. 1.3.1. Cy, implies Cy whenever K = k. 


1.8.2. OC, is a purely local property, hence we cannot expect to draw . 
global conclusions from it. However, one sees easily that if X is connected 
and satisfies C,, then it is connected in codimension k. The converse is not 
true (see the example below). 


1.3.3. If k= dim ¥, Cx is the empty condition, since any local topo- 
logical space is connected. 


Example 1.3.4. From 1.3.2 above it follows that for a local topological 
space, Cy implies connected in codimension k. But they are not equivalent, 
since the property of being connected in codimension k is not stable under 
localization. For example, let X, be a variety in projective space P* consisting 
of three planes A, B, C, such that A and B meet in a line; B and C meet in 
a line; but A and C meet only in a point zo Let C(X,) be the cone over Xo 
in affine space A", and let X be the local space of C (Xo) at the origin. Then 
clearly X is connected in codim 1, since X, is, but X does not satisfy C;,. 
For if y is a generic point of the line C (z) lying over Tẹ then X, looks like 
two planes meeting in a point, so is not connected in codimension 1. 


2. Depth and Connectedness. We recall that if A is a noetherian local 
ring, a sequence of elements z,,- - -,2, of the maximal ideal m is called an 
A-sequence if x, is not a zero-divisor in A, and for each t=—2,---,r, the 
residue class of 2 modulo the ideal (z1: - -,2,,)A is not a zero-divisor in 
the ring A/(21,- + +,241)A. One can show (see [1], [5], or [Y] vol. II, 
Appendix 6) that this property is independent of the order of the a. One 
can also show that the number of elements in any A sequence is at most the 
dimension of A, and that all maximal A-sequences have the same number of 
elements. This enables us to make the folowing definition. 


Definitron. The depth (or homological codimension) of the local ring A 
is the number of elements in a maximal A-sequence. If the depth of A is 
equal to its dimension, we say that A is a Cohen-Macaulay ring. 


Definition. If A is a noetherian ring and &k>0 is an integer, we say 
that A has the property Ss of Serre if for every prime ideal p of A, the 
following is true: 
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1) if dimAy sk, then Ay is a Cohen-Macaulay ring; 
2) if dim 4p > k, then depth A, = k. 
Remarks. 2.0.1. The property Sw implies Są whenever kh’ = k. 


2.0.2. The property S; is stable under localization by any multiplicative 
system of A. 


2.0.3. For kazdimA, (where dimA-=supdimA,, the supremum 
being taken over all prime ideals p of A) all the properties S+ are equivalent. 


2.0.4. If A is a noetherian local ring of dimn, then Sẹ is equivalent 
to A being Cohen-Macaulay. Indeed, one implication is clear. The other 
follows from the fact ([7], vol. IT, p. 399, Corollary 4), that if A is Cohen- 
Macaulay, so is Ay for any prime ideal p of A. 


The following proposition, although elementary, is the keystone to the 
proof of our main results in this paper. 


PROPOSITION 2.1. Let A be a noetherian local ring, let X = Spec 4, 
and let y = {m} be the closed point of X. If X—y ts disconnected, then 
the depth of A ts at most 1. 


Proof. 1). By our hypothesis, we can write X as the union of two 
closed subsets Zı, Z_ whose intersection is y, and neither of which is equal 
to y. Let 


(0) =N N qa 

be an irredundant primary decomposition of the zero ideal of A, where q is 
primary for the prime ideal p, We may assume that none of the p; is the 
maximal ideal m, for if m is an associated prime of (0), then depth A —0 
and we are done. With this assumption, the p; naturally fall into two subsets: 
those in Z, and those in Z, Neither subset is empty, for among the p; are 
all the minimal primes of A, i.e. the generic points of X. We now let 

aq: g "N Ops where Pu’ : ‘Spe Lis 

$= Oe N j N ds where Prais’ 7 ‘Spee Ze: 
Then a+b is primary for m. Indeed, any prime ideal containing a+b is 


in Z, and in Z,, hence is m, so m is the only associated prime of a+b, which 
means that a-+b is primary for m. 


2). We now find elements x, y€ A such that 


(i) w€a, yE b, 
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(ii) DE Pr U U Pas $ y¢p.U---U pr 
(ïi) 2 b= (0), y a= (0). 


For each j==r-+1,:--,8, aŒ py, since any prime ideal containing a is in 
Z, and p; is not in Z,. Therefore, by a well-known lemma on prime ideals, 
(see [7], vol. I, p. 215, Remark) 


a pra U- U ps. 


This shows that there exists an element x with the properties (i) and (ii) 
above. If b€ b, then 2b€ a:b 0 and z has the property (ii). We choose 
y similarly. 


3. We will now show that +-+y is a maximal A-sequence conasg of 
one element, and thus that depth 4 = 1. 


a). From (i) and (ii) above it follows that each p, contains one and 
only one of the elements x, y, so that x+y ‘is in none of the p Therefore 
2 +-y is not a zero-divisor in A, and forms an A-sequence. 


b). The element æ is not in the principal ideal (a-+-y). For suppose 
it were, say z =a(s-+y). Then for each t—1,---,1r, TE qi, ey é pi 
hence a€ qe Then a€qiN:- N q-—a, 80 ay—0 by (iii) above. But then 
z =ar, i.e. e(1—a) —0, which is impossible since 240 and 1—a is a 
unit. | 

c). Next we observe that q: (a+b) C (a+y). Indeed, if a€a and 
b€6, then, noting that by (iii) we have ya == gb==0, it follows that 
s(a +b) = sa — (3 +y)a E (e+). 

d). Finally, we show that any element z€m is a zero-divisor in 
A/(z+y), i.e. that x+y is a maximal A-sequence. Since a-+5 is primary 
for m, some power 2” of z is in a+b. Then by c) above, cz*€ (z 4- y): 
Let n be the least integer such that ze” € (c-+y). Then since sé (x+y), 
n = 1, and we can write z: szt € (x-4 y), where se” g (c+ y), which shows 
that z is a zero-divisor in A/(r-+-y). q-e. d. 


THEOREM 2.2. Let X be a connected, locally noetherian prescheme, 
and let Y be a closed subset of X such that for each y € F, the local ring Oy,x 
of y in X has depth at least 2. Then X—Y is connected. 


Proof. By Lemma 1.2, we need only show that for each y€ Y, Xy —y 
is non-empty and connected. From the definition of X,, it follows that 
Xy = Spec yx. Now since depth 6, x= 2, we have Xy—y connected by 
Proposition 2.1. Certainly it is non-empty, since dim X, = 2. 
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COROLLARY 2.3. Let X be a locally noethertan prescheme, and let k = 0 
be an integer. Suppose that for any y€ X such that dim Oy,x > k, we have 
depth Oy x= 2. Then X +s locally connected in codimension k. 


Proof. Referring to criterion (ii) of Proposition 1.3, let y € X be such 
that dim X,>k. Then dim pr >k, so by hypothesis we have depth 
@,x=2. Applying the theorem to the pair XY,, y, we see that X,—y is 
connected. Therefore X is locally connected in codimension k. 


COROLLARY 2.4. If X is a locally noetherian prescheme, all of whose 
local rings have the property S, of Serre, then X ts locally connected m 
codimension 1. 


Proof. The property S. of Serre implies that whenever y € Æ is such that 
dim yx > 1, then depth @,x+=2. Hence we may apply the previous 
corollary with & == 1. 


Remark 2.4.1. (Grothendieck) If A is a noetherian local ring having 
the property Sz, and if A satisfies the first chain condition of Nagata (namely 
that whenever p C p’ are prime ideals of A, then all maximal chains of prime 
ideals p = po < pi <: `- < pr=p have the same length), then A is equi- 
dimensional, that is to say, all the irreducible components of X == Spec A have 
the same dimension. For by Corollary 2.4, X is connected in codimension 1; 
hence if X’, X” are irreducible components of X, there is a chain of irreducible 
components X’ == X, © °, Ær =X” such that for each t=1,: - -t — Í, 
Xi Xi, has codimension at most 1. In fact, it must have codimension 
precisely 1 with respect to X; and Xm, since it is equal to neither of them. 
Hence by the cham condition, dimX;—=1+ dim X; N X = dim Xni. 
Iterating this argument r times we find dim X’ = dim X”. 


3. Application to complete intersections. Let X be a non-singular 
prescheme of dimension n (as for example projective or affine n-space over 
a field, or the spectrum of a regular local ring of dimension n), By a hyper- 
surface in X we mean a closed subset H of Y which is of pure codimension 1, 
i.e. such that the codimension of H at each point of H is 1. 


Definition. A closed subset V of X, of codimension s, is a complete 
intersection in X if it can be written as the intersection of s hypersurfaces. 
It is locally a complete intersection if every point of V has a neighborhood 
in X in which V is a complete intersection. 


Definition. A local ring A of dimension * is said to be a complete inter- 
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section if one can express it as the quotient of a regular local ring B by an 
ideal b, which can be generated by dim B —r elements. . 

It follows immediately from the Cohen-Macaulay theorem ([7], vol. IL, 
p. 897, Theorem 2), that if A = B/b is a complete intersection, as in the 
definition, then b can be generated by a B-sequence, and A is a Cohen-Macaulay 
ring. 

Proposition 3.1. Let V be a complete intersection in a non-singular 
prescheme X. Suppose given a particular representation 


Ves HLM: a HAH 


of V as an intersection of s == codim (V, X) EEE and suppose gwen 
also positiive integers na, + -,%,. For each t= 1,: - -,8, let dy be the sheaf 
of ideals of H, in Gx, that is, the sheaf of germs of sections of Ox vanishing 
on Hy. Let $ be the sheaf of ideals 


g= Ame + aM, 


and let @y be Ox/ 9. Then (V, Gy) isa subprescheme of X, all of whose local 
rings are complete intersections. (We say that the prescheme structure @Gy 
is induced on V by the H; taken with multiplicity mn.) 


Proof. Clearly (V, @y) is a subprescheme of YX, since V is the variety 
of $. We need only check that the local rings are complete intersections. 
So let z be a point of V. Then the local ring Osy of z on V is equal to the 
quotient O5,x/ $a, where Oax is a regular local ring. Hence to show that 
6. is a complete intersection it will be sufficient to show that the ideal }, 
can be generated by t= dim Ọs, x— dim Ösp elements. Note that since 
OÖ. x is regular, ¢ is also equal to codima( V, X). 

Since H, is of pure codimension 1 in X, and since 6.x is a unique 
factorization domain, the ideal (&:)s of H; at x is principal. Hence the 
ideal ĝe can be generated by s elements, and ‘it will be sufficient to show 
that s<=%. But since the global codimension of V in X is s, the codimension 
tof V in X at a specific point x must be at least s. q.e. d. 


Remark 3.1.1. One should note that the structure @y defined on V 
above is in general not the reduced induced prescheme structure on V. (See 
Example 3.4.5 below.) 


Definition. We say that a closed subprescheme (V, Oy) of a non-singular 
prescheme Æ is a complete intersection if 
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1) its underlying topological space V is a complete intersection in X, 
and 

2) for some representation of V as a complete intersection of hyper- 
surfaces, V-=H,f\:--(\H,, and for some choice of multiplicities m, Ov 
is the prescheme structure induced on V by this representation (in the sense 
of the above proposition). | 


PROPOSITION 3.2. If the local ring A ts a complete intersection, so ts 
tts completion A*. 


Proof. Let A be written as a quotient B/b, where B is a regular local 
ring, and b can be generated by (dim B) — (dim A) elements. Taking com- 
pletions, we have A*—B*/b*, since completion is an exact functor ([7], 
vol. II, Ch. VIII, §2). Now completion preserves the dimension and regu- 
larity of a local ring (ibid., Ch. VIII, §11), so dimA—dimA*; dim B 
== dim B*, and B* is regular. Moreover, b* —5-B*, so b* can be generated 
by (dim B) — (dim A) = (dim B*) — (dim A*) elements. Therefore A* is 
a complete intersection. 


Lemma 3.3. Let V be a closed subset of a noethervan prescheme X, 
and let x€ V. Let Oy be a prescheme structure on V making it into a sub- 
prescheme of X. Let V,* be the underlying topological space of Spec(6.,7)*, 
where Gay is the local ring of z on V, and an asterisk denotes completion. 
Then V” does not depend on the particular prescheme structure @y chosen. 


Proof. Let @y and Py be two such structures. We may suppose that 
one of them, say Py, is the reduced induced structure on V. Then 
Pav = OGo7/N, where N is the ideal of nilpotent elements. Taking comple- 
tions, we have 


(Pav)* = (6s,7)*/N*, 


where N* =N - (@.,7)* is an ideal consisting entirely of nilpotent elements. 
But dividing by nilpotent elements does not affect the set of prime ideals of 
a ring, so that underlying topological spaces of Spec(P,y)* and Spec( 6.,7)* 
are the same. 


Definition. If V is a closed subset of a noetherian preschome X, and 
xE V, we call the topological space V,* defined above the formal local space 
of V at z. A local topological property of V will be said to hold formally - 
if it holds for each formal local space of V. | 


THEOREM 3.4. Let V be a closed subset of a non-singular prescheme X, 
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which is locally a complete intersection. Then V ts locally connected in co- 
dimension one, also formally. 


Proof. Since the question is local on V, we may suppose that it is 
globally a complete intersection in X. Then by Proposition 3.1 there is a 
prescheme structure Øy on V, all of whose local rings are complete inter- 
sections. But a local ring which is a complete intersection is also Cohen- 
Macaulay, and in particular, has the property S, of Serre (by Remarks 2.0.3, 
2.0.4). Therefore, by Corollary 2.4, V is locally connected in codimension 
one. 

As for the formal local spaces, V,* is the underlying topological space 
of Spec(@,,v)*, and (Os, y)” is a complete intersection by Proposition 3.2. 
Therefore the same argument shows that V,* is locally connected in co- 
dimension 1. q.e.d. 


Remarks and Examples. 3.4.1. The simplest example to which our 
theorem applies is the subset of affine 4-space consisting of two planes which 
meet in a single point. For instance in X = C+, let V be the variety which 
is the union of the place where z7, = Z2, = 0 with the place where Zg == g4 == 0. 
Then V, with the Zariski topology, is not connected in codimension 1 at the 
origin, hence is not a complete intersection. Note that by applying the theorem 
to the local ring of convergent power series at the origin, we see that V is 
not a complete intersection in the sense of several complex variables either. 


3.4.2. Similarly, one can find an irreducible surface in XY —C* which 
is not a complete intersection. For example, let V be the surface given para- 
metrically by 

By wom $ Zo =m tu 


Z, == u (u — 1) Z, = u’ (u — 1). 


Then one check easily that V is the one-to-one image of the (t,u)-plane, all 
except for the two points (0,0) and (0,1), both of which are mapped into 
the origin of X. Now V, being irreducible, is locally connected in codimen- 
sion one. But formally at the origin, it looks like the first example above, 
so it is not formally connected in codimension one. Hence it is not a complete 
‘intersection. 


8.4.3, The previous example sheds some light on the problem of how 
many hypersurfaces one must intersect to define an irreducible variety of 
dimension r in projective n-space. Martin Kneser has shown [8] that three 
hypersurfaces will suffice for curves in 3-space. One doesn’t know if two will 


COMPLETE INTERSECTIONS AND CONNECTEDNESS. 507 


do for irreducible curves. Our example shows that two are not sufficient for 
irreducible surfaces in 4-space. 


In this connection, Grothendieck asks if there is a complete normal local 
ring A of dimension 2 such that the underlying topological space Y of Spec A 
is not a complete intersection in any non-singular prescheme X. In dimension 
at least 3 there are such rings. For example, let B == k[[2,y,z2]]| be the ring 
of formal power series over a field k of characteristic +42, and let T be the 
automorphism sending 2, y, z into —-z, —y, —2z respectively. Then if 
A == BT is the ring of invariants of B under the action of T, the underlying 
topological space Y of Spec A is not a complete intersection in any YX. 


3.4.4. One might expect the following stronger formulation of our 
theorem to hold, namely that if V is a complete intersection, then any two 
irreducible components of V passing through a given point P have an inter- 
section which is of codimension 1 with respect to each of them at P. This is 
not the case, however. For example, in X == C*, let V be the union of three 
planes Qı, Yo, Ys, where Q- is defined by z, ==2,=0; Qa by Z: = Z; = 0; and 
Qs by Zs == 2, = 0. Then V is a complete intersection, defined by the two 
hypersurfaces 2,2,-+ Z224 ==0 and Z% =0. On the other hand, the two 
components Q, and Qa of V meet only in a point, which is of codimension 2. 


3.4.5. A subprescheme of a non-singular prescheme X, whose underlying 
topological space is a complete intersection is not necessarily a complete inter- 
section, even locally. For example, let V be the curve in affine 8-space X 
given parametrically by 


g= $? y == ft z= 1°, 


We will show that V, with the reduced induced structure @r, is not a com- 
plete intersection in the local space of Y at the origin, although V is a set- 
theoretic complete intersection in X. Let @ be the local ring of the otigin 
in X, and let pC @ be the ideal of V. Then to say that the prescheme 
(V, Or) is a complete intersection in the local space X, of X at the origin, 
is to say that p can be generated by two elements of @. Now p consists of 
all rational functions f(a, y,2z)/g(2,y,2) where f and g are polynomials over 
the base field k; g(G,0,0) 40, and f(t, i4, t) =0 as a polynomial in ¢. 
Clearly any such f can have no constant term or linear terms in z, Y, Z, 80 
that p must be contained in m?. Reducing modulo më, we consider the k-vector 
space p/m? C m?/m*. Now p contains the polynomials y?—-2xz, 2°— yz, 
2°——2°y, whose residues mod m? are linearly independent over k. Hence the 
vector space p/m? has dimension at least 3. This shows that p cannot be 
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generated as an ideal by two elements, because if it could, their residues 
modm* would span p/m’ as a k-vector space. 

So we have seen that the prescheme (V, Oy) is not a complete inter- 
section at the origin. On the other hand, the subset V is a complete inter- 
section in XY, given by the two hypersurfaces aes xy = 0, and zt -+- y? — Royz 

== Ô, 


3.4.6. It is well known that a complete intersection of dimension at 
least 1 in projective space is connected. (This follows for example from the fact 
([4], no. 77, 78), that a complete intersection V of dimension r in projective 
space is “r fois de première espèce.” If r is at least one, we have H°(V, Oy) 
== which shows that V is connected.) Combining this with our theorem 
and the above Remark 1.3.2, we see that a complete intersection in projective 
space is (globally) connected in codimension one. 


By a remark of Serre, one can also arrive at this result by a purely 
geometric argument in projective space: Suppose V is a complete intersection 
of dimension r in projective n-space, and suppose V not connected in co- 
dimension one. Then we can find closed subvarieties V’ and V” of V such 
that V U V” ==V, and dim N V”“=:r—2. Let W be a generic inter- 
section of n—r--1 hyperplanes, and consider W N V. By the dimension 
theorem, we see that W N Y falls into two disjoint pieces, W N V” and W A V”, 
each of dimension one. But W N Y is itself a complete intersection, and is of 
dimension 1, so must be connected, which is a contradiction. 
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UNIQUE DIRECT INTEGRAL DECOMPOSITIONS 
ON CONVEX SETS.*? 


By L. H. Loomis. 


1. Introduction. In this paper we shall study a kind of commutative 
structure relative to an element of a general compact convex set K, and shall 
show that given any s€ K and any maximal z-commutative structure B there 
exists a unique measure » on K which is “compatible” with B and has z as 


its resultant or expected vector, a= È zdy(x). This unique B-measure p 
K 


turns out to be on the set # of extreme points of K to the extent that this is 
possible. This means that in the separable situation each such measure pu 
is supported by Æ, so that we obtain on the one hand another proof of the 
Choquet existence theorem [8], and that p is always on Æ in the sense of 
the generalized existence theorem of Bishop and de Leeuw [1]. On the other 
hand, the uniqueness of u relative to B can be considered to be a purely 
convex-theoretic generalization of the Mautner-Godement-Segal direct integral 
theorem of operator algebra theory [4,6,7]. In part, this theorem asserts 
the direct integral decomposability of a cyclic representation into irreducible 
parts, a result which appears as a special case of the later Choquet theorem 
when it is approached through the equivalent positive functionals. But it has 
the distinctive feature that the measure u is obtained in a canonical way 
relative to a certain maximal commutative algebra of operators B. 

Our notion of commutativity is of necessity very weak, and consequently 
we obtain more extreme measures representing a given element than arise 
from, the earlier methods in either of the above situations. However, we shall 
show in Section 8 that if the partial ordering of measures used by Bishop 
and de Leeuw is replaced by a stronger partial ordering obtained by requiring 
simultaneous inequality over a whole class of orderings related to theirs, then 
a measure is maximal with respect to the simultaneous ordering if and only 
if it is maximal in our sense. 

A formally stronger ordering (based on another notion of commutative 
system ) is investigated briefly in Section 6. Although somewhat more cumber- 
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some to set up, it turns out to be optimal in the sense that its maximal elements 
(called s-maximal) are exactly the extremal measures. A strengthened version 
of Choquet’s simplex theorem follows as a corollary. For the rest, the operator 
algebra situation is discussed in Section 7, and the paper concludes in Section 
9 with a simple discussion of the situation occurring when K is a cone. 


2. Preliminary considerations and definitions. It is assumed, of course, 
that the topology of K is reasonably related to its convex structure ; specifically, 
we assume that there are on K enough continuous, real-valued, convex-linear 
functions to separate points. This is equivalent to assuming that K can be 
imbedded in the conjugate space of a real Banach space, for the set L of all 
such functions is a Banach space under the uniform norm and K is naturally 
identified with a subset of the closed unit sphere of the conjugate space LF, 
its topology being that induced by the weak *-topology of L*. Moreover, 
K then lies in the hyperplane /,{z) —1, where l, is the constant function 
with value 1. 

It is convenient now to enlarge K to the truncated cone C which K 
subtends at the origin, the new conical C then having K as its compact base. 
This is the setting of the problem used by Choquet, and, implicitly, by Bishop 
and de Leeuw, the issue now being the integral decomposition of points of 
the base K of the cone C. The chief advantage in enlarging K to C is that 
convex domination in K can be described in C in terms of the natural partial 
ordering of the cone. The convex combination z==au-+ Bv can now he 
written z—=z-+y (t= au, y = 8v) and this relationship between 2 and x 
can be replaced by the imequality s < z, defined to mean that z—aéC. 
We shall also want the related inequality between measures on K: v <p if 
and only if »—vy is non-negative. 

Let M be the set of non-negative regular Borel measures on K such that 
w(K) <1. Then W is also a conical convex set, and M is compact in the 
weak topology defined by the continuous functions on K. Given p€ M there 


is a unique z€ C determined by the condition that (z) ==. J. L(y) du(y) 
for every lE L, and we naturally express this relationship between u and 


x by T= (yd (y). We call æ the expected vector or resultant of u, and 


write z == h (p). The set of all „€ M such that z = R(u) will be designated 
Ms. Ii 0 then M, contains a point mass at the base of the. segment 
through 0 and z, and M, contains additional measures if and only if this 
base point is not an extreme point of K. In any case, Ms is a compact convex 
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subset of M, and |p| =yu(K) =k (z) for all pe My, la being the linear 
functional with constant value 1 on K. 

If A is a Borel subset of K and 0 < 81, let K(A,8) be the set of all 
TEK such that there exists p€ Me satisfying p(A) = 8. Then K(A,8) is 
clearly a convex subset of K including A, and is compact if A is compact. 
No point vE K(A,8)-—A can be an extreme point of K since Af, contains 
more than one measure. We shall call any such difference set K(A,8) —A 
with A compact an elementary non-extreme set. 

A subdivision of an element z€ Č is a finite sequence of elements of C 
(repetitions being allowed) whose sum is z The ordering of the sequence 
is of no consequence but the possibility of multiplicity is important. A subset 
BC C will be called z-commutative if and only if it contains z and for every 
finite subset # of B there is a subdivision of z the set of whose partial sums 
includes F. If the subdivision can always be chosen with range in B then B 
will be called a Boolean set on z. 

The family of z-commutative sets is partially ordered by inclusion, and ` 
the union of any linearly ordered subfamily is clearly itself 2-commutative. 
It follows, by Zorn’s lemma, that every z-commutative set can be extended 
to a maximal z-commutative set. The same holds for Boolean sets on z. 

Any linearly ordered set of subelements of z which contains z is z- 
commutative, for if 0 == £} < £, <: `- < Tn =Z, then the set ze Ti —— 11, 
+—=1,:--,n, is a subdivision having the required property. An element a 
will be said to commute with a z-commutative set B if and only if BU {a} 
is z-commutative. 

Given p€ M, the mapping r— R (v) is a continuous, convex-linear homo- 
morphism of the set of measures v < p onto a compact convex subset B, of 
subelements of z=» (yz). The set of these measures y is the interval [0, x] 
in the vector lattice of measures on K, and an easy induction shows that 
any interval [0,a] in a vector lattice is a Boolean set on a. It follows that 
B, is a Boolean set on z. We shall say that a measure pE M is compatible 
with a z-commutative set B if p€ M, and BC Ba 


3. Existence. 


THrorem 1. For every 2-commutative set B there exists a measure 
pE M which is compatible with B. 


Proof. For each v€ B let Na be the set Mas -H Mso. Then WN, is a com- 
pact convex subset of M, Moreover, the family {N,: x€ B} has the finite 
intersection property, for if F is any finite subset of B, if {z,,- - -,2n} is any 
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subdivision of z the set of whose partial sums includes F, and if p E€ Ms, for 
i=], >, n, then reS is in the intersection [No Thereforė there 
1 we . 
exist pE [) Na and clearly B C By. 
veB 


COROLLARY 1. Any z-commutative set can be extended to a Boolean 
set on z. 


COROLLARY 2. If B is a maximal z-commutative set then B= By for 
at least one pE My. 


It is important to notice that the proof of the theorem goes through in 
the presence of further restrictions on the measures involved. In particular 
we have the following theorem. 


THroreM 1’, Suppose that a Boolean set B on z is a subset of the cone 
based on K(A,5) for some compact subset A C K and some postwe 651. 
~ Then there exists a B-compatible measure p satisfying »(A) = dn(K). 


The proof of this theorem is the same except that the sets M, are 
replaced throughout by the sets M’, consisting of those pE Me such. that 
p(A) = du(K), and the subdivision of z is chosen with range in B. 


COROLLARY. If v 1s a measure in M which ts supported by K(A,8) then 
there exists a B,-compatible measure pE M satisfying p(A) = dn(K). 


Proof. B, is a Boolean set on #(y) and is a subset of the cone based 
on K(A, 8). 


4. Uniqueness. 


Lemma 1. Let P be the polynomial (zı + Ta +` -+ 2n)" and let Q 
. be any polynomial obtained from P by changing the sign of one or more of 
the variables. Then the linear space spanned by P and all such polynomials 
Q contains the polynomial 2422° ` ` Tn. 


Proof. Let a be the coefficient of TiTe’ +z, in P and let b be the 
coefficient of some other term T which contains at least one odd power and 
which necessarily omits some variable. That we have information about a 
and b is immaterial. Let P’ be the polynomial obtained from P by adding 
the n(n—1)/2 polynomials Q in which exactly two signs are changed. P” is 
clearly symmetric. The important fact, however, is that in forming this 
sum the term T will occur sometimes positively and sometimes negatively, 
and that therefore its new coefficient is mb for some integer m less than 
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n(n—1)/2 in absolute value. The new coefficient of T1£s' - ' £y is of course 
n(n—1)a/2. It follows that there is a linear combination P, of P and P 
which contains an T383’ - £a term but no T term, nor any term which is a 
permutation variant of T. Treating P, exactly as we treated P above, for any 
other term T, containing at least one odd power, we can find a linear com- 
bination P, of P, and P,’ which retains an 2,7, ' ‘£, term but omits the 
symmetric polynomial generated by Tı. P, is of course a linear combination 
of P and certain of the Q polynomials. Continuing in this way we arrive at 
a polynomial P; containing an 2,72: * ‘S, term but having no other terms 
containing odd powers. Thus, if n is odd, P; is just cx,t,- - -% and we are 
finished. | 

If n is even, then P; consists of an 2,%,: ` -2, terms plus terms con- 
taining only even powers. If n=<=2 this is already the case for P itself. 
If we now change the sign of just one variable and subtract we obtain the 
desired one term polynomial. | 


_ Remark. The linear space of the lemma does not include all homogeneous 
symmetric polynomials of degree n. For example, if n= 5, no linear com- 
bination of P and the Q’s can separate tutz, from z,*x,°, the coefficients of 
these terms always being in the same ratio whatever signs are changed. 


Now let » be a probability measure on [0,1], i.e., a Borel measure such 
that »([0,1]) <1. Then, of course, u determines and is determined by an 
increasing function œ which is uniquely specified except for its ambiguous 
values at jump discontinuities by a(¢—-) ==y([0,¢)), a(¢+) —p([0,7]), 
a(1)=1. If B£ is the inverse function a+, again defined uniquely except for 
ambiguities at its jumps, it is well known and easy to see that 


S fawn f#(B(s)) as 


for any Borel function f. In particular, if J is an interval of the form [0, ¢) 
or [0,¢] and f is replaced by fXr, we have 


f fan S FEG) 


Finally, 8 is uniquely determined by the continuous, convex function 
g(a) — f B(s)ds, and it is clear from the above equation that g(n(Z) ) 
0 


om Í, sdu(s), and that g is linear over the a interval corresponding to a 


point ¿ of positive measure. We thus have the following lemma. 
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Lemma 2. If u isa probability measure on [0,1] and tf I ts any interval 
of the form [0, 4) or [0,4], t<1, then the set of pars <p(l), f sdp(8)>, 
i 1 


filled in to be linear between the two pairs corresponding to a point t of 
posiiwe measure, 1s the graph of a continuous, convex function g, and the 
mapping p—>g is a one-to-one correspondence between the set of all prob- 
ability measures on [0,1] and the set of all continuous, conver functions g 
on [0,1] such that g(0) =0, g (0+) 20 and g’(1—) S1. 


THEOREM 2. If B,—B, for two measures p and y in M then p—v. 


Proof. We may as well suppose that u(K)==»(K)==1. Moreover, 
it will suffice to consider only those EE such that OS7=1 on K. 
Given any such l, let I be a subset of K of the form I= {x: 1(x) <t} or 
f = {2: U(x) St}. Such a set clearly minimizes the integral of } over all 
subsets of the same u measure. More generally, if W <p is such that 


w(K) =al) then [ld fi ldm and if p(T) <W (E) <aU) then 
Í. ldp’ = f ldu + cl (t}, where c == (K)— nu(I;). These inequalities say 


exactly that Í, ldp’ = gle (K)) where g is the unique convex function (of 
Lemma 2) cee specified by g(z(I)) = Í, Id» for all I, and is linear 


between the two points corresponding to a value of ¢ of positive measure. 
Now if B, C B, then for each J the restriction of y to J has the same 
resultant as some p’ <p. This implies both that v([) —=p’(K) and that 


Í idy = f ldu’. If h is the convex function (of Lemma 2) specified by 
K 


h(y(1)) = Í ldy the above equations combine with the inequalities of the 
first paragraph to imply that h(a) = g(a) at every point a not interior to an 
interval of linearity of h. Since this inequality then holds at both endpoints 
of an interval of linearity for A, and since g is convex throughout this interval, 
it follows that gh everywhere. But the hypotheses of the theorem are 
symmetric in g and h, and the same argument implies that h&g. Thus h==g. 

It now follows from Lemma 2 that p(Z) = (ZI) for each set I of the 
form {z€ K: Hz) <t} or {re K: Hz) St}. That is, » and v have the 
same marginal distributions along J, or, equivalently, f f(J(x))du(2). 
= f f(i(xz))dv(x) for every Borel function f. We have normalized 1 above 


to restrict the discussion to the standard interval [0,1]. The results sae: 
hold for any lE L. 
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We now apply Lemma 1. For any finite set {l,,- - -,1,} C L the above 


" 
argument shows that f fdu == f fdv for f == ( È 4)”, and therefore, by Lemma 
t 
1, f fdn — f fdv for every f in the algebra generated by the linear functions. 
By the Stone-Weierstrass theorem this algebra is dense in the algebra C (E) 
of all continuous functions on K. Thus f fdu = f fdv for every continuous f, 
and a== y by the Riesz representation theorem. 


Remark. The last paragraph and Lemma 1 constitute a proof that a 
probability distribution on a compact subset of a vector space is known if all 
of its marginal distributions are known. In a finite number of dimensions 
this fact follows immediately from the fact that a finite measure is uniquely 
determined by its Fourier transform, and is well known to probabilists. The 
infinite dimensional case can be deduced from this remark, but the above 
proof may have independent interest. | 


COROLLARY 1. If B ts a maximal z-commutative set then there exists 
a umque B-compatible measure. 


We shall call any’such measure a maatmal measure. 
COROLLARY 2. If p ts maximal and vy < p then y is maximal. 


Proof. If vy is not maximal then there exists v 34y such that R(v’) = R(y) 
and B,C By. If p’==(4—yv)-+»’ then it is easy to see that Wz p, 
R(p’) = (nz) and B, C By. The inclusion must be proper by Theorem 2, 
and this contradicts the maximality of p. 


5. Maximal measures are on Æ. In this section we shall apply a general 
type of argument used by the earlier authors [1,2,3]. Theorem 4 is essen- 
tially a new proof of the theorem of Bishop and de Leeuw on Baire sets. 
The fact that E is a Gs set in the separable situation seems first to have 
been noticed by Godement [4]. . 


Leama 8. If F is an elementary non-evtreme subset of K, then (F) = 0 
for any maximal p. l 


Proof. If vis the restriction of u to F then y is maximal by Corollary 2 
to Theorem 2. But F is of the form K (4,8) —A, and if v3£0 then » is not 
maximal, by the corollary to Theorem 1’. Thus y=0. 


If {la} C L is a sequence that separates the points of K then every non- 
extreme point is interior to a segment in K along which some /, varies. This 


9 
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suggests the following procedure. Given any l€ L, we consider a compact set 
A = {e:1(z) Sa or 1(x) =b} where a and b are rational numbers such 
that a < b, and a related disjoint convex set D which is the intersection of 
K(A,1) with the set where c & (z) Sd, c and d being rationals satisfying 
a<ce<d<b. By Lemma 3, p(D) 0 for any maximal p, and according 
to the remark at the beginning of this paragraph K — E is a countable union 
of such sets D. We thus have the following theorem. 


Turorsm 3. If the topology of K ts countably generated (1.¢., tf L is 
separable) then the set E of extreme points is a Gs set and every maximal 
measure is on E. 


The next theorem states as much as we can say in the ceneyo situation. 
We first prove a necessary elementary lemma. 


Lemma 4. Let T be a continuous convez-linear mapping of K onto a 
compact convex set K°, Let F be a compact subset of K and let z be a point 
of K which is separated from K(F,8) by T. Then the image point 2° == T (z) 
les outside of K°(F°,8). 


Proof. Given any measure v° on K®, its restriction to F° is the image 
under T of a measure on F having the same norm, and its restriction to 
K? — F° is the image under T of a measure of equal norm on K. Therefore, 
if 2°€ K°(F°, 8) then there exists 7 € T- (2°) such that z € K (/,8) and hence 
z is not separated from K(F,8) by T. The lemma follows. 


THEOREM 4. If F is a Gs subset of K containing no extreme points 
then F is included in a countable union of elementary non-extreme sets. 
Consequently, p(F) == 0 for every maximal p. 


Proof. We have to show that if A, is a sequence of compact subsets of 
K whose union includes # then every z€ K lies in some K(A,,8), where 8 


is & positive rational, Supposing the contrary, and setting Ba = Ù AÁ; there 
1 


exists z€ K lying outside all the compact sets K (Bw, ô) for all positive ô. 
Fixing 8, there exists for each n a finite subset of L which separates z from 
K (Ba, 8). Let {}},” be the sequence of all these separating functionals, and 
let T' be the continuous map into a separable space defined by this sequence. 

Lemma 4 implies that T(z) — 2° lies outside of K°(B,°,8) for every n. 
On the other hand, it is well known that E° == T(E) contains all the extreme 


points of K°, so that 2° € K°( J B,°,1) by Theorem 3. Thus there exists 
i 1 : 
an n such that z° € K°(B,°, 8), a contradiction. 
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COROLLARY. If F is a Batre subset of K containing no extreme points 
then (F) == 0 for every maximal p. 


Proof. By the regularity of u we may assume F to be compact. But a 
compact Baire set is a Gs set and the theorem applies. 


What we have actually shown in these two theorems is that any measure 
p Which is zero on all elementary non-extreme sets is on # in the separable 
case, and in general is on E in the weaker sense of being zero on any Gs or 
Baire subset of K—-H. It is therefore natural to call any measure which 
is zero on all elementary non-extreme sets an extremal measure. Lemma 3 
then says simpy that every maximal measure is extremal. The distinction 
between these two notions is worth making since it is conceivable that there 
exist extremal measures that are not maximal. However, we shall consider 
in the next section a situation in which this discrepancy cannot occur. 


6. The strong ordering. Our results so far, when restricted to measures 
in M, have concerned the study of the partial ordering defined by B, C B,. 
We shall now see that the same theory is available for a certain somewhat 
more complicated, but stronger, ordering relation. Its set of maximal measures, 
which we shall call s-maximal, therefore contains all the measures that are 
maximal in the old sense. Indeed, this new set is exactly as large as one 
would hope, for we shall prove not only that every s-maximal measure is 
extremal but also, conversely, that every extremal measure is s-maximal. A 
strengthened form of the Choquet simplex theorem will follow as a corollary. 

It should be mentioned at the outset that the author knows of no s- 
maximal measure that is not maximal. Moreover, it can be proved for some 
types of convex sets that every extremal (hence s-maximal) measure is maximal. 
It is quite conceivable that the notions of maximality and s-maximality 
actually coincide, and this whole question is entirely up in the air. 

The reader will recall from Section 2 the notion of a subdivision of an 
element z. A subdivision {a@,,- ' *, Qm} of z will be called a refinement of the 
subdivision {b,,- - -,6,} of z if the set of integers {1,- - -,m} can be par- 
titioned into n disjoint subsets J,,---,Z, so that b= Si{a:7€ J;}, 
j=l, n. An s-Boolean set on z is a set of subdivisions of z which 
contains for each pair of its elements a ‘common refinement. It is clear, as 
before, that any s-Boolean set on z can be extended to a maximal one. It is 
also important to notice that the set of all subdivisions of the interval of 
measures [0, u] is an s-Boolean set on u. This is seen most casily by replacing 
these measures by their Radon-Nikodym derivatives with respect to m, and 
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hence replacing [0,„u] (isomorphically) by the vector lattice interval of p- 
measurable functions f such that O=f=1. Then if {f1,---,fn} and 
{91," © *3 9u} are any two subdivisions of 1, the set {fıg;} is clearly a common 
refinement. If p€ M and we take resultants in the above situation we obtain 
an s-Boolean set on the element 2—(u) which we shall designate Sa 
Finally, if 8 is any s-Boolean set on z, and if pE M, and S C S,, then we 
shall say that u is compatible with 9. 

The whole theory of Sections 3-5 is now available. For example, to 
show that any s-Boolean set § on z is compatible with some pE M, it is only 
necessary to modify Theorem 1 by defining, for each subdivision A€ S, Na 
to be the full sum set Na = 2 Ma, a non-empty compact convex subset of M, 

vE 


If A is a common refinement of A, and A, it is clear that Na C Na, O Nan and 
the theorem finishes by way of the finite intersection property as before. 

The analogue of Theorem 1’ follows similarly, the hypothesis now being 
that the unton of all the subdivisions in § is a subset of the cone based on 
K(A,8). Therefore, if yv is a measure supported by K(A,8) then there 
exists an S,-compatible measure u € Af satisfying u(A) = 8u(K). The unique- 
ness of a measure u such that 9,==8 follows directly from Theorem 2, for 
B, is simply the union of the subdivisions in Sa, and the hypothesis S,— 8, 
thus gives at once B, == B, and hence u =y. Thus if § is a maximal s-Boolean 
set on z there exists a unique measure „€E M, compatible with S, and if p 
is any such s-maximal measure and v < yu then v is also s-maximal, as in 
Corollary 2 to Theorem 2. The analogue of Lemma 3 follows, and therefore 
every s-marimal measure ts extremal. Before showing that we now also have 
the converse theorem, we prove a necessary lemma. ‘This lemma allows the 
quantitative application of a kind of localization argument due to Choquet. 


Lemma 5. Suppose that the functionals l, V€ L and positive numbers 
a, e are so related that |V (x) —a| SS ca/2 whenever I(x) =0(£€ K). Then 
tf pE M ts such that fldu = 0, it follows that u({x: V(r) S0}) < (E). 

Proof. We first show that if m is the maximum value of 7 on K then 
(2) 0 implies (x) <<—m(1—e)/e. Suppose on the contrary that y is 
such that ¥ (y) <0 and (y) =—m(1—e)/e, and let J assume its maximum 
value mon K at yo. Then 1((1—e)y,-+ ey) 20. Therefore 

V((L—e)yo-+ey) = a—ea/2 (and also m= 0). 

But | 

P((L—e) yo + ey) = (1—6) (yo) + l’(y) S (1— e) (a + 4/2) 

r= & — E / 2 — Fa/2. 

The last two inequalities yield the contradiction ea/2 << 0. 
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Thus p({z: V (£) S0}) Sp(A) where A — {2: Hs) <—m(1—e)</}. 
Now suppose that fldu20. If le=0 or a(4)=0 the result is trivial, so 
we can suppose that m and u( A) are positive. Then 


os f i= f + f <mana) m(W(K) —a(A)) 


== m(u(K) —p(A))/s 
and the lemma follows. 


THEOREM 5. Hvery extremal measure is s-mazimal. 


Proof. We shall show that if m is extremal and u is an s-maximal 
measure compatible with Sw then m < pu. That m == u then follows from the 
fact that R(m) = R(,). 

Accordingly let G be a Borel set and let A be any compact set disjoint 
from G. Then m(@MK(A,1)) =0, since m is extremal and GM K(A,1) 
is a subset of the elementary non-extreme set K(A,1)—A. Therefore, given 
e, there exists a compact subset F C G such that F is disjoint from K(A,1) 
and m(G—F) <e. A finite set {V’,,- - >, Fn} C L separates F from K(A,1), 
and we can affinely adjust the V, so that each V; 0 on K(A,1) and at each 
point of F at least one V; 5&1. We consider a single one of these functionals, 
say Va, and the subset F, C F where V, = 1. The set F, can be divided into 
a finite number of strips F,* on which u S V, S am the numbers a, being 
chosen so that m{z: ’,(z) =u} =0 and a,,—aq<e. 

As above, if A,* is the closed set {s€ K:, a, or Vi = am}, then 
m(K(A,',1) N #,*) == 0 since m is an extremal measure and m(F,* N A+) 
= 0. Also as above, we replace F,* (and, similarly, the corresponding sets Ft) 
by a compact subset H,* disjoint from K(A,*, 1) and such that 2 m ( Fj‘ —- H;*) 


ij 
<e. If we a eee we thus have m(@—H) < 2. Continuing the 


repeated argument, Hy is separated from K(A,‘,1) by a finite set of linear 
functionals which we can affinely adjust so that each is negative on K(A,'*,1), 
and sc that at each point of H,* at least one is positive. If l, is any one of 
them then h = 0 implies a < V, < m. Therefore, if » is any measure on K 
such that {l,dy = 0, Lemma 5 allows us to conclude that »(K(A,1)) <e(K). 

We have now arrived at the following conclusion. Given an extremal 
measure m, & Borel set G, a compact set A disjoint from G, and «> 0, there 
exists a compact subset H of G such that m(G— H) < 2e and a finite decom- 


position of H, which we shall designate here simply H = y H, such that any 


i 
measure », with the same resultant as the restriction m, of m to H; must 
satisty (4) < qu (K). 
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We now extend the set {m,} to a subdivision of m by throwing in the 
restriction of m to H’ a8 Me The assumption that Sm C Sa implies that 
there exists a corresponding subdivision {j4}.%* such that R(m) —=F(y), 
teed, -,n-+1. Then 


m(K—A) = Èm(E—4) = (1—4) Ba(K) = (1—0) È (E) 
— (1—6) È m(H) — (1—e)m (H) 2 (1—6) (m(@) —2). 


This inequality holds for every e. Thus »(U) = m(@) for every open set U 
including G and m < p q.e. d. 


One of Choquet’s two principal results concerns the kind of truncated 
cone C which in a finite dimensional space is a simplex [2]. ‘In the separable 
case, his theorem asserts that there exists a unique extremal measure in M, 
for every z in the base K of C if and only if C is a lattice in its natural 
partial ordering. If C is a lattice but the topology of K is not countably 
generated, then it can only be concluded that there can be at most one measure 
in M, which is on #. The following theorem seems to complete the picture 
satistactorily. 


THEOREM 6. For any element zE K the following conditions are 
equivalent : 


(a) The set of all subelements of z is z-commutatwe, 

(b) The set of all subelements of z ts a lattice. 

(c) The- set of all subdivisions of z is an s-Boolean set on z. 
(d) There exists a unique maximal measure in M,. 

(e) There exists a unique extremal measure in Mp 


Proof. If the set B of all subelements of z is z-commutative then B is 
the unique maximal z-commutative set and hence, by Theorem 2, there exists 
a unique maximal measure u in Me Conversely, if the set of all subelements 
of z is not z-commutative then there exists a finite subset that is not z-com- 
mutative and hence a smallest finite subset A that is not z-commutative. If 
A is divided into two non-empty subsets then each is z-commutative and has 
a maximal z-commutative extension. The two maximal extensions are distinct 
since their union includes A but neither alone does. Thus the properties 
(a) and (d) are equivalent. 

In particular, the existence of a unique maximal measure p€ M, implies 
that the range of the resultant mapping v—> R(v) on the domain [0,,] is 
the set of all subelements of z. We can now deduce, AAEE that the set 


of all subdivisions of z is an s-Boolean set on z. For if > a= z3 and g = R (u), 
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we have, setting v= >) 4 and remembering that p < p, that y/n < u, v/n is 
tii 


maximal, y is maximal and y= p (since R(v) =z and p is unique). Thus 
{21,° © °, Zn} E€ Sa, and the set of all subdivisions of z is exactly S,, so that 
(d) => (0). 

The above conclusion also implies that the resultant mapping v—> f(y). 
is one-to-one on [0, u]. For if R(m) = E(u) then {R(p,),z— E (pa)} isa 
subdivision of z and therefore {p,, 4— pa} is a subdivision of p. That is, 
uı =p. The same type of argument also shows that R(u,) < E(p) if and 
only if mı < pe. Therefore y— k(v) is an order isomorphism of the lattice 
[0, u] onto [0,2], proving that [0, z] is a lattice also. Thus (d) implies (b). 

That (b) implies (a) follows from our earlier remark (Section 2) that 
a vector lattice interval [0,a] is a Boolean set on a. It is also clear (from 
Lemma 3) that (e) implies (d). Finally (c) implies that there exists a 
unique s-maximal measure pE Ma, so that (c) implies (e) by Theorem 6. 
We thus have the implication chains (a) <=> (d), (d) => (b) => (a) 
and (d) => (ce) => (e) => (d), and the theorem follows. 


T. The representation theorem. The situation encountered in the direct 
integral decomposition of a group representation is somewhat different in 
that there exist subelements of z having special properties and the results 
center around measures that are compatible with maximal Boolean sets of 
these special subelements. We now briefiy study this situation. 


We shall call z a part of z if z< gz and if there exists no non-zero y 
such that y < 2 and y<z—vz. Thus a part of z is a subelement x which is 
“disjoint” from z—z. If A is the representation algebra generated by a 
positive functional z on an operator algebra, then every subfunctional s < z 
corresponds to an operator in the commutating algebra A’, and a part of z 
corresponds to a projection. 

We make three probably redundant assumptions about the parts of z, 
the third of which, a direct statement of the spectral theorem, is a strong way 
of saying that the proper parts of z generate all of its subelements. 


P1. If v is a part of y and y is a part of z then zg is a part of z. 

P2. If z< zand z commutes with a part e of z then v is a unique sum 
T = vı + T: of subelements of e and z— e respectively, 

In this situation, if t, < àe (> Ae) we shall say that z < Az (> àz) on 6. 


P3. If < z then there exists a unique increasing one-parameter family 
{e:0 << ASI} of parts of z with which z commutes, such that 
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(a) @<Azon e and z> àz on z— ê 
(b) olla) Tlo(eg) a8 afg, where J, is the functional which has constant 
value 1 on K. 


We first notice that if pE M, is compatible with a z-commutative set of 
parts B then for each a € B any y < p such that E (y) =a must be the restric- 
tion of » to a set A, for otherwise a and z—a are not disjoint. Moreover, 
for the same reason A is uniquely determined by a, so that the correspondence 
between the elements of B and the measures v <u of which they are the 
results is one-to-one. If the restrictions of » to A, and A, have resultants 
in B then the resultant of the restriction of u to 4, Az is a part of z by P1. 
Thus any maximal commutative set of parts of z is a Boolean algebra. 


Lemma 6. If pE M, ts compatible with the spectral family {e} of an 
element s <z then xE By. 

Any increasing family {e,: 0 <A 1} of parts of z satisfying P3 (b) is 
the spectral family of a uniquely determined x < z. 


Proof. As we have seen, if pE Jf, is compatible with {e,} then e is the 
resultant of the restriction of » to a uniquely determined set Ay. Clearly 
Áa C Ag if «<B; also Ip (ee) ==p(Aa) 80 that Ag— |] Aa by P83 (b). 

ap 


Let f be the function uniquely determined by f <A on Ay, fZ à on A’), and 
f=1 on A’. It is clear that if dv=-fdy and c=R(v) then x has {e} as 
its spectral family. If {e,} is also the spectral family of z” then, for any 
ô > 0, there are subelements r<s<z constructed from {e,} as upper and 
lower Riemann sums such that s—r < 8%, r<ca<csandr<a2’'<s. Since 
|o—r | S1,(s—r) S8l,(z) S68, and similarly for z, we have || c—z’ || 
=< 28, and therefore, § being arbitrary, that z == 7. 


Lemma 7%. A subelement x of z commutes with a Boolean set B of 
parts of z if and only if tts spectral family commutes with B. 


Proof. If z commutes with B and {},,- - -,5,} is a B-subdivision of 
n 
z then x is uniquely a sum == $, m; with q < b, If {e+} is the spectral 
1 
family of q; and ¢, = > e*, then {e,} is clearly the spectral family of c. Thus 
i 
the spectral family of v commutes with B. Conversely if the spectral family 
{e} of x commutes with B and e+, is the part of e, in & then {eñ} is 
increasing and must satisfy P3 (b) for each t in order for it to hold for {e,} 


itself. If q; is the element with spectral family {eà} then qz < b; and 
t= Sia, by Lemma 6, so that « commutes with B. 
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THEOREM 7. If B, is a maximal commutative set of parts of z then 
there exists a unique uE M, compatible with By. 


Proof. Let » be any measure in M, compatible with B, and let B be 
any maximal z-commutative set including Bo. The spectral elements e of 
any zE B commute with B, by Lemma 7 and therefore belong to B, because 
B, is maximal. Then z€ B, by Lemma 6. Thus B C B, and hence B == By. 
Thus both x and B are uniquely determined. 

That the canonical » of the Mautner-Godement-Segal theorem is unique 
in the above sense was shown by Tomita [8]. 


8. Comparison theorems. Bishop and de Leeuw partially order the 
measures in Me by the requirement that f dps f l?dy for all le L, and 
K K 


show that any measure which is maximal in this partial ordering is extremal. 
We shall show below that any measure which is maximal in their sense is 
maximal in our sense, but that the converse does not hold. However, if 7 
is replaced by (7) and the above inequality is required to hold for all le L 
and all continuous convex ®, then a measure is maximal in this stronger 
partial ordering if and only if it is maximal in our sense. The section con- 
cludes with an example of a maximal measure in the operator algebra context 
which is not of the classical type. 


THEOREM 8. If p and vy are measures on M such that B, C Ba then 
f PU) dvs f (1) dp for every le L and every continuous convex function 
$. If the inclusion B,C B, ts proper then there exists LE L such that 


f Pdy < f Pdp. 


Proof. Midway through the proof of Theorem 2 we saw that if B,C B, 
and L€ L then the corresponding increasing functions 8, and fs, determined 
as in the proof of Lemma 2 by the one-dimensional distribution of y and p 


a 
along J, satisfy h(a) -Í i= f ego). Moreover if the equality 
0 0 


always holds, for all 1€ L, then p==y. Thus if ps*v and B, C B, the strict 
inequality must hold for some / and some a. 


By the basic identity in the proof of Lemma 2, f ®(1)dvSS f ®(1)dyp if 
1 I 

and only if f MAO E- f ©(fs(¢))dé and the theorem is thus 
0 0 


reduced to the following lemma. 
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Lemma 8. Iff and g are increasing non-negatwe function on [0,1] 
such that Í, TE Í, ntie Í HOZ Í, “g(t)dé for all a if and only 
if f egmas OON for all. continuous conves functions 9. 
Moreover, tf the first inequality ts strict for some a then fer < f. g’. 


The first part of the lemma is a theorem of Hardy, Littlewood and Pólya 
[5, p. 170]. The proof of the second statement follows easily and we omit it. 


COROLLARY 1. A measure which is maximal in the sense of Bishop and 
de Leeuw is maximal in the sense of thts paper. 


Proof. The theorem shows that if » is not maximal in our sense then 
it is not maximal in the sense of Bishop and de Leeuw. 


COROLLARY 2. The measure p ts marimal tf and only if it is maximal 
in the partial ordering defined by the requirement that f ®(1)dvS f ®(1)dp 
for all LE L and all continuous convex functions ®. 


Ezample 1. Let K be the convex plane figure obtained from a square 
by bulging out its sides to equal circular arcs with radius greater than half 
the square diagonal. Then K lies properly within the circle § circumscribed 
about the square and has with its circumference only the four square vertices 
in common. Let » be the measure having mass 1/4 at each of the midpoints 
of the arcs of K. It is easy to see that » is maximal in our sense. However u 
is not maximal in the sense of Bishop and de Leeuw, being strictly domi- 
nated in their sense by the measure y having mass 1/4 at each of the vertices 
of the square. The details will be omitted. 


Ezample 2. If A is the representation algebra of an operator algebra (or 
any C*-algebra) defined by a normalized positive functional z then there 
exist direct integral decompositions of A into irreducible representation 
algebras that are not obtained from maximal projection algebras in A’. To 
see this let A, and A, be any positive operators in A’ that do not commute. 
We can suppose that A, + 4: & I (multiplying by scalars if necessary). Then 
A, and A, corresponds to subfunctionals X, and XY, of z such that X, + XY, < z. 
The subdivision {X,, Xa 2— (X, + X,)} of z can be extended to a maximal 
2-commutative set, and if » is the unique compatible measure on the irreducible 
functionals then the resultants of the restrictions of p to subsets cannot form 
a Boolean algebra of projections. The details, again, will be omitted. 
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9. The structure on K. It may happen that K is already conical in a 
Banach space and therefore itself carries a partial ordering. Jf K has a 
compact convex base K, then the above theory can be applied within K and 
yields the direct integral expression of a point z of the base A, with respect 
to a maximal z-commutative subset of K. For the points of K, we therefore 
apparently have two theories, one by way of C and one within K. However, 
we shall see shortly that these two theories are in fact one. 

Of course, K can be conical without having a compact convex base. 
For example, the set K of those continuous positive definite functions ¢ on a 
locally compact group such that #(¢) =1 is compact, convex and conical, 
and even has a convex base K, consisting of those @¢€ K such that ¢(e) 1, 
but K, is not compact in general. 

Moreover, any compact convex set K can be made conical with respect 
to any one of its extreme points 2) by replacing the space L of all real-valued, 
continuous, convex-linear functions on K by its subspace Le of deficiency one 
consisting of those LE L such that (zo) ==0. Then K imbeds conically in 
Lo* since x, clearly becomes the 0 of Lo. 

Since Lo by definition is the subspace of L annihilated by z, as a func- 
tional of L*, the conjugate space L,* is the quotient space obtained from L 
by identifying the points on lines parallel to the line through 0 and zo. Thus 
K as a cone with origin point at z, is isomorphic to the fibering [C] of C 
into its segments parallel to the line through 0 and a. When K has a compact 
convex base K’ (with respect to zo) then the conical set subtended by K’ at 0, 
which might be called the face of C opposite the vertex £o is clearly a cone 
in L* which is isomorphic to K == [0] in Lo*. Thus the decomposition of 
elements z € K” relative to the intrinsic partial order in the conical K sub- 
tended by K” at z, becomes the decomposition we have already treated in the 
cone subtended by K’ at 0. The identification of these two conical sets is 
simply the identification of the opposite ends of the segments in the fibering 
[C], the points of K’ being self-identified. 

The above isomorphism holds for the convex decompositions of a “base 
point” z even when K does not have a base. A base point is now defined as 
one that is self-identified in the above correspondence and is thus one that 


is the last point in K on a ray from 2. The following lemma states the 
fundamental fact. 


Lexma 9. If z ts a base point of K with respect to To t.e, if 
zom[z], then z= az + By in C (2+ B—1, «>0, B>0) if and only tf 
[z] —-a[z]+ 8[y] in [C]. In this case x and y are also base points of K. 
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Proof. The proof is almost obvious. If [z] =«[2] + f[y] in [C] then 
z and az-+ By are points of C on the same fiber (since ajz] + Aly] 
== [ax + 8y]) and therefore z— ag -+ fy, [z] containing only z. Since this 
holds for any z in [z] we clearly have z= [z], and similarly for y. 

Thus for a base point z of K our decomposition theory in ( is entirely 
equivalent to the theory that would be obtained from the intrinsic ordering in 
A restricting that ordering to those subelements of z in K that occur as 
summands in convex decompositions of z. These will be all of the subelements 
of z in K if K bas a convex, but still not necessarily compact, base, as in the 
example of the positive definite functions. 
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DISCRETE GROUPS, SYMMETRIC SPACES, AND GLOBAL 
HOLONOMY .* 


By JOSEPH A. Wotr.} 


1. Introduction. Let M be a connected simply connected Riemannian 
manifold and let T be a properly discontinuous group of isometries such that 
M/T is compact. If every sectional curvature of M is negative, in particular if 
M is a noncompact irreducible symmetric space of rank 1, then a method of H. 
Cartan shows that every abelian subgroup of I is either finite or the product of 
a finite group with an infinite cyclic group. Lf M is the Euclidean space R”, 
then a calculation shows that every abelian subgroup of T is the product of 
a finite group with a free abelian group on =n generators. These phenomena 
are unified by one of the conclusions of our Theorem 6.2: If M is Riemannian 
symmetric and v is the maximum of the dumenstons of those totally geodesic 
submantfolds of M which are wometric to Euclidean spaces, then every abelian 
subgroup of T ts the product of a finite group with a free abelian group on 
Sv generators, and T has a subgroup which is free abelian on v generators. 
We also prove that an abelian subgroup of I’ must preserve a flat connected 
totally geodesic submanifold of M; if M/T is a manifold, it follows that M/T 
contains a maximal connected flat totally geodesic submanifold which is closed, 
and every abelian subgroup of m, (M/T) can be represented by closed geodesic 
arcs lying in a connected flat totally geodesic submanifold (Corollary 6.6). 
In addition, we analyze the group of components of the homogeneous holonomy 
group of a locally symmetric Riemannian manifold N (Theorem 7.1), prove 
that N has compact homogeneous holonomy group if N is compact? (Corollary 
7.2), and give conditions for every manifold locally isometric to N to have 
compact homogeneous holonomy group (Corollary 7.3). 

Our bounds are obtained by estimating the “size” of abelian subgroups 
of discrete: uniform subgroups of Lie groups L =F X G where F is a semi- 
direct product of a compact group and a vector group, such as the Euclidean 
group, and @ is a reductive Lie group with only finitely many components. 


* Received October 26, 1961; revised August 4, 1962. 

* The author thanks the National Science Foundation for fellowship support during 
the preparation of this paper. 

3 If N is flat, this is just the classical Bieberbach Theorem [3]. This does not give 
a new proof of the Bieberbach Theorem because that result is used in our arguments. 
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The estimates are first made for reductive groups (Theorem 4.2), and then 
extended by a generalization of Bieberbach’s Theorem (Theorem 5.1). 

Let T be a discrete uniform subgroup of a reductive Lie group G, where 
G has only finitely many components, and let A be an abelian subgroup of T. 
Our main idea is that the size of A can be estimated by finding a Cartan 
subgroup H of G which is normalized by A, and observing that AN H has 
finite index in A. In order to find H, we first prove that every element of T 
is a semisimple element of G (Theorem 3.2), and then apply a result of 
A. Borel and G. D. Mostow (Corollary 3.7). The main tool in our proof 
of Theorem 3.2 is a geometric characterization of the semisimple elements of 
G (Lemma 3.6). 


2. Preliminaries. 


2.1 Inse groups. Given a Lie group G, G, will denote the identity 
component, © will denote the Lie algebra, and exp: G-—> Œ will denote the 
exponential map. G and © are called reductive if the adjoint representation 
of © (or, equivalently, of G,) is fully reducible, i.e., if © is the direct sum 
of an abelian ideal Y and a semisimple ideal G’; then Y is the center of ©, 
A = exp(W) is the identity component of the center of Go and is called the 
connected center of Gy, GW is the derived algebra of © and is called the semi- 
simple part of ©, Œ == exp(@’) is called the semisimple part of Go, and there 
is a natural homomorphism (a,g) ag of AX @ onto Go. 

If © is reductive, then the Cartan subalgebras of G are the subalgebras 
of the form A @ §’, where @ denotes direct sum of ideals and %’ is a Cartan 
subalgebra of ©’; thus the Cartan subalgebras of © are abelian. By Cartan 
subgroup of a Lie group G, we mean a (necessarily connected) group of the 
form exp($) where is a Cartan subalgebra of ©. 

Under the adjoint representation of a Lie group G, an element g€ G 
induces an automorphism ad(g) of ©; we will call g semisimple if ad(g) is 
a fully reducible linear transformation of @. If g is a semisimple element 
of a reductive Lie group G, and if Z is the centralizer of g in G, then not 
only is Z reductive but the adjoint representation of G induces a fully reducible 
representation of 8 on &. 

If 8 and T are subsets of a group G, then the commutator [8,7] 
denotes the set of all elements [s, t] = stet where s€ 9, ¢€ T. 

If § and T are groups and ¢ is a homomorphism of § into the group of 
automorphisms of T, then the semidirect product S-¢T is the set SX T 
with the group structure (s, t,) (8, ta) = (8,82, (p (8) (41) Jt). If S is 
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given as a group of automorphisms of T, then the semidirect product is 
denoted 8: T. 


2.2. Discrete groups. A subgroup T of a topological group G is discrete 
if G has an open set U such that rN Ọ is just the identity element 1€ G. 
A subgroup H of G is uniform if the coset space G/H (Ë is the closure of 
H in Q) is compact. 

Let T be a discrete uniform A of ta. C. L. Siegel [9] has shown 
that G is locally compact, and, if every covering of G by open sets has a 
countable refinement,’ then G has a compact subset F such that T- F = Q, 
every gE G has a neighborhood contained in a finite union of the yF, 
Tp = {y€Er: yF meets F} is finite, and Ty generates T if G is connected. 
It follows that T finitely generated if G/G, is finitely generated, but this is 
better seen directly [7]. F will be called a fundamental domatn for the 
action of T on G by right translations. 


2.3. Symmetric spaces. It is well known that a connected simply 
connected Riemannian symmetric space M is isometric to a product 
My XxX MX: -X M; where M, is a Euclidean space and each M, (+> 0) 
is an irreducible Riemannian (non-Euclidean and not isometric to a product 
of lower dimensional Riemannian manifolds) symmetric space; M, is the 
Euclidean part of M, W? =M, X: - -X M, is the non-Fuchdean part of M, 
and the M, (1> 0) are the irreducible factors of M. We will say that M is 
strictly non-Huchidean if M == M’, i.e., if dim. M, == 0, and will say that M is 
strictly noncompact if every irreducible factor of M is noncompact. I£ M is 
strictly noncompact, then every sectional curvature on M is =0. 

Full groups of isometries are related by I(M) —=I(M,) XI(M’), and 
I(M’) is generated by I(M,) X: - «+X JI(M;) together with all permutations 
on mutually isometric sets of M;. Connected groups of isometries are related 
by Io(M) == Io (Mo) X Io( Mi) K+ + + KI) (Mi), and I(M)/I,(Af) is finite. 
I(M,) is the Euclidean group E (dim. M,), [(M;) is a compact semisimple Lie 
group if M, is compact, and I, (M) is a noncompact centerless real or complex 
simple Lie group if M; is noncompact (+> 0). 

Let § be a maximal connected flat (all sectional curvatures zero) totally 
geodesic submanifold of M. I(M) acts transitively on the set of all such 
submanifolds, and the rank of M (denoted rank. M) is defined to be their 
common dimension. & is isometric to a product M, X 81X- - -X &; where 
_ K, 18 a maximal connected flat totally geodesic submanifold of My, whence it 


3 Siegel requires that @ have a countable basis for open sets, but uses only this 
weaker property. 
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is easily seen that S is a closed submanifold of M. The symmetry to M; at-a, 
point of 9, induces a symmetry of S4; it follows that each S, (and thus 8) 
is a connected Riemannian symmetrie manifold of constant curvature zero. 
Thus &, is a flat torus if M, is compact and 8; is a Euclidean space if M, 
(i> 0) is noncompact; to see this, we use [10, Théorème 4] or [11, § 14] 
together with the fact that 9; is the orbit of some Cartan subgroup of maximal 
vector rank in Z(M). If Mo is the product of the compact irreducible factors 
of M and My is the product of M, with the noncompact irreducible factors of 
M, it follows that S is isometric to the product of a flat torus of dimension 
rank. My with a Euclidean space of dimension rank. My. For this reason, 
we define the vector rank of M (denoted v-rank. M) to be rank. My. Observe 
that v-rank. M == dim. M, + v-rank. W. | l 

Let T be a subgroup of [(M). The action of T on M is properly dis- 
continuous if every element of M has a neighborhood which meets its trans- 
forms by only a finite number of elements of T; this is equivalent to T being 
a discrete subgroup of I (M). The action of T on M is free if 14y ET and 
xE M implies y(x) 42. M — M/T is a covering space if and only if T acts — 
freely and properly discontinuously on M. If M is strictly noncompact, then- 
the isotropy subgroups of [(M) are the maximal compact subgroups, and, 
if T acts properly discontinuously on M, it follows that T acts freely if and 
only if every ‘element 541 of I’ has infinite order. If T acts properly discon- 
tinuously on M, then M/T is a Hausdorff topological space (although it need 
not be a manifold), and M/T is compact if and only if T is a uniform sub- 
group of I(Af). 


2.4. Holonomy groups. The homogeneous holonomy group H (M, s) 
of a Riemannian manifold M at a point zE M is the group of linear trans- 
formations of the tangentspace M, obtained by parallel translation of tangent- 
vectors along sectionally smooth closed arcs based at's. The Riemannian 
metric gives M, a positive definite inner product; H(M,z) is a subgroup of 
the corresponding orthogonal group and carries the induced topology. The 
restricted homogeneous holonomy group is the identity component H,(M,z), 
consists of those elements of H(M, x) obtained from nullhomotopic closed 
arcs, and is a-closed subgroup of the orthogonal group of Ms; in particular, 
H(M,a) is compact, and now H (M, v) is compact if and only if it has only 
_ finitely many components. Thus we have a natural homomorphism of the 

fundamental group 7,(M,z) onto the quotient H(M,z)/H,(M,z). If M is 
connected, then we speak of H(M) and H,(M) in the same sense as 7,(M). ’ 
Suppose that Af is a connected simply connected Riemannian symmetric 
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“space, and M =M, X M, X: -X M: is the decomposition into Euclidean 
and irreducible non-Euclidean parts. Then H(M,) ==1 and H (M, x) is the 
group of linear transformations of eels induced by the isotropy subgroup 
of Io (M) at z. 


If M and N are Riemannian manifolds, v€ M and y€ N, then 
H(M XN, (x, y)) =H (M, 2x) XH(N,y). 
3. Semisimplicity of discrete uniform subgroups. 


3.1. Ifa Cartan subgroup of a semisimple Lie group @ is normalized 
by an element g € G, then it is known [5, Proposition 7.7] that g is a semi- 


simple element of G. In order to make the estimates described in 81, then, 
we need: 


3.2. THrorem.* If I ts a discrete uniform subgroup of a reductiwe 
Ine group G such that G/G has no element of infinite order, then every 
element of T is a semisimple element of G. 


The essential part of the reduction to the semisimple case is given by: 


3.3. Lemma. Let T be a discrete uniform subgroup of a connected 
reductive Ine group G, let A be the connected center of G, let G’ be the semi- 
simple part of G, and let T == {g WH: g mmay for some a€ A, yET}. 
Then T” ts a discrete uniform subgroup of Œ and TN A is a discrete uniform 
subgroup of A. 


Proof. It is sufficient to consider the case where @ has no compact 
factor, for replacing G’ by G’/K, where K is the maximal compact normal 
subgroup of G’, affects neither hypotheses nor conclusions of. the Lemma. 
Similarly, we may assume G == AX @. 

Let {y;}—>1 be a sequence in I”; this gives us a sequence {yi} in I 
with yi = keyi, EA. A being central in G, {Tyay]} cmc {Lyi yj} 1 for 
every yC I’; thus yı commutes with y for large t because T is discrete. T being 
finitely generated, it follows that y, is central in T for large i. Now let - 
a: G->@ be the projection; I” =+~(T). Being uniform in G, T has the 
Selberg density property (9) in G ([8, Lemma 1] or [4, Lemma 1.4]); thus 
I” has the property (9) in @ [4, $1.2]; it follows that the centralizer of I’ 
in G’ is just the center of @’ [4, Corollary 4.4], whence y; is central in G” 


t As the proof will show, the essential case is that of a semisimple linear group, 
for which the result is known; see Borel and Harish-Chandra, “Arithmetic subgroups 
of algebraic groups,” Annals of Mathematios, vol, 75 (1962), PP. 485-535, esp, $ 11. 2. 
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for large i. As @’ has discrete center, this contradicts {y+} —>1. Thus I” is 
a discrete subgroup of @. 

Let F be a compact fundamental domain for the action of T on @ by 
right translations. I’ is a uniform subgroup of @ because r(F) is compact 
and GT’ -r(F). 

Our proof that r N Á be uniform in A is a modification of an argument 
of A. Weil.’ Let ac A and retain the notation above. Then a—yf for 
some f € F and some y €T such that r(y) €7(F)*Oa(T). (FH) is compact 
and (I) was just seon discrete; this gives {y:,- >+, ys} CT such that the 
(yı) exhaust r(F)*M2x(T); it follows that y= dy, for some t and some 


t t 
SETTNA. In other words, a€ (DTN 4). Uy for every a€ A. As |] yF is 
4=1 i=l 


compact, it follows that A/(T N A) is compact. q.e. d. 
The semisimple case is reduced to the linear semisimple case by means of: 


3.4. Lexma. Let T be a discrete uniform subgroup of a connected 
semisimple Lie group G, let Z be the center of G, and let +: G—> G/Z be the 
projection. Then (I) ts a discrete uniform subgroup of G/Z and T has 
finite index m T-Z. 


Proof. It suffices to show T-Z discrete in G, and for this we may 
assume that G has no compact factor. Let {yi2;}—>1 be a sequence in TZ 
with yE T and 4E Z. Given yer, {[ys,y]}—{Ly2y]} 1; thus y; is 
central in T for large + because T is discrete and finitely generated. As in 
the previous lemma, it follows that y,€ Z for large i, whence yiz; € Z for + 
large. Z being discrete, this contradicts {ys} > 1. q.e. d. 


3.5. Proof of Theorem 3.2. TN G, is a discrete uniform subgroup of 
Go, Go satisfies the hypotheses of the Theorem, every element of T has a finite 
power in TN Go, and y” cannot be semisimple unless y is semisimple. Thus 
we may assume G connected. Semisimplicity of y depending only on the 
automorphism ad(y) of ©, Lemmas 8.3 and 3.4 now allow us to assume 
‘that G is a centerless semisimple Lie group. Finally, every automorphism 
of a compact simple Lie algebra being semisimple (because it preserves the 
Killing form, which is negative definite), we may factor G by its maximal 
compact normal subgroup and assume that G has no compact factor. In 
summary, we need only consider the case where @ is a product of noncompact | 
centerless connected simple Lie groups. 


ë See his paper “ Discrete subgroups of Lie groups II,” Annals of Mathematios, vol. 
75. Observer that the argument proves: If A is a discrete uniform subgroup of a con- 
nected group 8 and T is a closed normal subgroup of 8, then A N T is uniform in T if 
and only if the image of A in 8/T' is discrete. 
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Let K be a maximal compact subgroup of G and let M be the Riemannian 
symmetric space G/K; @ is the identity component of the full group of 
isometries of M, whence T is represented faithfully on M by isometries; the 
action of T on M is properly discontinuous because T is discrete in G. The 
adjoint representation of G represents T faithfully as a definitely generated 
real matrix group, so T has a subgroup of finite index with no element 31 
of finite order [8, Lemma 8]. We cut r down to this subgroup, and may 
thus assume that no element +1 of T has a fixed point on M, so M —> M/T 
ig a covering of Riemannian manifolds which is a local isometry (a Rieman- 
nian covering). M/T is compact because G/T is compact. M being a complete 
connected simply connected Riemannian manifold with every sectional curva- 
ture <0, it follows [6] that every y€I preserves some geodesic on M. 
Theorem 3.2 follows from: 


8.6. Lemma. Let M be a strictly non-Huchdean Riemannian symmetric 
space, let G==I(M), the full group of isometries of M, and let gE G. Then 
g ts a semisimple element of G if and only tf some power g™, m 340, preserves 
a geodesic on M., If g preserves a geodesic o through ve M and has no fized 
point on o, then g = kp = pk where ke G, k(x) =z, and p is a transvection 
along o. 


Proof. Let g be semisimple. Then g normalizes a Cartan subalgebra 
§ of © [5, Theorem 7.6]. Choose m = 1 such that g” € H = exp(%) ; this 
is possible because G is semisimple and G/G, is finite. There is an element 
zE M and a Cartan decomposition © — & -4-H where & is the Lie algebra 
of the isotropy subgroup K of G@ at z, such that § = (GNK) + (GN). 
This holds for compact @, by conjugacy of maximal tori and because an 
involutive automorphism must conserve a maximal torus; it is known for 
noncompact linear simple G, ({12], p. 107); it now follows in our case. 
Now g” kp with ke HN K and p—exp(X) for some XE HSN; thus 
g™ preserves the geodesic o == {exp(tX)z} on M. 

Let g™ preserve a geodesic o on M; we wish to show g semisimple, and 
it suffices to show g™ semisimple. Thus we may assume g to preserve o. 
As g? preserves o, we now replace g by g? if g has a fixed point on o. o being 
a totally geodesic submanifold of M, g induces an isometry of o onto itself, 
and the possible replacement of g by g? shows that g: 0:—> ona for some real 
number a, where ¢ is arc length. Let zE 0, say =o, and take the Cartan 
decomposition G©=-R+ 9% at z; this gives XE PB with o;—exp (4X). 
k = exp(—aX)g€ K, and k commutes with Y because it preserves every cg 
whence k commutes with p == exp(aX). Now g= kp = pk, k is semisimple 
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because it lies in a compact group K, p is a transvection along o, and p is 
semisimple because it is represented on © by a positive definite matrix. Being 
the product of two commuting semisimple elements, g is semisimple. g.e. d. 


3.7. COROLLARY. If I is a discrete unform subgroup of a reductwe Ine 
group G such that G/G, has no element of infinite order, and if A ts an abelian 
subgroup of T, then A normalizes a Cartan subgroup of G. 


Proof. Theorem 8.2 says that ad(A) is an abelian group of semisimple 
automorphisms of @; thus ad(A) is diagonable on © over the complex 
numbers, and it follows that ad(A) has a finitely generated subgroup D such 
that every D-invariant subspace of © is ad(A)-invariant. Finitely generated 
and abelian, D is of type (MP)* (see [5, p. 404]); thus D leaves invariant 
a Cartan subalgebra § of © [5, Theorem 7.6]. § is ad(A)-invariant by choice 
of D, whence A normalizes the Cartan subgroup exp(%) of G. gq. 6. d. 


3.8. Remark. If Y is a subgroup of T which has normal subgroups Y; 
such that Y= Y,D YD: DPD n=] with t/t, cyclic, then 
ad(¥) is a group of semisimple automorphisms of type (MP)* of G, so ¥ 
normalizes a Cartan subgroup of G by [5, Theorem 7.6]. 


4, Bounds for reductive groups. 


4,1. Let G be a reductive Lie group. G has only a finite number of 
conjugacy classes of Cartan subgroups; let {H,,- - *,; Hm} be a maximal 
collection of mutually nonconjugate Cartan subgroups of G. H, being a 
connected abelian Lie group of dimension r==rank. G, it is isomorphic to 
the product of a vector group #*+ with a torus 7" *'. The vector rank of G, 
denoted v-rank. G, is defined to be the maximum of the wu If G/G, is finite, 
then each H, has finite index in its normalizer in @; in this case there is a 
smallest integer, which we define to be the torston rank of G and denote 
t-rank, Œ such that every finite abelian subgroup of @ (which will auto 
matically normalize a Cartan subgroup by [5, Theorem 7.6]) can be expressed 
as the product of S t-rank. G cyclic groups. 


4.2. THrorgm. Let T be a discrete uniform subgroup of a reductive 
Ine group G such that G/G, ts fintte, and let A be an abelian subgroup of T. 
Then A can be expressed as the product of = t-rank. @ finite cyclic groups 
with a free abelian group on <v-rank.G generators; in particular, A is 
finitely generated. Furthermore, the second bound is best possible in the sense 
that T has a subgroup which +s free abelian on v-rank. G generators. Finally, 
sf % ts a subgroup of T which is the product of a finite abelian group and a 
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free abelian group on m generators, if H is a Cartan subgroup of G normalized 
by %, and tf T does not have an abelian subgroup © such that 31 W be of 
finite index in % but of infinite index in &, then ZOH ts uniform wm H. 


Proof. By Corollary 3.7%, A normalizes a Cartan subgroup A of G. ANA 
is finitely generated because it is a discrete subgroup of the connected abelian 
Lie group A, and AM A has finite index in A because A has finite index in its 
normalizer in G; thus A is finitely generated. The first statement now follows 
from the structure theorem for finitely generated abelian groups and the 
definitions of ¢-rank.G and v-rank.G. We need some lemmas for the other 
statements. 


4.3. Lemma.’ Let T be a discrete uniform subgroup of a Hausdorff 
topological group G, let D be a finitely generated subgroup of T, and let Gp 
and Tp be the respective centralizers of Din Gand T. Then Tp ts a discrete 
uniform subgroup of Gp. 


Proof. Let +: G+ G/T be the projection. As To==T N Gp and G/T 
is a compact Hausdorff space, Tp is uniform in Gp if and only if r(@p) is 
closed in G/T. If r(Gp) is not closed in G/T, then w+a(Gp) is not closed 
in G, so there is a sequence {yi} in T of elements distinct mod Œp and a 
sequence {g;} in Gp with {y1gi} > z for some sE G. Given dE D, {[yn di} 
== {[yigi,@]}—[2,d], whence [yu d] ==[2,d] for large i because T is 
discrete, implying that y;"y; commute with d for large + and 7. As D is 
finitely generated, ysty,€ Gp for large i and j, contradicting our choice of 
the sequence {y:}. q. 6. d. 


4,4. We will prove the last statement of the theorem, retaining the nota- 
tion of Lemma 4.3. ‘Theorem 3.2 and an induction on the number of 
generators of $% show that Gz is a reductive Lie group, so its Lie algebra is a 
direct sum Y P € O M with W abelian, © a sum of compact simple Lie algebras, 
and Jt a sum of noncompact simple Lie algebras. By Lemma 3.3 and 
assumption on X, we see that #—0; thus (Gs)>=-V XK where F is a 
vector group in exp(W) and K is a compact group containing exp(G). 
XN H having finite index in 3%, and H C (@sz)», gives mS v-rank. H < dim. F. 
On the other hand, V A Tys is free abelian on dim. V generators by Lemmas 
4.3 and 3.3; thus dim. V Sm by assumption on 3%. It follows that 
m == y-rank. H, proving the last statement of the Theorem. 


4.5. LEMMA. Let H bea Cartan subgroup of a reductive Ine group G, 


° This is essentially the same as A. Selberg’s result [8, Lemma 2]. 
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and suppose that H has an element h such that, gwen gE Go, the number of 
distinct absolute values among the eigenvalues of ad(h) (acting on ©) is at 
least as large as the number of distinct absolute values among the eigenvalues 
of ad(g). Then v-rank. H = v-rank. G. 

For § has the maximal number of linearly independent real-valued roots 
among all Cartan subalgebras of ©. 


4.6.7 We will finish the proof of Theorem 4.2 by proving the second 
statement. Let g€ Ge, the number of whose absolute values of eigenvalues in 
the adjoint representation is maximal among the elements of Goe. Taking 
powers only separates further the absolute values of the eigenvalues, so we 
have a neighborhood U of 1 in G, and an integer m such that: 


1. If u is the Haar measure on G/T and r: G— G/T is the projection, 
then m > u(G/T)/n(r(U)). 


2. If lacs m and u; € U, then the number of distinct absolute values 
of eigenvalues of ad(u,g*u.*) is not less than the number for ad(g). 


We choose [8, Lemma 1] the integer a and the w€ U such that u,g*u,7 
= y ET, replace y by a power which lies in a Cartan subgroup H of G, and 
observe that v-rank, H == v-rank. Œ by Lemma 4.5. We may take y to be a 
regular element of G, whence H/(H MT) is compact by Lemma 4.3 with 
D = {y}. Thus HAT has a subgroup which is free abelian on v rank. G 
generators. The Theorem is proved. q.e. d. 


5. Bounds for groups with Euclidean factor. Our tool for the treat- 
ment of groups with Euclidean factor is the following generalization of 
theorems of L. Bieberbach [3] and L. Auslander [1]: 


5.1. THrormm. Let K be a compact group of automorphisms of a 
connected simply connected nilpotent Lie group N, let E be the semidirect 
product K-N, let L=E X G where G ts a reductive Lie group with G/G, 
finite, and let T be a discrete uniform subgroup of L. Then TN (NX G) 
ts a normal subgroup of finite index in T which is a discrete uniform subgroup 


of NX G. 
Proof. As in §3.5, we may assume G to be connected and without 


"Compare with paragraph 3, p. 151, of [8], where A. Selberg considers the case 
G = 8L(n; R). 

*This Theorem can be proved as a consequence of [2, Theorem 1], to which it is 
similar. We find it moro convenient, however, to give an argument which is a variation 
on the proof of that result. 
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compact normal subgroup; then G@—A-G’ where A, the connected center 
of G, is a vector group and GQ”, the semisimple part of G, is without compact 
factor. Let p: A X @ — G be the projection; then (1X p)*(T) is a discrete 
uniform subgroup of E X A X @ with the same projection on K as has T. 
Replacing N by N X A, we see that it suffices to prove the Theorem when G 
is semisimple and without compact factor. 

Let J be the closure of T-N in L, and let a: L-G and 8: L-K be 
be the projections. J,» is solvable by the generalized Zassenhaus Lemma [2, 
Proposition 2], and J is clearly normalized by T; as a(T) has the Selberg 
density property (S) in Œ (for T has it in L), «(T)normalizes a(J) and G 
is semisimple without compact factor, it follows [4, Theorem 4.1] that «(J) 
has discrete closure in G. Thus a(r) is discrete, being contained in a(d) 
The proof of the last part of Lemma 3.3 now shows TN Æ uniform in E. - 

T N # being a discrete uniform subgroup of E, the generalized Bieberbach 
Theorem [1, Theorem 1] shows that (T N E) N N =TrNN is a discrete uni- 
form subgroup of N. TNN is normal in T, and is thus normalized by A(T). 
On the other hand, interpreting K as a group of automorphisms of N, uni- 
formity of T N N in N implies that an element of K is determined by its action 
on rN N [1, Theorem 2]. It follows that @(T) is finite. q. 6. d. 


5.2. COROLLARY. Let T be a discrete uniform subgroup of L—=EX G 
where E is a semidirect product K: V, K is a compact group of automorphisms 
of the vector group V, and G ts a reductive Ine group with G/G, finite. If A 
is an abelian subgroup of T, then A normalizes some Cartan subgroup H of G, 
and A can be expressed as the product of < i-rank.(K X @) finite cyclic 
groups with a free abelian group on < dim. V +- v-rank. G generators. If T 
has no abelian subgroup % with the property that AN 3% has finite index in A 
and infinite index in 3, then AN(V X H) is uniform in VX H. Finally, 
T has a subgroup which ts free abelian on dim. V + v-rank. G generators. 


Proof. By Theorems 3.2 and 5.1, every element of T is a semisimple 
element of the reductive Lie group @” ==T: (V X G), and @’/G,” is finite. 
The Cartan subgroups of G” being of the form V X (Cartan subgroup of @), 
we have v-rank, G” — dim. F -++-v-rank. G. Every finite subgroup of E being 
conjugate to a subgroup of K, we have t-rank. G’ =< t-rank. (K X G). The 
Corollary now follows from Theorem 4. 2. q.e. d. 


6. Application to symmetric spaces. 


6.1. Let M be a connected simply connected Riemannian symmetric 
space, and let L==I(M), the full group of isometries of M. If M = M, X M’ 
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is the decomposition of M into the product of its Euclidean and non-Euclidean 
parts, then L == E X G where G=—=J(M’) is a semisimple (and thus reductive) 
Lie group with G/G, finite and F=I(M,) is the Euclidean group H(n), 
n = dim. My, semidirect product O(n) V where O(n) is the orthogonal group 
of a vectorspace V which can be identified with Mo. As every flat maximal 
connected totally geodesic submanifold of M’ is an orbit of a Cartan subgroup 
of maximal vector rank in G, we have v-rank. M’ == 9-rank.G. Thus v-rank. M 
== dim. My -- v-rank. I(M’). | 


6.2. THEOREM. Let M be a connected simply connected Riemannian 
symmetric space, let M, and M be the Euclidean and non-Huclidean parts of 
M, let T be a properly discontinuous group of tsometries of M with M/T 
compact, and let A be an abelian subgroup of T. Then M has a closed con- 
nected A-tnvartant flat totally geodesic submanifold Sa whose image m M/T- 
1s compact, and A can be expressed as the product of S t-rank. (O (dim. Mo) 
XI(M)) finite cycle groups with a free abelran group on = v-rank. M 
generators. If T has no abelian subgroup X with the property that A N & has 
finite index in A but infinite indez in 3, then Sa/A is compact. Finally, T has 
a subgroup © which ts free abelian on v-rank. M generators, and Sy can be 
taken to be a maximal connected flat totally geodesic submanifold of M. 


Proof. T acts by isometries, M/T is compact, and J(M) acts transitively 
on M with compact isotropy subgroups; it follows that T is a discrete uniform 
subgroup of [(M). 


6.3. Retaining the notation of §6.1, we will define Sa to be an orbit 
of one of the groups V X H where H is a Cartan subgroup of I(M’) 
normalized by A; such groups exist by Corollary 5.2. When the choice of 
H is made, we will choose z € M, to be the origin of V and choose y € M’ such 
that § = (N&R) (HN) where K is the isotropy subgroup of I(M’) 
at y and $ is the orthogonal complement of & in &(M’) under the Killing 
form of Z(H). Then Sa= (V X H) (2,y) =M, X H(y) is clearly closed, 
connected, flat and totally geodesic in M. Let +: [(M)—>I(M’) be the 
projection and let 8€ A. r(A) normalizes H, and is thus contained in K-H; 
now ~(ô)=kh. This gives ~(8)H (y) =kAH (y) =hHk*(y) —H(y), 
proving Sa to be A-invariant. 

We choose H to be a Cartan subgroup of I(M’) which is normalized 
by some maximal abelian subgroup ® of T which contains A, and set 
=N (V X H); & has finite index in @ by Theorem 5.1 and finiteness 

of G/G. © is finitely generated, and thus, by Lemma 4.8, is uniform in its 
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centralizer A in Z(M); it follows that ®’ is uniform in V X H. Thus the 
image of Ss in M/T is compact. As the bounds on the size of A follow from 
Corollary 5.2, this proves the first statement of the Theorem. 


6.4. Observe that not only is the image of Sa in M/T compact, but 
Sa/® is compact. Thus 8,/A is compact if A has finite index in $. The 
structure of abelian subgroups of T is such that A has finite index in 6 if T 
has no abelian subgroup 3% with the property that A N % has finite index in A 
but infinite index in X. This proves the second statement of the Theorem. 

Corollary 5.2 shows that T has a subgroup which is free abelian on 
v-rank. W generators. If A is such a subgroup, then H is a Cartan subgroup 
of maximal vector rank in I( W). Examining the compact and noncompact 
factors of M’ separately, we see that, for proper choice of y€ M’, Sa is a 
maximal connected flat totally geodesic submanifold of M. g. 6. d. 


6.5. The complete connected locally symmetric Riemannian manifolds 
are precisely those manifolds whose universal Riemannian covering manifold 
is symmetric. Thus Theorem 6.2 gives us: 


6.6. COROLLARY. Let N be a compact connected locally symmetric’ 
Riemannian manifold, let D be an abelian subgroup of the fundamental group 
mı( N), and let M, be the product of the compact irreducible factors of the 
universal Riemannian covering manifold M of N. Then N has a closed 
connected flat totally geodesic submanifold Sp and an element zE Sp such 
that D is represented by closed geodesic arcs in Sp based at x, and D can 
be expressed as the product of S t-rank T (M,) finite cyclic groups with a 
free abelian group on S v-rank.M generators; thus D is free abelian on 
= v-rank. M generators if M is strictly noncompact. 2,(N) has a subgroup 
P which is free abelian on v-rank. M generators, and Sp can be taken to be a 
mazimal connected flat totally geodesic submanifold of N; thus N has a 
mazimal connected flat totally geodesic submanifold which is closed in N. 


7T. Holonomy groups of locally symmetric spaces. Corollary 7.2 is 
the only part of §7 which uses the results of preceding sections; in fact, 
it uses only Theorem 6.1, which does not depend on preceding results. 


7.1. THeorra. Let T be the group of deck transformations of the 
unwersal Riemannian covering m: M—>N of a complete locally symmetric 
Riemannian manifold N, let M<—=M.X M’ be the decomposition into Eu- 
clidean and non-Euclidean parts, and let V be the group of pure translations 
of Mo. Then there ts a canonical isomorphism between 


r: (VX Lp(a’) )/(V X (F) ) 
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and the group H(N)/H,(N) of components of the homogeneous holonomy 
group of N. 


Proof. Recall the homomorphism 8 of T onto H (N, a (£))/H (N, w(x) ) 
defined by B(y) ==ty:H)(N,x(x)), where ty is the operation defined by 
x(ry) and ry is any sectionally smooth arc in M from z to y(z). We can 
represent y on the tangentspace Me as the differential y,: Ms—> Myo) 
followed by parallel translation of tangentvectors backwards along ty. 

Let re M =M, X M’ have repesentation s= (Zaz), let K’ be the 
isotropy subgroup of I( M’) at z’, and let P’—-exp(’) where W is the 
orthogonal complement of # in (W) under the Killing form of IJ (M). 
The every element of Z(M’) has expression p’k’ with KWEK’ and p EP. 
Observe that the identity component K,’ is the isotropy subgroup of I,(M’) 
at z’, and its action on the tangentspace M, is that of H (M, s) = H,(N,«(z)); 
also, P’ is the set of transvections along geodesics in M” which pass through 2’, 
and py’: My’—> Mpy is parallel translation along the geodesic arc from 
x to p(z) on which y’ is a transvection. 

Let yET; y = yoy with y€ I(M,) and yE (W). yu Tl’ as above 
and yo== Dko with kolto) =Z, and po€ V; thus y= (pop) (kok). Let 
y = (40,4) be the image of z; then p, is transvection along a geodesic arc 
To in M, from T, to Yo p’ is transvection along a geodesic arc 7’ in W from 
x to y’, we define ry to be the geodesic arc in M from z to y with projections 
7 and ro and it is then clear that ty is represented by the differential of kok’ 
on Me Thus the canonical homomorphism 8 of r onto H(N)/H)(N) 
- induces the isomorphism of the Theorem. q. e.d. 


7.2. COROLLARY. Let N be a compact locally symmetric Riemannian 
manifold. Then the homogeneous holonomy group H(N) 1s compact, ù. e., 
H(N)/H,(N) is finite. 

This follows easily from Theorems 5.1 and 7.1. 


7.3. COROLLARY. Let M be a connected simply connected Riemannian 
symmetric space with Euclidean part M, and non-Euclidean part M’. If 
dim. M, > 2, or if dim. M, =} and M’ is noncompact, then there are con- 
iinuum many affinely inequivalent diffeomorphic Riemannian manifolds covered 
by M which have noncompact homogeneous holonomy groups. If dim. M, < 2, 
or if dim. M, =? and M’ is compact, then every Riemannian manifold covered 
by M has compact homogeneous holonomy group. If dim. M, =q —1 <2 
and r is the order of I(M’)/I,(M’), then the number of components of the 
homogeneous holonomy group of a Riemannian manifold covered by M is a 
divisor of qr. 
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Proof.” The last statement follows from Theorem 7.1 and the fact the 
group of translations of M, has finite index gin J(M,). This also proves the 
second statement except when dim. Mo = 2. Let dim. M, =2, let M’ be com- 
pact, and let T be the group of deck transformations of a Riemannian covering 
M-»>N. I(M’) is compact, whence the projection I, of r on Z(M.) is discrete. 
We wish to show that the group H of rotation parts of elements of T, is finite. 
Let U be the linear subspace of the vectorspace M, which is spanned by the 
translation parts of elements of Ty. If dim. U = 2, then finiteness of H follows 
from the Bieberbach theorem [3] (or from Theorem 5.1). If dim. U = 1, then 
M, has an orthonormal basis {u,v} where u spans U. As H normalizes U, 
every element of H has matrix A Ac i) in this basis; thus Æ is finite. If 
dim. U = 0, then Ty) =H lies in a compact group, and thus finite because T, 
is discrete. Now H is finite in any case, and the last part of the second state- 
ment follows from Theorem 7. 1. 


cos (2rt) ea 
— Bin (Zrt) cos(2rt) 
the rotation with eigenvalues exp (:+ 24 V— 1t). Now suppose dim. M, = 2, 


7.4. For each real number ¢, we define a~( 


view M, as a vectorspace, and let {v:,- - +, v} be an orthonormal basis of M,; 
let A; be the linear transformation & 7 ) of My. If dim. M, > 2, then 
r-2 


let y; be the isometry (mo, m’) —> (Amo +v m) of M =M, X M’; if 
dim. Ma =—2 and M’ is noncompact, then we have a tranvection 7 in a non- 
compact irreducible factor of M’, and we define y; to be the isometry 
(mo m) —> (Ammo 7m’) of M. In either case, y: generates an infinite cyclic 
subgroup T; of Z(M) which acts freely and properly discontinuously on M. 
Thus N: = M/T; is a Riemannian manifold covered by M. In both cases 
y: == 8:0; where f; is a transvection of M along some geodesic o through our 
basepoint z, and where as is an isometry of M with a(x) =s. The element 
of H(N:)/Ho(N:) determined by y; being represented on the tangentspace 
M, by the differential of ys follows by parallel translation along o from 
B:(z) = y(x) to x, this element is represented on Ma by the differential 
of æ By construction, this differential is given by A; on (Mo)e and is the 
identity on (M’),; thus we may view the linear transformation A; as a 
generator of H(N;)/Ho(N;). In particular, NV; has compact homogeneous 
holonomy group if and only if A; has finite order, i.e., if and only if ¢ is 


® As the proof will show, the essential case in when M is irreducible. This was 
originally handled by a lemma developed in discussions with H. C. Wang; in the present 
context, however, it is easier to appeal to Theorem 7. 1. 
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rational. Affine equivalence induces isomorphism of holonomy groups as 
groups of linear transformations; thus the first statement follows from the 
fact that the N; are mutually real-analytically homeomorphic and we can 
choose continuum many algebraically independent irrational numbers t. 


g. 6. d. 
THE UNIVERSITY OF CALIFORNIA AT BERKELEY, 
THE [NSTITUTE FOR ADVANOED STupY. 
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PERTURBATIONS OF SELF-ADJOINT TRANSFORMATIONS.* 


By Lovis DE BRANGES. 


An interesting relationship exists between two self-adjoint transforma- 
tions S and T in a Hilbert space % if they are close to each other in a 
suitable sense. ` Although the point spectrum of a transformation is sensitive 
to small changes, the absolutely continuous part of the spectrum has stability 
properties—a fact which seems to have first been recognized by Friedrichs 
[6]. In support of this principle, Rosenblum [12] has shown that the 
transformations S and T are unitarily equivalent if they have absolutely 
continuous spectral measures and if the difference 7’—S is of trace class. 
Then Kato [8] showed that the absolutely continuous parts of 8 and T are 
unitarily equivalent in any case-if T— ZS is of trace class. Finally, Kuroda 
[9,10] obtained the same conclusion under the weaker hypothesis that 
(7 —w)*— (S—w)-* is of trace class for some, and hence every, non- 
real number w. This condition will-be referred to as the Kuroda hypothesis. 

These theorems have a curious proof which depends on ideas from the 
scattering problem of quantum mechanics, discussed from this point of view 
by Kuroda [11]. The unitary transformation which achieves the desired 
unitary equivalence is obtained thereby as a limit of commutators of operators 
constructed from S and T. When T— S has one-dimensional range, Kato 
[7] has given a more explicit description of the unitary transformation. This 
computation has led Rosenblum [13] to ask whether, in general, the limit 
of commutators can be evaluated so as to exhibit the unitary transformation. 
In this paper we construct explicitly a unitary transformation which estab- 
lishes the desired equivalence, but we do not know that it is the same as the 
one resulting from the quantum mechanical formalism. 

Acknowledgement is made to Marvin Rosenblum for discussion of per- 
turbation theory (Institute for Advanced Study, 1959-1960), which stimu- 
lated the present work. Our approach is also influenced by work [1-4] with 
entire functions, and in particular by a generalization of the Hilbert trans- 
formation which occurs in [3]. The present use of vector valued analytic 
functions is derived from [5]. To describe our results we must first introduce 
vector notation. . , i 

Let @ be a fixed, separable Hilbert space. By a vector we always mean 
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an element of this space. A special notation is used for the norm and inner 
product of vectors to avoid confusion with other spaces we shall construct. 
Let | c | be the norm of a vector c. If b is a vector, let b be the corresponding 
linear functional on vectors so that the inner product takes the form 
<a, b> = ba. | By an operator we mean a bounded linear transformation of 
vectors into vectors. If A is an operator, let |A| be the operator norm 
and let A be the adjoint of A. We write 420 if Ac = 0 holds for every 
vector c, with the implication that A == A is self-adjoint. If A and B are 
operators, the inequality 4<< B means that B—A=0. An operator is-said 
to be invertible if it has everywhere defined and bounded inverse A“. If a 
and b are vectors, let ab be the corresponding operator defined by (ab)c = a(bc) 
for every vector c. The theory requires the choice of a fixed invertible 
operator J such that f—=—-I==[-+, Let @, be the kernel of [—-+ and let 
&.. be the kernel of J-++%. Then, @- and 6. are orthogonal subspaces of @ 
which span @. We use r for the finite or infinite trace norm of an operator, 
and ø for the Schmidt norm. 

A vector valued function f(z), defined in a region Q of the complex 
plane, is said to be analytic in the region if the complex valued function 
éf(z) is analytic in the region for every choice of vector c. An operator 
valued function F(z), defined in Q, is said to be analytic in the region of 
the complex valued function bF (z)a is analytic in the region for every 
choice of vectors a and b. 

We use also an integration theory for operator valued measures. By a 
non-negative, operator valued measure u, we mean a countably additive func- 
tion, defined for bounded Borel subsets of the real line, whose values are non- 
negative operators. By countably additive we mean that »(U En) = X p (En) 
holds in the weak sense whenever (En) is a disjoint sequence of Borel sets 
with a bounded union. Corresponding to p, we construct a Hilbert space 
L? (p), a dense vector subspace of which consists of elements which are equiv- 
alence classes of vector valued functions. Perhaps through ignorance we find 
it necessary to suppose that the value of p are of trace class for a meaningful 
‘construction. Let f==¢%H,-+:---+6,*H, be a simple vector valued func- 
tion, where *H,,- - -,*H#, are the characteristic functions of disjoint bounded 
Borel sets #,,- - +, Ep, and where c,: +, C are corresponding vectors. The 
definition 

SEH de F(E) == Cu(Hy)e,-+- + e H (Ep) Cr 


is seen not to depend on the choice of representation by characteristic func- 
tions, and 5 E 


OS SI) da(tE) S S| FE) Pdr). 
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More generally, if f(x) is a Borel measurable, vector valued function and if 
f| f(2) |*dr(u(4)) is finite, define 
SF(t)du(t) f(t) = lim ffa) deC) fa Ct), 


where (fa(z)) is a sequence of simple, vector valued functions such that 


lim f | f(t) —fa(t) /?dr(u(t)) =0. 
By L°’(p) we mean the completion of the inner product space obtained by 
identifying any two functions f(z) and g(x) such that 
Slg(t) —F(¢) de(t) Lg (4) —f(t)] 0. 


Then £7() inner product is written 


F, Izu = f G(t) du (t) C). 


Integrals of the form fg(t)du(t)f (t) are used also when either f(s) 
or g(x) is a Borel measurable, operator valued function. If for example 
f(z) is vector valued and g(x) is operator valued, the integral is taken to 
mean the unique vector c such that 


üc = f [ga] de(t) 


holds in the L? (p) sense for every vector a, if such a vector c exists. The 
result of integration is an operator if both f(z) and g(x) are operator valued. 


In present applications we always have 


(1) | f L$) d (u(t) <o. 


We may then define a corresponding operator valued analytic function (z) 
for y > 0 and for y < 0 by requiring that its real part be a Poisson integral, 


Re g(x + iy) == ty f | t—2|*dy(t). 


The arbitrary constant remaining in the definition of (z) in each half-plane 
is conveniently chosen consistently, so that ġ (z) —— (Z). The identity 


(2) Lo(2) + 4$(w) ]/[t(o—2)] = f (t—2)*(t—) *dp(2) 


then results by a partial fraction decomposition when z and w are not real. 
Similarly, if v is a non-negative, operator valued measure on the Borel sets 
of the real line, which satisfies (1), we may choose an operator valued 
function y (z), defined and analytic for y > 0 and for y < 0, such that 


(3) LY (2) + o(w) ]/[at(@ —z)] = f (¢—2)*(t—)*dy(t) 
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holds whenever z and w are not real. The generalized Hilbert transformation 
is a linear isometric transformation of L° (a) onto L?(v) which is defined if 
¢(z) and w(z) can be chosen so as to satisfy the algebraic condition - 


(4) | (2) Ip (2) = I =y (2)Iẹ (2) 


whenever z is not real. If f(z) is in L? (p), its generalized Hilbert transform 
is the unique element g(x) of L?(v) such that the formula 


(5) f (Ew) 4g (t) dv(t) yw) If (t— w) f (4) de(t) 


holds for all non-real values of w. The following theorem is a i ae 
forward generalization of Theorem VIII of [8]. 


THEOREM I. Let u and v be non-negatwe, operator valued measures on 
the Borel sets of the real line, which satisfy (1) and are related by (4). 
If f(z), is any given element of L?(p), there exists a unique element g(r) 
of L*(v) such that (5) holds for all non-real values of w. In thts case, 


SF) du lt) F(t) = f9(t)dv(t) g(t). 


Every element g(r) of L?(v) corresponds in this way to some element f(a) 
of L? (p). 


The situation of Theorem I may be considered a perturbation theory 
situation in two different, but equivalent, ways. First let us specify that we 
are concerned with the self-adjoint transformation, multiplication by z in 
I? (u), and with the self-adjoint transformation, multiplication by v in L? (v), 
which are defined by the formula f(z)-—»af(z)} in the two spaces. Because 
of the generalized Hilbert transformation, multiplication by z in L?(y) is 
equivalent to a self-adjoint transformation in L? (u), and we may compare the 
two self-adjoint transformations in this space. On the other hand, multi- 
plication by z in L?() is equivalent to a self-adjoint transformation in L?(v), 
and we may compare the two self-adjoint transformations in this space. The 
two situations are of course equivalent via the generalized Hilbert trans- 
formation. Therefore the perturbation theory situation associated with 
Theorem I has an unambiguous meaning. As we will show it always satisfies 
the Kuroda perturbation hypothesis, and for this situation we will obtain 
the desired unitary equivalence by an explicit construction. 

The conclusion of the theorem involves the decomposition of a self-adjoint 
transformation into absolutely continuous and singular parts, discussed by 
Kato [7]. To obtain a corresponding decomposition. of the measure p, let 
(€,) be the choice of an orthonormal basis in @. Then for every n; a,y(# ) by 
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is a non-negative numerical measure when considered as a function of Borel 
sets Æ. Decompose each numerical measure into absolutely continuous and 
singular parts with respect to Lebesgue measure. Then we may construct 
two non-negative, operator valued measures py and m, such that p == po + pa, 
and the numerical measures @,196, and &:6, are respectively absolutely con- 
tinuous and singular for every n. In this case the trace measures r(uo) and 
(pı) are absolutely continuous and singular respectively. This decomposition 
of p does not depend on the choice of orthonormal set in &. 


THEOREM Il. In the situation of Theorem I, multiplication by x wm 


DE? (yo) is unitarily equivalent to the absolutely continuous part of multi- 
plication by s in D’ (p). 


The proof proceeds by an explicit construction. There is of course an 
analogous decomposition of y and of L? (y). The Kuroda perturbation theorem 
now asserts the unitary equivalence of multiplication by æ in L’? (uo) with 
multiplication by æ in L?(vo). This equivalence is obtained directly on multi- 
plying by a suitable function, whose existence is now shown. 


Lexma 1. Let p be a non-negative, operator valued measure on the 
Borel sets of the real line which satisfies (1) and (4), and let d(z) be a 
corresponding operator valued analytic function, defined so that (2) holds. 
Then, © : ac 
$.(@) = lim $(a + ty) 
exists almost everywhere in the Schmidt norm as yN 0. 


In the situation of Theorem I, the conclusion of the Kuroda perturbation 
theorem can now be refined in the following way. 


Txzorem III. In the situation of Theorem I, 
f(a) > I$. (%)f(#) 


ts a linear isometric transformation of L* (uo) onto L?(v,). Multiplication 
by xin L? (po) ts thereby unitarily equivalent to multiplicalion by z in E? (v). 


Functional notation is appropriate only in a dense subspace of L?(,»), 
but the definition of the isometry is completed by continuity in the full space. 
The most general case of the Kuroda theorem will now be reduced to the 
situation just described. . 

As in Kato [7], we must first discard a portion of the given Hilbert 
space which is not relevant to the problem. If 9 and T are self-adjoint 
transformations in a Hilbert space ¥, let M be the set of elements f of 3 
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such that (8 —w)*f = (T—w)-“f holds for all non-real values of w. 
Then, M is a closed vector subspace of Y which reduces both S and T. 
Since S and T coincide in Mm, discussions of unitary equivalence may be 
restricted to the orthogonal complement of Yn. In what follows, we may 
suppose, with no real loss of generality, that 9n is the zero subspace of #. 


Turormem IV. Let 8 and T be self-adjoint transformations in a Hilbert 
space Y which satisfy the Kuroda hypothesis and there is no non-zero element 
f of Y such that (S—w) “f= (T[—w)“f holds for all non-real w. Let 
P, be the spectral projection corresponding to the half-plane y > 0 for the 
normal operator | 


1— (9 — å$) (8 +4) (T +1) (T —1)*, 


and let P_. be the specified projeciton corresponding to the half-plane y <0. 
Suppose that the dimension of (the range of) P, +s no more than the dimen- 
sion of &,, and that the dimension of the range of P- is no more than the 
dimension of B Then there exist non-negative, operator valued measures | 
u and y, which satisfy (1) and are related by (4), and which have these 
properties: : 


(1) There exists a linear isometric transformation U of Y onto L?(p) 
which establishes the unitary equivalence of S with multiplication by x in 
L” (u). (2) There exists a linear tsomeiric transformation V of Y onto 
I? (vy) which establishes the unitary equivalence of T with multiplication by 
zin L(y). (8) For every element f of H, the element Vf of L?(v) ts the 
generalized Halbert transform of Uf in L? (p). 


The proof proceeds by an explicit construction of U and V. Since @ 
and I are arbitrary, Theorem IV applies, modulo the trivial space Fn, to the 
most general situation in which the Kuroda hypothesis is valid. The four 
theorems taken together therefore give a sharpened form of the Kuroda 
theorem, which contains the Kato theorem, which in turn contains the Rosen- 
blum theorem. 

The proofs of our theorems require some lemmas involving Hilbert spaces 
of analytic functions. Similar spaces have previously been used in [5], 
where the notation, however, is different. 


Lemma 2. Let u be a non-negative, operator valued measure on the 
Borel sets of the regl line which satisfies (2). Corresponding to every element 
f(x) of L*(u), there exists a unique vector valued function F(z), defined 
and analytic for y > 0 and for y < 0, such that 


(6) nF (w) = f (t+—w) de(t) f(E) 


* 
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holds for all non-real values of w. A knowledge of F(z) is suficient to 
determine f(x) uniquely. Let E be the Hilbert space of such vector valued 
analytic functions F(z), with the norm defined so as to make the correspon- 
dence f(x) > F(z) isometric. If F(z) is in E and if w is a non-real number, 
then [F(2)—F(w)]/(z—w) again belongs to £, and corresponds to 
f(z)/(a—w) in L(a). Let p(z) be the choice of an operator valued 
analytic function which corresponds to p according to (2). Then 


(7) Le(2) + ẹ(w)]e/[ri(0—z)] 


belongs to L as a function of z for every vector c and for every non-real 
number w, and the formula an 


(8) oF (w) = <F (t), [p (t) + 6(w) Jo/[wi(—t) ]> 


holds for every F(z) in Æ. If w is not real, the linear transformation of £ 
into B defined by F(z2)—>F(w). is of Schmidt class. The space Æ contains 
no non-zero constant funcions. 


Because of the identity (8), the Hilbert space ¥ is uniquely determined 
by a knowledge of ¢(z), and will be denoted in what follows as ¥(¢). 
Similarly there is a Hilbert space £ (y) which corresponds to y (z) and L?(y). 
When p=po+p, 18 decomposed into absolutely continuous and singular 
parts, we may define ¢)(z) and ¢#,(z2) by inserting subscripts in (2), and 
choosing the arbitrary constants consistently so that (z) == do(z) + d1(z). 


LEMMA 3. Let p= po + m 06 a non-negative, operator valued measure 
which satisfies (1). Then, (po) and £(d1) are contained tsometrically in 
£() as orthogonal subspaces which span £(¢). 


The following lemma is inserted for completeness although it is riot 
logically necessary to the discussion. 


Lemma 4. The Kuroda hypothesis is satisfied under the hypotheses of 
Theorem I, 


For the proof of Theorem IV we need a characterization of the space 
of Lemma 2. 


Lemma 5. Let Æ be a Hubert space whose elements are vector valued 
functions, defined and analytic for y>0 and for y <0. Suppose that £ 
contains no non-zero constant functions. Suppose that for every non-real 
number w, the linear transformation of Æ into @ defined by F(z) > F(w) 
is of Schmidt class. Suppose also that [F (2) — F (w) ]/ (z — w) belongs tu & 
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whenever F(z) belongs to Æ, for every non-real number w, and that the 
identity l 


0—= <P (t), [4(t) —0(8)1/6—8)> 
(9) —<IF (t) —F(a)]/(t—a), @()> | 
+ (a—£)<[F(t) —F (a) ]/ (6—0), LE) — @(8)1/(¢—8)> 


holds whenever F(z) and G(z) are in £, and a and B are not real. Then £ 
is equal isometrically to £(¢), corresponding to some chowe of non-negative, 
operator valued measure p which satesfies (1). . 


The Kuroda hypothesis and the dimension hypotheses of Theorem IV 
are used only for the following construction, which is extracted from the 
proof of the theorem. | 


Lemma 6. Under the -hypotheses of Theorem LV, there extsts a trans- 
formation J of SL into @, which ts of Schmidt class and whose adjoint J* 
‘takes @ into H, such that 


(10) 1— (S—4) (IHHT 4:4) (T — i) = ad PAT 


holds for some unitary operator A, which commutes with I, such ‘that 
_L(A—A) Z0. 


Proof of Lemma 1. Discussion of this limit requires the use of deter- 
minants for operators of the form 1-+A, where A is of trace class. If A 
has finite dimensional range, this number is defined in terms of an ortho- ` 
normal set 6,,° - -,é, of vectors whose span contains the range of A and the 
orthogonal complement of its kernel. Then we may write A = >) Ajj646;, 
where Ay ==.4A6,. Define det(1-+4) as the determinant of the r X r-matrix 
(8;-+ Ay). This definition. does not depend on the choice of orthonormal 
set. Characteristic properties of the construction are: : 


det (1 + £) —=[det(1+A)], | 
[det(1 + 4) ][det(1 +B) ] = det (1 + 4 + B + AB), 
det (exp A) —exp(r(A)) if 420. 


There is now a unique way to extend the definition of det (1 -+ A) to operators 
A of trace class so as to maintain these properties, which imply continuity in 
the trace norm. We make particular use of the inequality 


| det(1-+-A)|?amdet(1+4+A+AA) 21, 
-which is valid if A+ A 20. | 
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into £. This adjoint may be written in the form c>K(w,z)c, if K(w,z) 
is a suitably chosen operator valued function of z, defined and analytic for 
y>0 and for y <0. By this construction, the identity 


EF (w) = <F(t), K (w, #)e> 
holds for every F(z) in €. Since c— K(w,z)c is a Penot transformation 
of & into Æ, 
S | K (w, t) en |? =D EE (W, W) en <0 
holds for any choice of orthonormal basis (¢,) in &. In other words the 


non-negative operator K(w,w) is of trace class. If a and 8 are non-real 
numbers, and if a and b are corresponding vectors, (9) yields the identity 


<K (a, t)a, [E (8, t)b — E (8, w)b]/ (t— w) >. 
—=<[K (a, t)a— K (a, D)a]/ (1—0), K (B, t)b> 
for all non-real values of w. Expanding according to the definition of K (w, z) 
and simplifying, we obtain the operator identity 


(8 — a) K (a, 8) = (B— 0) K (w, 8) — (a —ü)K (0, a)-. 


So we may choose an operator valued function G (z), defined and analytic 
for y > 0 and for y < 0, such that 


K (w,2) = [G (2) -+ G(w) ]/[ri(0 —2)] | 
holds for all non-real values of z and w. Since K(w,w) is non-negative and 
of trace class, G(w) + G(w) is non-negative and of trace class in the half- 
plane 1(t##—w)>0. With the choice of an orthonormal basis (e,) in &, 
we may expand 
$[G(w) + G(w)J = S faw) ead 


where fa (s + ty) == Re & G(r- iy)en is a real valued function which is non- 
negative and harmonic for y > 0, and f(s — iy) ==— f (z -+ iy). By the 
Poisson representation of a function non-negative and harmonic in a half- 
plane, there exists a unique non-negative numerical measure w on the Borel 
setas of the real line, and a unique non-negative number ,, such that 


faz F iy) = rty f | t£—2 | dun (t) + pay 


holds for y > 0, and hence also by symmetry for y <0. Let us construct the 
non-negative, operator valued measure u= J, pnénéx and the non-negative 
operator p = >) Pnênën, 80 that we have the representation 


K(w,2) =p + f (t—2)7 (t— 6) *du(t), 
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at least when zw is not real. The case in which z and w are distinct 
follows by a partial fraction decomposition. Since p satisfies (1) by the 
trace finiteness of K(w,w), the space £(¢) is defined. By Lemma 2, this 
, space contains no non-zero constants. Since 


K (w,2) =p + [e (2) +8 (w) ]/[ri(0—2)], 


the argument in the proof of Lemma 3 will show that ¥(¢) is contained 
isometrically in £, where its orthogonal complement is a space of constants. 
Since £ contains no non-zero constants by a p= 0 and £ is equal 
isometrically to £(¢). 


Note. The proof of Lemma 5: contains an obvious error because the 
values of G(z) do not commute. Corrections are easily made and are left 
to the reader to save a revision of the galley proof. 


Proof of Lemma 6. The Kuroda hypothesis implies that the trans- 
formation appearing on the left of (10) is of trace class. Since this trans- 
formation is of the form 1— W, where W is a unitary transformation, it is 
diagonalizable. Let (fa) be the choice of an orthonormal set in #, con- 
sisting of eigenelements for 1— W, which spans the orthogonal complement 
of the kernel of this transformation. Then, (1— W)f,—= waf, where | 1 — tn | 
<1 for every n and J| w| <œ. Our dimension hypotheses allow us to 
choose an orthogonal set (¢,) in @ with e„ in @, or 6. according as 4(t_,— Wn) 
is positive or negative, the choice of 4, or 6. being immaterial if w, is real. 
The transformation J is defined by Jf, = | 2rt, |3e,, and is extended by 
` linearity and continuity on the closed span of the set (fa). It is defined to 
be zero on the orthogonal complement of this closed span. The adjoint 
transformation J* then has the property that J*e, = | Qt. |#f,. The operator 
A is defined by Ae, = | wa |-*t04én for every n, and by linearity and continuity 
on the closed span of (é,). It is taken to coincide with I on the orthogonal 
complement of this closed span. Formula (10) and the unitary property 
of A are obvious from this construction. The transformation J is of Schmidt 
class because Ð | wa | <œ. The operator 4 commutes with I because the 
constructed eigenvector (é,) are eigenvectors of J. The operator I(E —A) 
is non-negative because the vectors (e,) are eigenvectors of the operator for 
non-negative eigenvalues, and because the operator is zero on the orthogonal 
complement of the (e). 


Proof of Theorem I. By Lemma 2, we must show that the transformation 
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F(z) —>y(z)IF (z) takes £(¢) isometrically onto &(y). To see this observe 
from (4) that the identity 


(11) w(z) + 9(w) =—o(2)I[ (2) + (w) ly (w) 


holds whenever z and w are not real. Therefore, if F(z) is a finite linear 
combination of functions of the form (7), where cis in @ and w is not real, 
then y(z)F (z) belongs to (y) and has the same norm as F(z) in £(¢). 
The necessary computation of inner products is based on the identity (8) 
in £(¢) and its analogue in Y(w). Such special functions are dense in 
L(d) because of (8). It follows by continuity that F(z) > y(z)IF(z) is a 
linear isometric transformation of ¢(¢) into (4). A similar argument 
from formula (16) will show that G(z) ~— ¢ẹ(z)IG (z) is a linear isometric 
transformation of ¥(w) onto £(¢). These two isometric transformations 
are inverses because of (4). 


Proof of Theorem II. By Lemma 3, €(¢#) is the orthogonal direct sum 
of (do) and Æ(¢ı). The correspondence of Lemma 2 between ¥(¢) and 
L? (p) induces an orthogonal decomposition of L°(p) into two subspaces 
which reduce multiplication by z in L?’ (p). The restriction of multiplication 
by z to each subspace is unitarily equivalent to multiplication by æ in L? (wu), 
t—=0 or 1. Since r(po) is absolutely continuous and r(y,.) is singular, with 
respect to Lebesgue measure, multiplication by v in L° (p) has an absolutely 
continuous spectral measure, in the sense of Rosenblum [12], and multiplica- 
tion by s in L*(y,) has a singular spectral measure. Therefore, our decom- 


position of operator measures corresponds to the spectral decomposition of 
Kato [7]. 


Proof of Theorem III. Since the trace measure v(a) is a non-negative 
numerical measure, its derivative exists almost everywhere. It follows that 


w (a) == lim p([e—h, + h})/(2h) 


exists almost everywhere in the trace norm as hN 0. From the representation 
(2), one finds that 


K (x) == lim $$ (£ + ty) sesa 
holds almost everywhere in the trace norm as yN 0. By Lemma 1, 
w(x) = flp (2) + $,(2)] 
holds for almost all real z. In a similar way, 


v (x) =$[y (2) + ¥.(2)] 
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holds almost everywhere. Passing to a limit in (11), we obtain 


v (z) =——y¥.() Ip’ (x) Ip (2) 
almost everywhere, and similarly also 


w (2) ——¢, (2) Iv («) 16. (2), 


where I¢,(z) and —JIy,(z) are inverse operators because of (4). The 
remainder of the proof is an exercise in integration which is left to the 
reader. 


Proof of Theorem IV. Let J and A be defined as in Lemma 6. Corre- 
sponding to every element f of H, define a vector valued analytic function 
H(z) by 


(12) F(w) =J(S—i) (S—w)“f 


whenever w is not real.. If such a function F(z) vanishes identically, then 
f=0. For by (10), 


(9 —4) (9 —w)~*f = (9 4) (8 +i) (T 4-4) (P—1)4(8—a) (9 —w) 
holds for all non-real values of w. So, 


(3 +i) (9— w) f= (T +i) (T—1) 4 (9 —4) (8 —w) f 
= (§—i) (S—w)*f + 2i(T—i)+ (8 —4) (S—w)F, 


and therefore, 


(S—w) f= (T—1)+(S3—1) (8—w)f | 
= (T —i) f + (w— i) (T— i) (8 — w)¥. 
It follows that . 


(T —w) (T—t)+(8 —w) +f = (Tf —i)+f 
and that 


(2—1+)*(S—w)f = a i aa) a i) a Bee) a 


and that (9—w)1f— (T—w)tf holds for all non-real values of w. By 
hypothesis then, f =Q. 

Make such functions F(z) into a Hilbert space £ in such a way as to 
make the correspondence f—> F(z) isometric. A partial fraction decomposi- 
tion will show that [F(z) —F(w)]/(z—w) belongs to Æ, if w is a non- 
real number, and correspond to (9 —w)-*f in %. The identity (9) is satisfied 
in £ because of the self-adjointedness of 9 in 9%. Since 8 is a well-defined 
transformation, the transformation (S—w)-1 has kernel zero when w is not 


SEL¥-ADJOINT TRANSFORMATIONS. 557 


real, and no non-zero constants can belong to £. . By this construction the 
linear transformation of Æ into @ defined by F(z) F(w) is of Schmidt 
class for every non-real choice of w. By Lemma 5, £ is equal isometrically 
to £(¢) corresponding to some choice of non-negative, operator valued measure 
p which satisfies (2). A particular choice of the arbitrary constant in $(z) 
is made below. 


Since the transformation J of % into @ corresponds to the trans- 
formation F(z) > F(t) of £(¢) into @, the adjoint transformation J* of 
& into 4. corresponds to the adjoint transformation 


c-> [6(2) + $(i)]o/[xi(—i—2)] 


of @ into £(¢). The transformation in GY appearing on the left of (10) 
therefore corresponds to the transformation 


F (2) > [$ (2) + $(4) ]24F (i) / (1— i2) 
in £(¢), and the transformation 
| F(z) > F(2) — [¢ (2) + 4(6)]24P(é)/(1—is) 
is unitary in ($). The adjoint is the transformation 
F(z) > F(2) —[4(2) + $(@) JEF (i)/ (0 — i2). 


Since the composition of the last two transformations is the identity trans- 
formation, 


0 = [p (2) + 8(i) Alo) —4 +E) —AJAP(i) 
holds for every F(z) in €(¢). It follows that | 
sleli) —A + eli) —A]o=0 


holds for every vector c in the closure of the range of the transformation 
F(z)—>F(4). The same is true if c is orthogonal to this range since 
cle (i) + (4) ]co=0 because of (8) and ¢(A + 4)c—0 if A is constructed 
as in the proof of Lemma 6. It follows that | : 


od TA mee 


The gine constant ‘in the definition of ¢(z) is now to be chosen so 
that $(1) = A = A. 
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With this normalization, the transformation in % appearing ‘on the left 
of (10) corresponds to the transformation 
F(z) > [6(#) +$ (8) ]2$(#)*F (t)/(1 — i2) 
in £(¢). The transformation (8—4) (8 +i)>(T +4) Sea in ¥ 
therefore corresponds to the transformation 
F(a) > F(z) —[$(2) +4(4) ]26()7F()/A—®) 
in £(¢). Since the transformation (S++) (S—+)7 in & eee to 
P(e) > [e HDP —2P (6) 1/(a—i) 
in £(¢), the transformation Ler!) (T—i)+ in 3 er ie to` the 
transformation 
F(z) >[(@+ DF (e) — Rip (2) (4) 7 (4) 1/(2—*) 
in £(#), and the transformation (T —+)* in # corresponds. to 7 
F(z) > [F (2) —$(2)6(4) °F (4) J/(@—*) 


in £(¢). Since (i) is an invertible operator and since (z) is continuous 
in the operator norm for y > 0, the operator ¢(w) is invertible for w in some 
neighborhood of i. For such values of w, the transformation a — w) in Y 
must correspond to the transformation 


(13) F(z) > [ F(z) —$(z)o(w) Gee) 
in £(¢) Patani of the resolvent identity 
(a— 8) (T — a)" (T —8)* = (T—a)*— (T—B8)*. 
By the self-adjointness of T and ‘the symmetry ¢(w) == — (i), formula 
(13) must also be valid, for w in a neighborhood of — t. 
The procedure used at the beginning of the proof is now used to construct 
a new Hilbert space Æ (y) of vector valued analytic functions, in a one-to-one’ 


isometric correspondence with ¥. If g is in X, the corresponding element 
G(z) of L(y) is defined by 


(14) gw) =I Tug 


whenever w is not real. The function y(z) is of the form (3), where v is a 
non-negative, operator valued measure which satisfies (1). .À partioular choice 
of the arbitrary constant in y(z) is made below. 

The defining isometric correspondences between $£(¢) and. 94. „and 


‘ne 
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between (y) and H, induce an isometric correspondence between £(¢) 
and (4). Let F(z) be in £(¢) and let G (z) be the corresponding element 
of £(y). When w is in a neighborhood of t or —1, the action of 
(T—1)(T—w)7 corresponds to 


F(a)> [ei F(@) a (oelet Fwa) 
in (¢), and the action of J(T’—-+) (7’— w)™ corresponds to 


F(z) > $(4)¢(w)F(w). 


The definition (14) therefore implies that G (w) =I¢(w)*F(w) hold when 
10 is a neighborhood of ¢ or —%. When this relation is written in the form 


(15) F(z) =— $(z) 1G (2), 


it is valid for all Horna values of z by analytic continuation. 
Now use formula (8) in &(¢) and its analogue in (y). The isometric 
nature of the correspondence (15) between ¥(¢) and (y) implies that 


(16) g(t) + 6(w) ==— (2) ly (2) +w) HE (w) 


holds whenever z and w are not real. Since (+) is a unitary operator, this 
identity implies that | 


POENG + [66) NON= 


We may therefore choose the arbitrary constant in y(z) so that ¢ (1) + Ip(+)1 
==0. Formula 16) now implies that ¢(z)Iy(z) =I. ‘Since (z) is known 
to have invertible values in a neighborhood of + and in a neighborhood of —4, 
we must also have-y(z)I¢(z) =I for these values of z, and hence by analytic 
continuation whenever z is.not real. Formula (4) has now been obtained. 
By Lemma 2 and the proof of Theorem I, we now have a commutative 
diagram of isometric correspondences between the spaces H, (¢), (4), 
L* (pz), and L?(y), where the linear isometric transformation of L?(n) onto 
LE? (v) is the generalized Hilbert transformation. The linear isometric trans- 
formation of L? (p) onto £(¢) is given by (6). The linear isometric trans- 
formation U of Y onto L? (p) is the inverse of this transformation composed 
with the transformation of $f into £(¢) given by (12). The linear isometric 
transformation V of & into Z?(v) is defined analogously. That Vf is the 


generalized Hilbert manaon of Uf for every f in # is clear from the proof 
of Theorem L 
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FUNDAMENTAL SOLUTIONS OF LINEAR PARTIAL 
DIFFERENTIAL EQUATIONS WITH CONSTANT 
COEFFICIENTS DEPENDING ON PARAMETERS.* 


By Frangois ‘T'revss.* 


We deal with a linear partial differential operator 
P(A, De) = Z Ap(A) Da? 
ipime) 


whose coefficients A,(A), constant with respect to the variable g == (2,,° > *, Tn) 
€ =E”, are complex functions of the point A of a C” manifold A.? As usually 
p= (p, ``, Pa) 18 a multi-index, the p; being non negative integers, 


jalea prem (7G Y= V—1). The 








+ Oa t 02, 
order m(A) of P(A, De) will be showed 6 vary with à. However, we shall 
assume that it is locally bounded in A, i.e. that m(A) is bounded on every 
compact subset of A. 
We say that P(A,D;) does not vanish in A if its coefficients A,(A) do 
not vanish simultaneously for any AE A. 


The main result of this article is then the following: 


THEOREM 1. Suppose that P(A,D) does not vanish in A and that tts 
coeficients are C@ functions of à. Then there is a O” function H(A) of à 
with values in the space of distributions D’, on R” which, for each AE A, 18 a 
fundamental solution of P(A, D). 


The conclusion of Theorem 1 can be strengthened by strengthening the 
conditions upon P(A, De). Indeed: 


THEOREM 2. Same hypotheses asin Theorem 1. Assume, moreover, that 
for any two values d’, A” of A, the differential operators P(X, Dz), P(r”, De) 
are equally strong. Then there ts a C” function of AC A, H(A), with values 
in (FIL” 100, which ts, for each à, a fundamental solution of P(A, Da). 

The space (FL Yro often denoted by Hw”? or Het is the space 
of distributions T on R” such that, for every C.” function (s), the Fourier 


* Received February 19, 1962. 
+ Sloan fellow. F 
1 By a manifold, we mean here a paracompact and Hausdorf manifold. 
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transform F(T) of 7 belongs to L”. It is provided with the topology 
defined by the semi-norms 


T— | F(T) jrogE 0g”. 


The importance of (FIL )wo comes from the fact that its dones are 
exactly those distributions T such that 
. Te L3, C D319, 

where + is the convolution product, L*, the space of L*-functions with compact 
support, L?,. the space of locally L*-functions. Furthermore, if one provides 
the space £(L*,;L7.) of continuous linear, mappings L?,—> L*;,. with the 
topology of uniform convergence on the bounded subsets of £7,, the map 
T — T+ is an isomorphism of (F7L7)ino into L(L*,: L409). . 

Let us recall also the meaning of “equally strong.” If P(é) is a poly- 
nomial with complex coefficients in n variables &,--:-,&, we associate with 
it a differential operator with constant coefficients (or differential polynomial) 


P(D), by substituting + E -a , @eal,---,n, for g&. We also associate with 
P(é) the quantity | 





P(E) = ( à> | P% (£) |*)i, Ee Be, 


where the summation runs over all systems p = (pi,° * `, Pa) of n non-negative 
integers 1,‘ ‘ *,f,, and where 


motel (ere 


With those notations, P(D) is said to be stronger than Q(D) if for some 
c > 0 we have, for all €¢€ R”, 


cQ(é) < P(é). 


And P(D), Q(D) are said to be equally strong if each one is stronger than 
the other.’ 


Our way of proving Theorem 2 will also yield the following result. 


THEOREM 3. Same hypotheses as in Theorem 2. Assume, moreover, that 
A ts provided with a structure of complex analytic manifold and that the 
coeficients of P(A, De) are holomorphic functions of AE A. 

Then, every point °€ A has an open neighborhood N(d°) such that there 
is a holomorphic function of AE N(A°), H(A), with values in (F7L" ) t005 i 
which ts, for each A€ N(A°), a fundamental solution of P(A, ka 


2 On these notions, see Hörmander [1]. 
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We are going to prove Theorems 1, 2, 3 by constructing H(A). By this 
construction we shall obtain a fundamental solution H(A) endowed with 
rather strong properties. 


I. Proof of Theorem 1. 


The result to be proved is of purely local nature. More precisely, assume 
that we have a locally finite open covering {At} of the manifold A and that 
for each t, we have found a fundamental solution #*(X) of P(A, D) for AE At 
such that A> #*(A) is C” with values in D’,. Let {a*(A)} be a partition 
of unity in Co” (A) subordinated to the covering {At}. Then 


EA) =E (AEA) 


has the desired properties. It will, moreover, be fairly evident that the addi- 
tional properties which will be proved about the H+(A)’s, will also be valid 
for H(A). 

Such a localization with respect to A allows us to assume that the order 
m(A) of P(A, Ds) is bounded by an integer m; of course, we take m= 1. 
Otherwise m(A) can vary from 0 to m when A varies. 

We can take now, as A, an open ball centered at the origin in the euclidean 
space Rè (if d==dimA) and assume that P(A, Ds) has all the required 
properties for A in some strictly larger ball A’: the A (à) are C® functions 
of A€ A’; they cannot vanish simultaneously in A’. 


I.1. Two lemmas about polynomials. 


Lexma 1. Let «> 0 be arbitrary. There is a finite set ©. of vectors 
0E Rh", with |0| <e and a constant c>0 such that, for all polynomials P 
in n variables of degree Sm, and all E€ R”, 


oP (é) = sup | P(E+ 8)|. 


Let N(m,n) be the set of multi-indices p= (pi,:-*, pn), py: integer 
= 0, such that | p] == p 4: -+ passim. We order N(m,1) in an arbi- 
trary way. For each vector 0 = (6.,---,6.)€ A" and qEN(m, n), set 
62 — (6,)%- + -(0,)%, Consider the mapping 


(8p) —> (039) 


where 6) = (Op © *,99n) € E”. That mapping is defined in (2*)¥(@") and 
valued in the linear space of r(m,n)}X r(m,n) matrices (r(m,n): number 
of element of N(m,n)). The set Y of elements (6,) E€ (R*)N@®™ guch that 
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det (6,7) = 0, i.e. such that the matrix (6,2) is not invertible, is an algebraic 
set. It is easy to see that % cannot be the whole space. It follows from 
this that Y contains points (6,) arbitrarily close to the origin, hence such that 
| 6p |<< for all pE N(m,n). Let (8p) be such and call ©, the set of the 
“components”? fp. In view of Taylors formula 


p e 





P(E+ 0) = © 6,9 » PEN(m,n). 


qe Nim n) 
Since the matrix (6,7) is invertible, aia is M < -+æ such that 


2 1/q! | P@(é)| SMX|PE+ %)I. 
q 
Since M depends only on ©, the lemma is proved. 
The following lemma will play an essential role in the sequel. 


Lemma 2. Let «>0 be arbitrary. There is a finite set of vectors 
CG’, C R”, such that |0| <e tf 66 G., and a constant ¢c>0 such that for 
all polynomials P in n variables of degree <= m, and for all £C R”, 


P(E) Saup int | P(é+ 26)|. 


Here z is a complex variable. . 
Let us fix é, 0€ R* and set g(z) == P(é+ 20), m’=degg(Sm). We 


For some k=0,1,: + -,m at oan we have 


| k/m — | for all j==1,---,m’<m. 


24 || 2 T 
ts It | | =2, Hiel =g, jal <2, 


ile|—|z|] = >} 
1+ | 2; | 





z z T Therefore, we have in all cases 


\PE+20)|2 [sgar] PE++)]. 
Combining with Lemma 1 we see that the set 
= { (k/m)0 | k=0, 1, ©- m; 0 E Sa} 
satisfies the conditions of Lemma 2. We may take 


JEES 
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These reasonings and results are due to Li Hérmander. From now on 
we keep e > 0 fixed (but arbitrary) and we choose ©’,, which we shall call 8, 
once forever. 


I.2. When the parameters vary. We go back to the differential poly- 
nomials P(A, De). We introduce now a continuous function RG) = z= 0 on Æ* 
with the following properties: 


i) For A> 0 sufficiently large, 
R(E) SA(L+ E)”, Ee Re. 


ii) There is a constant C< +o such that, for all é € R”, with 
jé—2 | 1, 
R(E) SOR(E). 


iii) For every. multi-index r== (11,: --,1',) there is a constant Bir) 
< +æ such that for multi-indices P= (Pu' +, Pn), all AC A and all €€ R", 


(1.0) > [DEPO (a, €)| S B(|r |) REE) 4 
“That such functions #(£) exist is obvious: just take R(¢ = (1 -+ Epe. 


In view of (I.0) we see that there is a constant B < -+-co such that for 
all 2, Me A and éc Re 


(I.1) Po, E 2) Bla —a |B). 
In turn, (1.1) implies ~ a 

(1.2) | P(a,é-+28) —P(a°, £ + 26) | S Bell | A—d° | R(¢) 
(I. 3) | P(a,£) — P9, E) | S B| AA | R(é). 


Lemma 3. There are constants 7 > 0, a > 0, b `> 0 such that, whatever 
be X° E A, & € R”, one can find GES with the property that 


| —£ | Sm, |A | £ aP (x, &)/R(L) 
implies a 
bP (aé) = int | P(OsE+ #8) 


We recall that 8 is the set of vectors ©’. chosen at the end of Section I. 2. 
According to Lemma 2, there is 0€ S such that 


(14) PP P) Sint] POM, E); 
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Let us first ask that n be <1. Then, in view of Taylors formula, for 

|é—& | <n, 

(I. 5) PAS Sasi) MA é), 

(6) [PO E48) —P (a, E 4-26) |S AenP a E), 


taking into ateount the fact that | 26|<«. Here A < +œ depends aie on M. 
Combining (I.4) with (I.5) and (I. 6) where A—A°, we obtain ` 


LD int | POR E+ a) Le — (¢ +) An] PO8,6). 
We may choose nx Sie We combine then (I.7) with the inequalities 
(1.2) and (1.38) ; it yields - 
inf | POE -+ 8)| = > (e/V Pa £) — ((¢/2) + s) A — A? | BR (EY; 

but R(é)< < ORGE) since |#— é? | <1. Now take jaa | < aP(n?, &)/R(é). 
‘This gives : 
(1.8) ae ON E+ 26)| = (¢/2)P(r,€) a(n) +: 6°) OBB (xs, e). 
On iiè other hand, by mo (I.3) and (I. 5)» 

P(a*, &) SP(a,é) + CB|A—a°| R(E) + AP(A, é) 

< aCBP(d°, &) + (14+ A4)P(, a 

We fake then that aCB < 1. This leads to 


1+A 
bose) s ee 9. 


Replacing in (I.8) 


in PE > (0/2) —a((¢/2) 4: nosy 


IPQ, ‘) 


from ies the possibility of finding a> 0, D >i 0% as in Lemma 3 follows 
Me ELEY 


ere I.1. It is easily aed on the proof of Lemma 3, dank dns 
may keep the same numbers 7, a, b if one replaces R(€) by any other function 
{continuous and non-negative) enjoying the properties i), li), iï) with the- 
= constants A, C, E as R (£). l 


y [l 
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LEMMA 4. Set h(é)—inf P(A, £). There is a constant c> 0 such that 
ACA - : 


h(é) So(1+|é|)™, ee Be. 
From Taylors formula, — a 


Êo SOLED POE) 


where C depends only on the upper bound m for the donee of P(A, €) for 
X€ A and on the dimension n of the é-space. Since, P(A, 0) is a continuous 
> 0 function of A€ A, the lemma follows. 


I.3. Partitions of unity. We shall denote by k= (kı: * >, ka) a point 
of Rê with integral 20 or <0 coordinates. We denote by B(k) the open 
ball of radius Vd and center k. “When k varies, the B(k) form an open 
covering of R4.. There is an integer v, depending only on d, such that any 
point of Rê is contained in at most vy balls B(k). Let + be >0 and let us 
look at the automorphism y—> y/r of Rê. The ball B(k) is mapped onto the 
ball B;(k) of center k/r and radius \/d/r. The balls B,(k) form an open 
covering of R? and at most y of them meet. 

Let oy be a C” function of t20, 


a(t) =O fo tak 
a(t) ==] for OStS4; 
0<a(t)S1 for ¢St<il. 


For k == (kpt -, ka) with integral coordinates we set 


a (ysr) =a (LEE) 


Jir JIU Eo 


The support of a*(y;r) is the closed ball B,(k). For every integer p= 0, 


_-there is a constant M (a) < +, depending’ is on a and p (hence not on 
Y, t, k) such that for |p| S m 


[Dye SMG G21). 


Since a*(y;7r) vanishes of infinite order on the boundary of B, (k) and since 
at most yv balls B- (k) intersect, we have 


| Dyg(y37)| SvM (| p |) itl. 
We set then 


a*(y;r) = a*(y;r)/q(y37). 
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We have 
S| Dy (y;1)| SMC p |) 


where M’(|p|) depends only on « and |p|. ‘The &(y;r) form a partition 
of unity in C,” (R°). 

. Let 7 > 0 be as in Lemma 3. We choose a sequence {¢} of points in Re 
such that the open balls | é— é | <n form a locally finite (open) covering 
of E». Let {8} be a partition of unity in Cy*(#") subordinated to this — 
- covering. 

Fix g==0,1,2,--- and note that, ge to our assumptions, 
A> Pa, é) is a continuous > 0 function on A C Rë and therefore reaches 
its minimum h(é) >0 in A. Let us define r/ by £ 

V d/ri = inf[a Bayt radius of A]. 
Observe that there is a vector 6/*¢€ S such that 


|E—& | <a, | A—k/ri | S V d/r, à, k/t E A, 


implies 
: bP (A, €) Sint | P(A, €+ 267") |. 
We set then fa 
| yi*(€, 2) = BIE) aE (E574). 
We have 


2 y” (6, a) =È S (2) Bata; a) ee BYE) = 1 


for all ¿€ Bs, A€ Re. nae {y7} is a partition unity in Cy)’ (#* X Rê). 
Note that because of the term 4 radius of A in the definition of r’, the open 
ball 4A C R# does not intersect any ball |A—k/r! | S V d/r! whose center 


k/73 lies outside A. Therefore, for A€ $A, (€,A) € support of yit implies 
(1.9) bP (Ay €) Sint | P(A, € + 28%) 


.I.4. Construction of E(A) in a neighborhood of a point >°. In fact 
we shall assume, as before, that A is an open ball in Rê centered at the origin. 
We shall take A°—=0 and the neighborhood of A? will be $A. 

For j==0,1,2,---, and k= (k, +, ka) man integral coordinates, 


we ‘set 
<BR (A), dy J vE) F J ERA A i: Hgs 


€ The idea of using such a formula to construct a fundamental Salesian on there’ 
are no parameters, is due o L. Hörmander, i 
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Here A € A/2 uk $ E€ Cy” (B) We have set 


GOS seyetorae,e Os 


and 6(z) = ġ(— T). The integral with respect to z is taken over the unit 
circle |z|=~1 of the complex plane. It is easily seen that for A € A/2, H4*(A) 
is a distribution on R,*. But we want to show much more. Among other 
things, we are going to show that (1/(27)*) 2 EAA) converges in D’, (space 


of distributions on R*) to a C” function of A€ $A with values in D's. 
Let r= (ry: > fa), |r| =p. We call F(A) the function of AE ZA, 
<H(r),¢>. We have with obvious notations — 


Dy Fie (A) = > 5 (7 \f D a a) 


P Pile ein: 
i a v Loram E+ a 
First of all, | 
>| Day (E, A) | 
SEO FIDEO) SAM (Ir —a]) A. 
On the other hand, in view of'(I.0) there is a constant M” (| s|) depending 
only on |s], such that, for (¢,A) in the support of y*, 


Teal y R(£)lel 
| Da Pepan SM (| s[) P(r, E4 267) gitt 
—M”(\s|) R(é!! 
T obba P(A, giha 


With a new constant M, (|r|) <+% depending only on r, we get 








iri 
ZIDE Sma ((r |) SEO | oa 


X sup | (E+ 201+] dé. 


P(A, é) 


Replacing 7/ by its definition, we see that 


rl 
Z | Dy FH (a)| S Ma(|r|) f8 (8) Ea E ee 


x (_ sup | d(é+8)|)4é. 
G€C™, |@iSe 
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We use then Lemma 4. We take into account Property i) of R(é) and the 
- . fact that €€ support of 81 implies |é— € | <n. We see thus that 


ZIDAN SMa(lr|) $0) (A+ Elem, sup |E N a 


O SMDS pE yaa + LEY, sup 18+ 9) [Da 
| with f= 1 -H m |r re We obtain right away: 
FIPA sale) fA TER oh Later eneere 


Let us set . | 
a Ne(y) — fedel | y(z)| de. 
We have | 
E40) | SN (y). 


fe Rs, oa i LAEL 
Hence, caning A the Laplacian ere Se es 2), 


3 DVER) <MA(|r DS area (0—89), 
= and therefore 

S| DPA |< Mall |) f TFE We((1—ay"8). 
This shows preces that 





E(a) = ca TERÇA) 


is a 0” function of AE $A. with values in the space of distributions D's 
That H(A) is a fundamental solution of P(A, D) is easy to.check. For take 
p(z) =P (à, Da)y (z). Then 6—P(A,—D)y and 


<E (A), $> = <P (à, D)E (A), Y>. 
We have 


: | x TENN r f 
CEPA), p= SEN J PEL ROM QZ E= SPENDE 
since Ņ({¢) is an entire function of ge Cs, Thus: | 


2 <E (A), $ = f(E) dé = ar 
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I.5. Some local and global properties of E(}). We fix now A in $å. 
Let Q(D) be a differential polynomial weaker than P(A,D). Take 
¢=Q(D)u*», with u,v€ Co” (R"). We have 6 =Q (—D)ù+%ŭ and: 


<E (A), 6> — <Q(D)E(A) #4, 0). 
On the other hand: 
CE (A), b> == fy (EA) O ry +. 265*) (E + rg) dé. 


Isj=2 P (à, € + 20*) 
We have trivially 


| O(é-+ 26) | S OQ (£) 


where C < +œ does not depend on €€ R” nor on j, k. We use then (1.9) 
and the fact that 


OE SCPE), EER”. 


We recall that all the vectors 6/* belong to the finite set S whose elements 
satisfy |0| <e. Setting «== sup | #/*|, we see that 
jik 


| <B (A), 6> | SO” fyF(E A) ap |a(é+0)o (é+ 0)| dé, 
8 e c” [Ol Se, 
whence 


| <E (A), p | <0” S pe a u(é+0)0(é+-6)| dé. 
Note that eo <e. It can then be shown (cf. [2]) that 
S sap |@(E+-6)5(E+6)| ESAT erlelu fra | otlelv fre 


0 e C”, [0| Se 
Let us denote by L?(r) the space of measurable functions f such that erl”lf € L?; 
we provide L*(r) with the norm || erlelf |z». Then C,” is dense in L*(r) and 
the bilinear form f $y dz can be extended from CO,” X C,” to L? (r) X L3(—r) 
and puts L?(r) and L? (—r) in duality; we may thus regard L?(—r) as the 
dual of L?(r). We have shown that 


| <Q(D)E (A) +u, % | SA’ | etlely |za || etl#ly Ur. 


This can be interpreted then as follows: u—>Q(D)E(à) +u, defined on 0%”, 
can be extended as a bounded linear map from L?(e«) into L?(—e). Since 
L?, C L° (e) and L?(—.«)C L*,,, this fact has the first consequence that 
O(D)£(A) #L*, C L*,,. In other words, H(A) is a proper fundamental 
solution of P(A, Ds) (cf. Hérmander [2]). It can also be proved that any 
distribution T such that T+ L3(«) C L*(—-e) has the following additional 
property: e*(V4+lsl)7 is a tempered distribution. We obtain in this way: 
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THEOREM 1’ Same hypotheses as in Theorem 1. Let «> 0 be arbitrary. 
There is a O” function A> E(x) of A into D's such that, for each XE A, 
1°) EA) is a proper fundamental solution of P(A, Da); 
2°) HA) exp (—eV1i-+]2]*) ws a tempered distribution. 


Indeed, we have proved that for some locally finite open covering {A‘} 
(.€ I) of A, there exist fundamental solutions F'(A) of P(A, De) when A€ At 
(L€ I) which are proper and such that F'(A) exp(—eV1-+]¢ |2) is tempered. 
If then {a@(A)} (QEZ) is a partition of unity in Co” (A) subordinated to 
the covering {A‘}, the fundamental solution of P(A, De), 


EA) = Zaa) 


enjoys obviously properties 1°) and 2°) for all A€ A. 


II. Proofs of Theorems 2 and 3. 


II. 1. Dependence on the parameters. We keep assuming that A is an 
open ball in the euclidean space Æ? and that the coefficients Ap (à) of P(A, Dz) 
are C” functions and do not vanish simultaneously in an open ball A’ C Rå 
such that A C A’. We make now the additional hypothesis: 


(ES) When à varies in A’, the differential operators P(à, Da) are 
equally strong. 


Take A°€ A’ arbitrary. Since the polynomials P(A, é), when A runs over 
~ A’, form a linear space of finite dimension, one can find a finite basis of 
that space including P(A°, €); in other words we can write, for all AE A’, 


(II. 1) P(A, Da) = ao (A) P (à°, De) TAU (De) 
where the differential polynomials P;(D) are necessarly weaker than P()°, D). 
The coefficients a;(A) are (complex valued) C@ functions of AE A’. 


Lemma 6. Assume that Property (ES) holds. There ts a constant y > 0 
such that, for all à, NE A, EC R”, 


(II. 2) P(A, é) Z yP (N, 8). 


Whatever be e > 0, there is a neighborhood U (e) of A? in A’ such that for 
rA€ Ue), l 
| ao(A) 1] Se} OET 
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For a SEDIE constant o < TE we have 

BO SOPE EER j=1, 
For A€ U(e) we derive from (II.1) 

Bae) = (1—) PQ, E) —C Pare) 


where @ < +œ does not depend on é, A°, e Thus for «> 0 small enough, 


A€ U(e) implies 
P(A, E) =4P(a, €),€€ Be. 


Since A is compact, we can find a finite set of- points AE A (i= 1,» 


such that, given any A€ A, we have, for some t, 
P(A, £) = $P (a4, 6), EE Br 


Apply then once more (II.1) with A? == At (1&i& I). We obtain: 


P(x, £) Soup (Ziu) (POS) + BPO) 


There is a constant O, <œ, depending only on t, such that 


SP, <= O,P (a4, E), EE R”. 


Of course, the number K ($ l a;(X’)|) depends also on t—1,: > 


Anyway, we obtain 
P(N, €) S2 by (M104): P(a,é). 
Lemma 6. For each multtinder r= (r1, © < ra), we have 
(II. 3) | DP (a, £)| S M([r])P (NE), A, A € A, EE BY, 
where HM (|r|) does not depend on à. N, € and p== (Pu * ‘5 Pn)- 
We have: O 
[DPO €)| SB | Drra,(a)| | POCE), 


setting P,(D) == P(d°,D). There is a constant O < + such that 
2Pi() = CP (A9, £), EED 


Applying then Lemma 6 yields the result. 


oa: 
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The meaning of Lemma 6 is that, in Lemma 8, we can take as R(¢) any 
P(X.E), WEA. Estimate (II.3) and the property of M(|r|) shows that 
the constant B(|1+|) of Property (iii), § 1.2, can be taken independently of X, 
The same is true for the constants A, C in Properties i), ii) respectively, 
as easily shown. At this point, we use Remark I.1, § I.2: if we take 2(€) 
= P(X, é), we may choose in Lemma 3 the constants n, a, b independently 
of A’. By taking finally A’==A° we obtain: 


Lemma 3’. Assume that Property (ES) holds. Then there are numbers 
> 0, n, a, b such that for every £ € R”, AE A, one can find a vector 6 E€ S with 
the property that 

|é—& | Sy. |A—A°| Sa, AEA, 
implies | 
bP (A, é) Sint | P(A, é-+26)|. 
At last we state the equivalent of Lemma 4: 
Lemma 4’. There ts a constant c> 0 such that for all AE A, £E R”, 
P(d,é) Be. 


Trivial consequence of Lemma 5. 


II. 2. Construction and properties of the fundamental solution. Under 
the assumption (ES), where therefore the Lemmas 3’ and 4’ are valid, we do 
not need to introduce the numbers r? ($1.3). In fact, by restricting our- 
selves to the open ball |A| <a, we may define the distributions ÆI (A) by: 


P(E) de 


Potra im & 


ORE O 


where we have set 0i — 07°, 


Observe that if a differential polynomial Q (D) is weaker than P(A, D) 
for some A€ A, this will be true for all A€ A. Moreover, in view of (II.2), 
Q(D) is “uniformly weaker” than the P(A, D), that is to say 


(IL. 4) Q(é) SOP(a,£), EC Rr, 


where C does not depend on A€ A. 
Take then ġ == Q(D)u*v with u,v€ C,” (R"). We have 


CET (A), b> = <Q (D) H(A) 2u, 5>. 


j “a a 
= feo Ei + 285) (E+ 208) ae, 
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Let us set P(A) = <EI (A), p>. If r= (fa ' +, Ta), we have: 


|DA) ESEE) S | Dx pagan! | EEH] ilH) 


X 6(6-+ 20%) p at 





For |à | <a and £ € support of fi, 
| P(A, E+ 264) | = bP (a£). 


On the other hand, in view of (II.3), there is a constant C(r) <<+0 
depending only on r such that 


P(A, E) tr 


DPE ral SO) Tra erm 
Thus, with a different constant C (r), taking into account the fact that 
| O(é + 261) |S AQ(é) S ACP(A, £) 
(cf. (11. 4)), we get: | | 
| Dra (A)| S C (r) f8 (é) Ps a ET 0)d (E+ 0) | dé 


and therefore 
(11.5) = S| Dyre(a)]<0%(r) f sup | a(E-L 0) 8(E+8)| dé. 
j=0 0 e C”, l0 Seo 


Here eo =— sup | 9f | <e (cf. 8 I.5). 
J 


Let us take first Q (D) = I = identity and u(r) = pr (£) = t”p (rz) with 
p E Co” (E”), fp(z)dz = 1, p=0. By letting r— +00, we obtain 


z | Dyr <E (A), č | SC" (r) O A | o(£ + 0) | dé. 


By an argument similar to the one of § I. 5, we conclude that 


(II. 6) ` B(a) =F È 3 H(A) 


is a 0” function of à in the open ball |A| <a, with values in D’,. 
Then by the same argument as in § I.5, we derive from (IJ.5) that 


| <LDxrQ (D) F(A) ] #4, v> | S Ca (r) | eclele [zs || etlety fz. 
This shows that A> Q(D)E(A) > is a O” function of à, | à] <4, with values 
in the space £(L?(e) ; L?(—e)) of bounded linear operators L?(e) —> L?(—e). 


4 
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From the fact that L”, C L’ (e) and L?(—e)C es we obtain a strengthened 
form of Theorem 2: 


THEOREM 2’. Same hypotheses asin Theorem 2. Let «> 0 be arbitrary. 
There ts a C” function of AC A, H(A), with values in D’,, and with the 
following properties : 


1°) for each AC A, H(A) is a proper fundamental solution of P(A, D); 
furthermore, tf Q(D) ts any diferential polynomial weaker than the P(A, D), 
then A> Q(D)E(A) * is a O” function of A with values in £17, ; Lio) 5 


2°) A> H(A) erp(—eVi-+|a|*) isa O” function in A with values 
in the space 3’, of tempered distributions. 


II. 3. The holomorphic case. Now the proof of Theorem 3 is trivial. 
Assume that A is a ball in a complex space C*. Let us look at H(A) as 
defined in (II.6) for |A| <a. Whatever be ¢ € 0o” ~ <E(à), ġ> is the 


sum of the uniformly absolutely convergent series ——— (HI (Xx), $>- But 


ure 
under the hypothesis of Theorem 8, 
$(é+ 26!) d 
<E (A) E =f B (E) Jaa PO EF I) Dine dé 

is obviously holomorphic in |A| <a: <H(A),¢> must also be holomorphic in 
|A| <a. In fact, the same reasoning applies to the operator Q(D)E(A) *: 
L” (€) —> L’ (— e), where Q(D) is weaker than the P(A,D). We conclude 
that A-» Q(D)H(A) + is an holomorphic function in |A| <a with values in 
£(L7(e);L7(—e)). From these follows the analogue of Theorem 2’: 


THEOREM 3’, Same hypotheses as in Theorem 8. Let «> 0 be arbitrary. 
Every point X° of A has an open neighborhood N(X°) in which ts defined an 
holomorphic function F (à), valued in D's, with the following properties: 

1°) for each ACN (a°), H(A) is a proper fundamental solution of 
P(A,D); furthermore, tf Q(D) is any differential polynomial weaker than 


the P(A, D), then A> Q(D)E(A) + is an holomorphic function of € N(A°) 
with values in £ (L; L* 0) ; 


2°) A> H(A) exp(—eVi+]a[*) is an holomorphic function à in 
N(A°) with values in 3's. 


Theorem 3’ strengthens a result of Zerner [4]. 
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~2 


III. 


We may replace, in Theorem 1 or 1’, everywhere O” by C’ (lSiv<o), 
or even by C° assuming then that A is a topological space (with suitable 
properties).© Let us assume here, for simplicity, that the order of P(A, D) 

* With O° we obtain thus a result similar to the one of Treves [3]. 
is bounded by the integer m = 0 when A varies in A. For let 


piam 


be the “general” polynomial in n variables, of degree m. We have set 
A = (Ap); we may regard A as a parameter, varying in a complex space 0f, 
where r—-r(m,n) is the dimension of the linear space of all polynomials in 
n variables, of degree m. In order to get 


P(A, D) = z A,(A)D?, X€ A, 
pion 


one needs only to take A == A (A) = (A,(A)), AE A, in P(A, D). Theorem 1 
states that there is a fundamental solution E(4) of P(A, D), for A € Cr-— {0}, 
which is a C” function of A€Cr— {0}. If then A->A(A) is a GC 
(0=v<-+o) function in A, #(A(A)), which is a fundamental solution of 
P(A, D), will also be a C” function in A. 
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ON A CLASS OF INVERSE SEMIGROUPS.* 


By P. S. VENKATESAN. 


In this note we investigate the structure of a special class of inverse 
semigroups—inverse semigroups the non-zero idempotents of which are 
primitive. We show that an inverse semigroup 8 has its non-zero idempotents 
primitive if and only if it is a class sum of its Brandt ideals. A set of other 
equivalent conditions on S is also obtained. Brandt semigroups are treated 
by Mcfadden and Schneider [4] and Preston and Clifford [6]. The reader 
is referred to Bruck [1] and Preston and Clifford [6] for many results and 
literature on these subjects. 


A semigroup is a non-null multiplicative associative system. Throughout _ 


S denotes a semigroup with zero. A subset A of S is a left (right) ideal 
of Sif SAC AÁ (ASC A). A is a two-sided ideal of S if it is both a left 
and a right ideal of §. A left ideal B of S is minimal if B (0) and if it 
contains no proper left ideal of 8. Similarly minimal right (two-sided) ideal 
is defined. S is simple if it contains no proper two-sided ideal of 9 and 
S?54(0). The principal left (right) ideal generated by an element a in 9 
is aU Sa (a Uag). 

S is said to be regular if for any a in S there exists x in S such that 
a == aza. 6== ar and f= sa are idempotents and cama-=af. e(f) is called 
a left (right) unit ofa. S is regular if and only if for any a in 8, aU aS == e8 
(a U Sa = Sf) for some idempotent e (f) in 8S. A regular semigroup with 
commuting idempotents is inverse. An idempotent e in 3 is primitive if for 
any idempotent f in S, efmfe==f implies f=0 or f==e. S is completely 
simple if 8 is simple and contains a non-zero primitive idempotent. S is a 
Brandt semigroup if: 

(i) For each non-zero a in 8 three exist unique sc éfing 
such that ea == q == af. 

(ii) For each pair of non-zero idempotents 6, f in S there exists a non- 
zero a in S such that ea = a =—af. 

(ii) If ea== a= af for non-zero a, 6, f in S then there exists a unique 
b in S such that ab = 6, ba==f and fb = b = be. 

(iv) For any a, b in 8 ab 540 if and only if the right unit of a is the 
left unit of b. 


* Received March 30, 1962. 
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We use the following known results. 


(A) If R and L are minimal right and left ideals respectively of a 
semigroup § such that LR (0) and BL £ (0) then LR is a completely 
simple semigroup and RL == R N L is a group with zero ([8], [7]). 

(B) <A semigroup 9 is a Brandt semigroup if and only if it is com- 
pletely simple and inverse (p. 102 in [6]). 

(C) TES is an inverse semigroup then for any a in § the equations 
G == Axa and g= gar have a unique common solution [5]. 


1. Preliminary results. 


Lexma 1. Let e be a non-zero tdempotent in a semigroup S. Then e 
is primitive if and only tf for any non-zero tdempotent f in S, ef == f implies 
fem e, | l 


Proof. Now ef — f implies (efe)? == efe = fe and as e(efe) == efe = (efe)e 
and efe £0, e= efe = fe because e is primitive. The converse is obvious. 


COROLLARY. If e, f are non-zero primitive idempotents in S then 
(i) ef==f if and only if fe =e; (ii) ef =e tf and only tf fe=mf. 


Lemma 2. (Ex. 10, p. 84 in [6]). If e is a non-zero primitive idem- 
potent in a regular semigroup K then eS (Se) ts a minimal right (left) 
ideal of 8. 


Proof. If 6S is not minimal then let RSC RC e8. As 9 is regular, 
E contains a non-zero idempotent f. So ef == f and by Lemma 1, e = fe E€ fS. 
Thus e CISC RCeS proving the minimality of e8. Similarly Se is 
minimal. 

Lima 3. If R and L are respectively right and left ideals of a 
regular semigroup S such that DRs4(0) then RL 4 (0). 


Proof. If LR (0) then by regularity of 5, LE contains a non-zero: 
idempotent f. Now 0-Af—f?e L(RL)R and hence RL =< (0). 


LEMMA 4. If every non-null principal right (left) ideal of @ semi- 
group S is minimal and ts generated by only one idempotent then § is inverse 
and the product of distinct idempotents in K is zero. 


Proof. Obviously S is regular. Let e, f be distinct non-zero idem- 
potents in § with ef40. Then as the ideals f9 and Se are minimal, by 
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Lemma 3 and (A) fSe is a group with zero. If g is the identity of the 
group, by minimality we have gS == f8 and Se= 8g and so by hypothesis 
6 == g = f contradicting the assumption that e and f are distinct. Thus- 
ef =— 0 if e and f are distinct and & is inverse. 


2. Inverse semigroups whose idempotents are primitive. 


THEOREM 1. A semigroup S with zero ts an inverse semigroup in which 
every non-zero idempotent is primitwe tf and only if S tis the umon of tts 
minimal ideals, each of which 1s a Brandi semigroup. 


. Proof. Let & be an inverse semigroup in which every non-zero idem- 
potent & (tE I) is primitive. Then as the idempotents commute, the product 
of distinct idempotents in § is zero. For any non-zero idempotent e, in 8, 
by (4) and Lemma 2, Se is a completely simple semigroup and hence a 
minimal ideal of 8. Clearly disinct S&S are disjoint. As S is inverse, each 
non-zero a in § is in some 6SeC Se,== Se, and so S is a class sum of its 
minimal ideals Sea8 (1€7). By (B) and hypothesis on S, each of these 
minimal ideals is a Brandt semigroup. Hence we get the required result. 

Conversely let S be the union of its minimal ideals, each of which is a 
Brandt semigroup. Clearly S is inverse. Let 6, f be idempotents in 8. 
If e and f both belong to the same minimal ideal then by (B) either ef 0° 
or ef. If e and f respectively belong to the minimal ideals Sa and Sg of 
S then ef € SaSgC Sa N 8g. Now by minimality SaSg—<— (0) or Sa Sg and 
so as before ef =0 or 6=—=f. Thus the product of distinct idempotents in 9 
is zero and hence the non-zero idempotents in S are primitive as desired. 


THEOREM 2. The following statements on a semigroup S with zero are 
equivalent. 


(1) Sts a regular semigroup and for any non-zero idempotent e in 8 
the equation exe= 6 has no idempotent solution other than e. 

(2) Every non-null principal right (left) ideal ts minimal and 43 
generated by only one idempotent. 

(8) For each non-zero a in S there exists a unique z in S such that 
a === ALA. 

(4) For each non-zero a in 8 there exist unique idempotents e, f in 8 
such that ea =a ==af. And every non-null principal right (left) ideal 
contains just one non-zero idempotent. 
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(5) S is an inverse semigroup and the product of distinct tdempotents 
in S 18 zero. 

(6) S ts an inverse semigroup and for any a, b, c, d in 8, 04 ab = ac 
implies b==c (or equivalently 0 ~Aab = db implies a= d}. 


Proof. (1) implies (2). As 8 is regular, for any non-zero a in 8, 
aS = e8 for some idempotent e in S. Let k be a non-null right ideal of S 
contained in eS. If g is a non-zero idempotent in K, eg =g and geg =g. 
By (1) g==e and hence gS = R == e8 proving the minimality of eS and 
thus (2). 


(2) implies (3). By Lemma 4, S is inverse. So for any non-zero a 
in S, a= ara for some z in 8. As æ and va are non-zero, by minimality 
vað =q. Thus the idempotent za is a left unit for +S and since s€ gg, 
vaz =v. But by (C) the equations aza—a and tav—wz have a unique 
common solution and so v is the only element for which a = aza. 


(3) implies (4). For any non-zero a in S there is an æ in S such that 
Q = ATA = ea = Uf where 0 34 ge? = e = ag and 034f*—f=«a. If further 
ga==a for some idempotent g in S then as ge = e, ege =e and so by (8) 
g =e. Similarly f is unique. Again by (3) aS ==e§ and eS contains only 
one non-zero idempotent e. 


(4) implies (5). For any non-zero b in 8, bS—gbS Œ g8 for some 
idempotent g in S. As 0S contains just one non-zero idempotent it must 
only be g. So bS—gS and every non-null principal right (and similarly 
principal left) ideal is minimal and is generated by only one non-zero idem- 
potent. Therefore (4) implies (2) and hence the conclusion of Lemma 4. 
Thus (4) implies (5). 


(5) implies (6). Let z—=ab=—acs40. From Theorem 1 and definition 
of Brandt semigroup, for the element a there exists a unique element a’ such 
that d'a = e and ae =a. Thus «s == eb == ec 0 which in turn implies b == c. 
Similarly 0 4 ab = ad implies a= d. 


(6) implies (1). Let e and f be a non-zero idempotents in § such that 
efe—e. Since ef = fe, we have g= g? — efe = ef s40 and so by left can- 
cellation we get e =f. Thus for any non-zero idempotent e in § the equation 
eve = e has no idempotent solution other than ¢ proving (1). 


COROLLARY. Let S be a semigroup without zero. IF for cach a in S’ 
there exists a unique x in S’ such that a= ava, then 8’ is a group [2]. 
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EACH DISK IN E! CONTAINS A TAME ARC.* 
By R. H. Bea. 


An are ab in E? is tame if there is a homeomorphim A of Æ? onto itself 
such that A(ab) is a polygonal arc. The purpose of this note is to show 
that each topological disk in # contains many tame arcs. 

A 2-sphere S is tame if there is a homeomorphism of Æ? onto itself 
taking S onto a polyhedral 2-sphere. It is known that each are on a tame 
2-sphere is tame. We show that each disk contains tame arcs by showing 
that it shares arcs with a tame 2-sphere. 

We recall that a Sierpinski curve is obtained by removing from a 2-sphere 
the interiors of a null sequence of mutually exclusive disks such that the sum 
of the disks is dense in the 2-sphere. (A null sequence is one the diameter 
of whose elements converge to zero.) Any set topologically equivalent to 
such a Sierpinski curve is called a Sierpinski curve. It may be shown that 
any two Sierpinski curves are homeomorphic. 

One of the principal theorems of this note is the following. 


THeorEM 1. For each 2-sphere S in E° and each positive number e 
there is a Sierpinski curve X in K such that 


1. X lies in a tame 2-sphere, and 


2. each component of S—-X tis of diameter less than e. 
Listing the above theorem first gives direction to this note. We digress 
to give some definitions and other theorems. These other theorems point 


to the proof of Theorem 1 and that proof is given after Theorem 7. 
If A, B are homeomorphic sets we say 


H(A,B)Se 
if there is a homeomorphism of A onto B that moves no point by more than e. 


We denote the distance fanction for.a metric space by p. If fu fe are 
two mappings of a set A into a bounded metric space B, we use 


p (fu f2) = least upper bound p(fi(z),fs(w)), TEA. 


An e set is a set of diameter no more than e. 


* Received May 8, 1982. 
2 Work on this paper was supported by contract NSF-G11665. 
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' We use interior in two senses but this seems unlikely to cause confusion. 
If S is a 2-sphere in £*, we use IntS and Ext S to denote the bounded and 
unbounded components respectively of E! —8. If D is a disk, we let Int D 
be the difference of D and its combinatorial boundary. 
If S is a 2-sphere in Æ’ and e is a positive number, we say that S can 
be « approximated from both sides if there are 2-spheres 8’, S” in Int 8, 
Ext S respectively such that H(S,8’) <e H(S,8”) Le 


Theorem 2 provides a clue as to how we show the 2-sphere mentioned in 
Condition 1 of Theorem 1 is tame. Theorem 2 is lifted from [2]. 


TEHEORRM 2. A 2-sphere S in E° ts tame if for each positive number e 
S can be « approximated from both sides. 


Tf 8 is a 2-sphere, U is a component of #°-—-S, and «> 0, we say that 
S can be c almost approaimated from U provided there is a 2-sphere 8’ such 
that 

1. H(S,8’) <e and 

2. each component of S — U is an e set. 


We say that © can be almost approximated from both sides if for each positive 
number « it can be e almost approximated from each of its complementary 


domains. 
We make use of the following theorem lifted from [8]. It is proved 
by methods similar to those employed in [1]. 


THEOREM 3. Hach 2-sphere in E° can be almost approximated from 
both sides. - 


The tame 2-sphere mentioned in Condition 1 of Theorem 1 is obtained 
by a sequence of adjustments of the 2-sphere 9 of Theorem 1. Iterated use 
of an extension of the following result is made in getting these adjustments. 


THEOREM 4. For each 2-sphere S in E’ and each positive number e 
there is a 2-sphere 3’ such that 


1. © ts obtained by removing a finite collection of mutually exclusive e 
disks from S and. replacing them with other « disks, and 


2. 8 can be e approximated from tts interior. 
Proof of Theorem 4. We give the proof of Theorem 4 in seven steps. 


1. Let § be a positive number such that each ô set in 8 lies in a disk 
in § of diameter less than «/6. 
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2. It follows from Theorem 3 that there is a polyhedral 2-sphere 8” 
such that S” contains a finite collection of mutually exclusive 8 disks 
Da, Dz“ ° "Di such that 


S” —S Int D; C Int 8 and H (8, 8”) Sc/6. 
We note that each component of S- 9” is a 8 set. 


3. We suppose that diameter S > 2e and that there is a point p of Int S 
whose distance from § is more than e Let E Egz- ',Em be a finite 
collection of mutually exclusive e/6 disks in § such that 


5-8” C S Int E 


To see that there are such disks, consider the decomposition space whose 
nondegenerate elements are components of 9-8”. Then consider the big 
2-sphere of the resulting cactoid [5]. A 0-dimensional set on this 2-sphere 
comes from S: 8” and this closed 0-dimensional set can be covered with a 
finite collection of interiors of mutually exclusive very small disks on the 
2-sphere. The boundaries of these disks in the 2-sphere of the cactoid corre- 
spond to the boundaries of the Eps in S. The above reasoning is given in 
more expanded form in Theorem 9 of [8]. 
We note that 
S— > F; C Ext S” 


To see that this true, let gp be an arc which misses > Dı -+ > Ly such that 
qE Ext 8, pE Ints, and p({p} + {q}, 8) >e. It follows from Theorem 14 
of [8] that there is such an arc. The first point of (S — > E) + (8”— Di) 
on gp in the order from g to p is a point of S since 8” — $ D; C Int 8. 


4. It follows from Theorem 7 of [1] that each F; can be replaced by 
a disk F; such that 


F; is locally polyhedral at each point of Int F, 
diameter F; < «/4, and 

(S—D> E) +> Fi= 8 is a 2-sphere that contains 8’ — > Int Di 
on its interior. 


5. With no loss of generality we suppose that each D, and each Fy are 
in general position in the sense that each component of D; F; is a polygonal 
simple closed curve. Such general position may be achieved by insuring 
that no four vertices of the triangulations of the D,’s and the Fps are coplanar. 
Let U be the component of S,- Ext 8” containing 8 -— $, E, We note that 
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it is obtained by subtracting a finite collection of mutually exclusive disks 
from S,. Each of these subtracted disks has its boundary on a Dj. 


6. The 2-sphere S’ is obtained as follows. Each component of §, — U 
is a disk with its boundary on a D, Enlarge this disk slightly so that its 
boundary no longer intersects this D; and replace the enlarged disk by an ¢/6 
disk near this D; and in Ext 8”. The holes in U may thus be enlarged and 
filed in one at a time. So that the resulting “fill-ins” will not intersect 
each other it may be convenient to plug up the small holes first by starting 
with a component J of Bd U on a D; such that Int J on D; does not intersect U. 
Each hole in U may be thus treated so as to obtain a 2-sphere 8’ so that 


8’ C Intg, and S—DE,C 8’. 


Hach component of S’— ae TAR is of diameter less than «€/4 -- 2e/6 
om 7e/12. 


7. Since the disks Æ, have diameter less than «e/5 and the disks of 
S — (8 — F, Int #,) have diameter less than 7e/12, 


H (8, 8’) <¢/5 -+ %e/12 < 5/6. 
This result with the inequality H (89, 8”) <</6 implies that 
H (8, 8”) <e 
The following is a slight extension of Theorem 4. 


Teorem 5. For each 2-sphere 8 and each positive number e there is 
a 2-sphere 8 such that 


1. 8 ts obtained by subtracting a finite collection of mutually exclusive 
e disks from S and replacing them with «e disks, and 


2. 8 can be « approximated from its interior and its exterior. 
Proof of Theorem 5. Apply Theorem 4 to get a 2-sphere 9, such that 


1. 8, is obtained by subtracting a finite collection G of «/4 disks from 
S and replacing them with «/4 disks, and 


2. there is a 2-sphere S” on the interior of S, such that H(S,, 8”) < «/4. 
Pick a small & (We indicate how small after the following paragraph.) 


Reapply Theorem 4 (replacing Int 8 of the statement of that theorem 
by Ext Si) to get a 2-sphere 8” such that 
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1. S is obtained by subtracting a finite number of mutually exclusive 8 
disks from 8, and replacing them with 8 disks, and 


2. there is a 2-sphere 8’” on Ext S’ such that H(8’, 8”) <8. 


If we have picked § small enough, 8’ is the required 2-sphere. 


Finally, we indicate how small to take 6. We put on 4 restrictions. 

Restriction 1. We take 8<«/4. (We make more stringent restrictions 
later but this makes for an easy start.) This insures that H(S:, 8’) < 6/2 
and H(8’, 8”) <e 

Restriction 2. We take § so small that S” lies on the interior of any 28 
approximation of 8,. This insures that 8” C Int g. 

Restriction 3. We take 8 so small that if A is a closed set in S each 
component of which is a è set, then there is a finite collection H of mutually 
exclusive «/8 disks in 8 such that each point of A lies on the interior of one 
of these disks as does each element of G. We let A be the intersection of 8 
and the ô disks of §; which are given by the second application of Theorem 4. 
The resulting collection H is the collection of disks in 3 to be replaced as 
suggested in the first condition of the statement of Theorem 65. 

Restriction 4. Finally we take § < </12. The purpose of this restriction 
is to insure that the disks in S’ replacing the elements of H have diameters 
less than e. Since each element of H is of diameter less than «/3 and the 
disks in S; replacing elements of G have diameters less than «/4, the small 
disks in 8, sharing boundaries with disks of H have diameters less than 
e/3 + e/4 + «/4—=5¢/6. Since the disks in S’ replacing disks in S, have 
diameters less than 8, the small disks of S’ sharing boundaries with disks of 
H have diameters less than 5¢/6 + 28, so if 8 < «/12, the disks in S replacing 
the disks of H have diameters less than e. 

Another theorem we mention before proving Theorem 1 is the following. 


THEOREM 6. Suppose «>0 and X, Xa - - ts a sequence of compact 
sets mn a metric space such that 


1. each X; has only a finite number of components, 
2. each component of X, is an «/2 set, and 


3. each component of Xi. (+221) is of diameter less than e/2*** and 
1/2** times the distance between any two components of 


A, + X toe o 


Then there is a countable collection of mutually exclusive closed connected 
sets Å, Aa © - such that 
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I, each A, ts of diameter less than e, 
2. lim (4-00) diameter Ay—0, and 
3. each component of each X; lies in some Aj. 


For each point p in X+, let C(j,p) (j>+) be the component of 
X,+ X:+: -+ X; containing p. The A; containing p is the closure of 
Cijp)+C+i1,p)+:--. The proof that these A’s satisfy the con- 
clusion of the theorem is straightforward and we do not include it in this 
‘note. a 

We need the following result giving conditions under which the limit 
of & sequence of homeomorphisms is a homeomorphism 


THEOREM 7, Suppose f.,fs,: > > is a sequence of homeomorphisms of 
& compact metric space X into a complete metric space Y and epez’ 18 4 
sequence of postive numbers such that p(fy fas) Ca. Then limf,(X) isa 


homeomorphism tf Sig is a positwe number so small that tf p(a.,%2) > 1/3 
(ta, % EX), then p(fi(tr), fi(ta)) > 2 Be 


Again the proof is straightforward and we do not include it. 
We finally give the proof of Theorem 1. 


Proof of Theorem 1. The tame 2-sphere that is to share a Sierpinski 
curve with S is the limit of a sequence of 2-spheres §,,82,:-:. We indicate 
restrictions to be placed on the 9;,’s to insure that 


1. lim &; is a 2-sphere, 
2. lim & is tame, and 
3. lim & shares a Sierpinski curve X with S. 


Step 1. Restrictions to make lim 8; a 2-sphere. Hach 9; is the image 
of S under a homeomorphism Ay where p(hus h) <a and 4,e6,:°: is a 
sequence of positive numbers chosen according to the criteria of Theorem 7 
to make limh; a homeomorphism. Although in later steps we place more 
restrictions on ept: - -, it follows from Theorem 7 that lim k; is a homeo- 
morphism if the «’s satisfy the following conditions. Insist (along with 
other restrictions to be imposed later) that e, < 1/6. After k, is defined 
(so that it moves no point more than e,), pick a positive number 8, so small 
that if a, £, are two points of 9, such that p(z, T2) >1/2, then 
p(hy (21), Ma (a) > 8. Insist (among other things) that e, is less than either 
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«,/2 or 8,/6. After h, is defined (so that p(ħa, h2) <€), pick a positive 
number 8, such that if zı, £a are points of S, such that p(T, £2) > 1/8, then 
o(he(21);h2(t2)) > 82. Insist that es < es/2, ea < 82/6. This procedure is 


continued. We note that Se < 1/83 and Me <8,/3 where 3; is so small 
§42 
that if p(t, 22) > 1/7, then p(hj(21), hi(£2)) > 8). Hence 
p (hja (T1), Apa (T3) ) > 85 — Regs > 28570 > R Det. 


Step 2. Restrictions to make lim 8; tame. Theorem 2 and Condition 2 
of Theorem 6 provide the clues. We note from Theorem 5 that there is a 
2-sphere 9, and a homeomorphism A, of 9 onto S, such that h, moves no point 
by more than e, and 8, can be e approximated from Int 8; and ExtS, by 


2-spheres S,’, 8,” respectively We pick Sie to be so small that 87, 8,” lie 
2 


in the interior and exterior respectively of lim S;—limh,(S). In general, 
Ñ; is chosen so that it can be «; approximated by 2-spheres Sj, Sj’ in Int Sy, 


Ext S; respectively and S\«, is chosen so small that S7, S/’ lie respectively 
j 


in the interior and exterior of lim S;—limA&,(S). Theorem 2 insures that 
lim S; = lim h,(8) is tame. 


Step 3. Restrictions to make S-lim 8; contain a Sierpinski curve X. 
We use Theorem 6 and Condition 1 of Theorem 5. Let 8 be a positive number 
such that if K is a 8 set in S, S--K has only one component of diameter 
as much as «/2. The number ô is to correspond to the e of Theorem 6 so we 
pick «e < 8/2. We find from Condition 1 of Theorem 5 that we can pick 8; 
so that it is obtained by removing a finite collection H, of mutually exclusive 
e, disks from S and replacing them with other «e disks. The sum of the disks 
of H, corresponds to the set X, of Theorem 6. 


We pick e, less than either e«,/4 or 1/4 the distance between any two 
elements of H, and choose S, so that it is obtained by removing a finite 
collection M, of mutually exclusive e» disks from 9, and replacing them with 
e disks. The set XY. is a subset of S with only a finite number of com- 
ponents (each of diameter less than «,) such that X, contains the intersection 
of § with the sum of the elements of H». If this pattern is continued to get 
Ss,S4,° +, Theorem 6 assures us that there is a null sequence Ár, Aat t, 
of mutually exclusive continua in S such that each A, is a § set and S— SA; 
lies in each 8; and hence in 8- lim Si. 


The sum B, of A; and all small components of S— A, is an e set. If 
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one considers the upper semicontinuous decomposition G of 9 whose non- 
degenerate elements are the maximal B,’s, one finds from a theorem due to 
R. L. Moore [5] that the corresponding decomposition space is a .2-sphere. 
Since there are only a countable number of nondegenerate elements in G, 
one can find in this decomposition space a Sierpinski curve missing the points 
corresponding to the nondegenerate elements of G such that the ors ? 
Sierpinski curve X in S satisfies Condition 2 of Theorem 1. 

The following result was announced at the International Congress of 
Mathematicians in Edinburgh in 1958. See Theorem 56 of [4]. 


 TuRorem 8. For each interior point p of each disk D in E° there ts 
a 2-sphere 8 that contains an open subset of D containing p. 


A combination of Theorems 1 and 8 gives the following result. 


THEOREM 9. Hach disk in E contains many tame arcs. 
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EACH DISK IN EF? IS PIERCED BY A TAME ARC.* 


By R. H. Buvea.* 


1. Introduction. An arc ab in E? is tame if there is a homeomorphism 
of Æ? onto itself that takes ab onto a straight line interval. If ab les in a 
plane in #%, it is tame since if ab is an arc in a plane, there is a homeo- 
morphism of the plane onto itself taking ab onto a straight line interval; 
this homeomorphism may be extended to £°. 

A disk is pterced by an arc ab at a point p if p€ Int D, pe Intab, p is 
the only point of D-ab, and the arcs ap, pb abut on D from opposite sides in 
that there is an « > 0 such that no connected e-set in #* —D intersects both 
ap and pb. (An e-set is a set of diameter less than or equal to e.) If D 
lies on a 2-sphere which intersects ab only at p, the 2-sphere separates a 
from b in Æ? since each complementary domain of a 2-sphere in Æ? is uni- 
formly locally connected. For convenience we stete this result as a theorem. 


THEOREM 1.1. Suppose in E° that D ts a disk that les on a 2-sphere 8 
and ab ts an are which intersects S only at a point p of IntD. Then ab 
pierces D tf and only tf S separtes a from b. 


It is sometimes more convenient to study the interior and exterior of 
a 2-sphere in Æ? than to study the sides of disk. We show in Theorem 2.1 
that this approach may be used since for each interior point p of a disk D 
in E°, there is a disk D’ in D such that Int D’ contains p and lies on a 
2-sphere. 


Bing has given an example [1] of an arc in E? that pierces no disk. 
Fox and Artin have given an example [5] of a 2-sphere 9 with a point p such 
that no tame are in Æ? pierces S at p. This 2-sphere S has something of a 
knotted feeler. By using a null sequence of knotted feelers one can construct 
a 2-sphere that cannot be pierced at any point of a countable dense set. 

One might wonder if there is a disk so wild that it is pierced by no 
time arc. See the question on page 343 of [1]. One of the principal results 


* Received May 8, 1962. 
* Work on this paper was supported by contract NSF-G11665. 


592 R. H. BING. 


of this-waper is to show in Theorem 5.3 that each disk in /* can be pierced 
by a tame arc. 

Jn showing that each disk in Æ? can be pierced by a tame arc, we make 
extensive use of the fact (Theorem 1 of [4]) that each 2-sphere contains 
a Sierpinski curve X that lies on a tame 2-sphere. Section 3 of our paper 
is devoted to a study of Sierpinski curves. 


2. Extending disks to 2-spheres. An are A in the plane locally has 
two sides and we speak of arcs abutting on A either from the same side or 
from opposite sides. To aid us in studying the sides of A we may use either 
of two approaches, (1) We may use the fact that there is a homeomorphism 
of the plane onto itself taking A onto a horizontal segment and use the 
elementary notions of “above” and “below.” (2) We may use the fact that 
A lies on a simple closed curve J and use the notion of the interior and 
exterior of J. 

Neither of these approaches works with great ease in studying the sides 
of a disk in Æ. That the first fails may be seen by considering a wild disk 
D in Æ such that there is no homeomorphism of Æ> onto itself taking D 
onto a polyhedral disk. The second is not completely successful since there 
are disks in #® which are not a subset of any 2-sphere. The disk shown in 
Figure 1 has a boundary which cannot be shrunk to a point in the comple- 
ment of the disk. However, the second approach is partially successful as 
a result of the following theorem. 





THEOREM 2.1. Suppose D is a disk in E’, pe Int D, ande>0. Then 
there is an e 2-sphere S in E? and a disk D’ in D such that p€ Int D'C S. 
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Theorem 2.1 is Theorem 5 of [3] but it is included here for completeness. 


Proof. Let C be a cube in Æ of diameter less than e and such that 
pE IntC, BAD C ExtC. 


Let f be a nonnegative continuous function defined on E° such that 
f==0 in a neighborhood of p, f is positive on BdC, and f < p(C,BdD). 

It follows from Theorem 7 of [2] that there is a homeomorphism %4 of 
D into E? such that for each point z of D, p(z,h(z)) Sf(z) and h(D) 
is locally polyhedral at h(x) if f(s) > 0. With no loss of generality we 
suppose 4(D) and BdC are in general position. 

Let K be the component of h(D)-C that contains p. It is a punctured 
disk and has as a boundary the sum of a finite collection of mutually exclu- 
sive simple closed curves Jadot e,da Let Ea, Eat toe, En be a finite 
collection of mutually exclusive disks in ExtC+ BdC such that BdA; =J; 
and diameter (C-H X, Ei) <e. The 2-sphere S promised by the theorem is 
K+ SE. 


3. Properties of Sierpinski curves. In this section we review some 
properties of Sierpinski curves. We recall that a Sierpinski curve is the set 
obtained by removing from a 2-sphere § the interiors of a null sequence of 
mutually exclusive disks {D;} in 8 such that $, D; is dense in S. The 
Sierpinski curve is 

X = §— Ý Int Di. 


Any two Sierpinski curves described in such a fashion are homeomorphie and 
any continuum homeomorphic to such a Sierpinski is called a Sierpinski carve 
irrespective of whether or not it is imbedded in a 2-sphere. 

A convenient way to learn the properties of X == § — 3) Int D; is to note 
that the decomposition G of S—Int D, whose elements are the disks of {D;}; 
t==2,3,--- and the points of (9 —SD,) + Bd D, is upper semicontinuous 
and use the result of R. L. Moore [7] that there is a monotone map f of 
S—- Int D, onto a disk D taking elements of the decomposition G onto unique 
points of D. 


By considering such a decomposition of S one may obtain the following 
result. . 


THEOREM 3.1. Suppose X ts a Sterpinskt curve on a 2-sphere S. For 
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each «> 0 and each point p of X that ts not a boundary point of a component 
of S—-X there is an « disk D m 8 such that 


peIntD, BdDCX. 


A point of X == S— È Int D; is an accessible point of X if it is a 
boundary point of some D;; otherwise it is called inaccessible. Bach such 
accessible point lies on an arc.in X whose complement in X is uniformly 
locally connected; no inaccessible point lies on such an arc. Since lying on 
such an arc is a topological property, we have the anaes result. — 


THEOREM 3.2. Suppose.X is a Siorpinski curve on a Feiere S and h 
1s a homeomorphism of X into a 2-sphere 8’. The point p of X is a boundary 
point of a component of 8— X if and only if h(p) is a boundary point of a 
component of S’—h(X). 


A simple closed curve J is said to pierce a 2-manifold M at a point p 
if J contains an arc ab and M a disk D such that ab pierces D at p. The 
following definition of linking is a modification of the one given in [2]. 
The simple closed curve J, links the simple closed curve Ja if J, bounds a 
®-manifold M such that J, intersects M in an odd number of points and J3 
pierces M at each point that it intersects it. Furthermore, if J, links J, in 
this fashion and J,’, J,’ are closed curves (simple or singular) such that J,’ 
is homotopic to J; in H*-—J,’ and J,’ is homotopic to J, in H*®-—J,, then 
J,’ is said to link J,’. It was shown in [2] that if J,’ links Jz, then J,’ links 
J. Hence, if J,’ links J,’, we say that J,’ and J,’ link. 

Although the following theorem does not treat Sierpinski curves, it is 
used in Theorem 8.4 which does. 


THEOREM 3.3. Suppose K is a 2-sphere in E”, J is a simple closed curve 
in © that bounds a disk D in 8, and apb, agb are arcs in E° such that 


a, b belong to different components of E? —8, 
apb: (8 — D) =—0, 
aqb: D == 0. 


Then apb +-agb and J link. 


Proof. Let h be a PERO of 8 onto a polyhedral 2-sphere in 
E” such that 
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- h(S) separates a from b, 
apb-h{(S-—-D) —0, 
agb-h(D) —0, | 
there is a homotopy taking J to h(J) in E — (apb +- aqb). 


That there is such a homeomorphism close to the identity follows from 
Theorem 1 of [2] and that 2(S) separates a from b under such a homeo- 
morphism follows from Theorem VI10 on page 97 of [6]. 


Let f be a homeomorphism of apb + agb onto a polygon in Æ* such that 


f is the identity on a and b. 
there is a homotopy taking apb+-agb to f(apb -+ aqb) in 
E! —h(J). 


With no loss of generality we suppose f (apb) and h(D) are in general position. 


Then f(apb + aqb) links A(J) since f(apb) crosses h(D) an odd number 
of times and f(agb)-h(D)=—0. See page 480 of [2]. Since there is a 
homotopy taking (apb + aqb) to f(apb + aqb) in E? —Rh(J), it follows from 
Theorem 10 of [2] that apb + agb links A(J). Since there is a homotopy 
taking J to h(J) in H*— (apb + aqb), it follows from this same theorem 
that apg + aqb links J. 


THEOREM 3.4. Suppose X is a Srterpinskt curve that les in each of 
two disks Dı, D, in B® and apb ts an arc that intersects Dı + D, only at an 
inaccessible point p of X. Then apb pierces D, tf and only tf it pierces Dz. 


Proof. .Let Dë be a subdisk of D; such that D,’ lies in a 2-sphere Sı 
and pis in interior point of D,’. That there is such a disk Dë and a 2-sphere 
S, follows from Theorem 2.1. Then apd pierces D; if and only if it pierces 
Dj. With no loss of generality we suppose that apb is so short that it inter- 
sects Sı + S; only at p. 

It. follows from Theorem 1.1 that apb pierces D, if and only if a,b 
belong to different components of 4*— S, Suppose a,b belong to one 
component of #*—§8,. We show in the next two paragraphs that in this 
case they also belong to the same component of H*— §. 
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Let agb be an arc from a to b in E° — 8, such that apb + aqb is a simple 
closed curve. Since apb -+ agb intersects 9, only at p, any simple closed 
curve in (X — p): Dy can be shrunk to a point in 8, — (apb -+ aqb). Hence 
no simple closed curve in (X — p): D links apb -+ aqb. See Theorem 10 
of [2]. 

Let J be a simple closed curve in X: Dy which bounds a disk E in D,’ 
such that pE Int# and diameter F is less than the distance between p and 
aqb + (D,—D,’). That there is such a disk # follows from Theorem 3.1. 
Then a, b belong to the same component of E° — S, because if they did not, 
it would follow from Theorem 3.3 that J would lnk apb + aqb. Thus would 
contradict the conclusion of the preceding paragraph. 


We have shown that if apb does not pierce D,, then it.does not pierce De. 
Similarly, it may be shown if it does not pierce Da, it does not pierce D.. 


4. Arcsin disks. The tame arcs that we will show pierce an arbitrary 
2-sphere in EH lie in tame disks. In this section we study how arcs in disks 
may miss certain closed sets. An arc zy is said to span a disk D if the ends 
of zy lie on BdD and zy lies except for its ends in Int D. 


THEOREM 4.1. Suppose D is a disk, zy 13 a spanning arc of D, and Y 
1s a closed subset of D containing zy such that for each «> 0 and each point 
q of Intzy there 1s a neighborhood N of q that intersects no component of 
Y—say of diameter greater than e Then there are points a, b of D on 
opposite sides of wy such that for each point p of wy there is an arc apb in 
(D—Y) + {p} from a to b. 


Proof. Let E be a subdisk of D such that vy spans # and no component 
of (Y-—-ay)-H has either z or y as a limit point. The disk E is obtained 
by removing parts of D on both sides of wy near z and y without removing 
any point of zy. With no loss of generality we suppose that D == F, 

Let Č be the collection of components of Y other than ay and O” be the 
collection of all continua which are the sum of an element c of C and all 
components of D-—c which fail to contain zy. Ig G is the decomposition of 
D whose nondegenerate elements are the maximal elements of C’, G is upper 
semicontinuous. Since no element of G separates D, it follows from a result 
of R. L. Moore [7] that there is a map f of D onto itself that takes each 
element of Œ onto a point of D and no two elements of @ onto the same point. 
We suppose with no loss of generality that f is the identity on ay. 
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Since the set f(Y)-——-sy is 0-dimensional, there is a null sequence Z of 
mutually exclusive disks in D— sy which cover f(Y)— sy such that each 
point of F(Y) — (sy 4+- Bd D) lies on the interior of one of these disks and 
each point of f(Y¥)— sy on Bd D lies on an open arc on Bd D which is on 
the boundary of an element of Z. We suppose that if a disk of Z intersects 
Bd D, the intersection is connected. We note that the inverses under f of 
the elements of Z give a null sequence Z’ of mutually exclusive disks in 
D —- xy. l : 

Let a, b be points in different components of Int D—ay such that 
neither a nor 6 lies in an element of Z’. Let (apb)’ be an arc from a to b 
in (D— zy) + {p}. By replacing certain arcs in (apb)’ by arcs on the 
boundaries of elements of Z’, one may obtain an arc apb in D that inter- 
sects Y only at p. 


TEHROREM 4.2. Under the hypothesis of Theorem 4.1 there ts a family 
of arcs from a to b such that no two of these arcs intersect except in their end 
points and for each point p of xy there is one of these arcs in (D—Y) + {p}. 


Proof. Ii Y—say were only a countable number of points it would be 
easy to get the prescribed family of arcs. 


If g is a monotone map of D onto itself such that the elements of Z’ 
(of Theorem 4.1) are the nondegenerate inverses under g of points of D, 
g(¥-—-ay) is countable. We suppose g is the identity on zy. Let F be a 
family of arcs from g(a) to g(b) such that no two of these arcs intersect 
except in their end points and for each point p of sy there is an element of 
F in (D—g(Y))-+ {p}. The inverses of the elements of F are members of 
a family satisfying the conclusion of the theorem. 


5. Piercing disks with tame arcs. In this section we use the results 
of the preceding sections to show that each disk in E° is pierced by a tame are. 


THEOREM 5.1. Suppose 8 is a 2-sphere, E ts a tame disk, and X is a 
Sierpinski curve in J-E. Then S can be pierced by a tame arc at each 
point of X. 


Proof. Let z be a given point of X. With no loss of generality we 
suppose that X lies in a horizontal plane P and zy is a straight line interval 
in X that does not intersect the boundary of a component of P— X except 
possibly at z. 


Let P’ be a vertical plane containing zy and D be a circular disk in P” 
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with sy as diameter. We shall show that there is a tame arc in D that pierces 
S at z. 

For each «, S-—X has only a finite number of components of diameter 

greater than e and no one of these components has any point of sy — s as a 
limit point. Hence, for each «> 0 and each point p of Intazy there isa 
neighborhood N of p such that N intersects no component of D- G of 
diameter greater than e. 
- It follows from Theorem 4.1 that there are points a, b of D on Pee 
sides of zy such that for each point p of cy there is an arc apb in D that 
intersects S only at p. The arc apb pierces the plane P at p and it-follows 
from Theorem 3.4 that if p54, apb pierces S at p. Hence a and b belong 
to different components of #*-—-§. Hence, even in the case where p—z, 
apb pierces § at p. 


Questton. Theorem 4.2 can be used to show that there is a family of 
mutually exclusive tame arsc such that for each point p of zy there is a member 
of the family that pierces § at zy. One might wonder if there is such.a family 
with «xy replaced by X. A more general question—is there a family F of 
mutually exclusive tame arcs such that for each point of § at which § can 
be pierced by a tame arc, there is a member of F piercing S there? 


THEOREM 5.2. Hach 2-sphere S in E? contains a 0 dimensional Ge 
set Y such that 8 can be pierced by a tame arc at each point of S—Y. 


Proof. It follows from [4] that for each integer i, 8 contains a 
Sierpinski curve Æ, such that X, lies in a tame 2-sphere and each component 
of S — X; is of diameter less than 1/1. It follows from Theorem 5.1 that 8 
can be pierced by a tame arc at each point of the Fe set X, + Xt 
The set Y of Theorem 5.2 is S— (X¥,-+ Xat) 


The following theorem is a consequence of Theorem 6.2 and Theorem 2. 1. 


TuororemM 5.3. Hach disk D in E?! contains a 0 dimensional Gs set Y 
such that D can be pierced by a tame arc at each point of Int D—Y. 


| Questions. Suppose S is a 2-sphere and F is the set of points of 9 at 
which § cannot be pierced by a tame arc. What can be said about the 
category of Y? Is it a 0 dimensional Fo set? 


If zy is a tame arc in a 2-sphere 9, can § be pierced by a tame arc at 
each point of zy? (Note. Since this paper was written, David Gillman has 
answered this question in the affirmative.) 

Suppose S is a 2-sphere in H°, L is a straight line, and «> 0. Is there 
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a homeomorphism Å of E° onto itself such that h moves no point more than e, 
h is the identity outside an e neighborhood of L, and H(S)—JL is finite. 
An easy positive answer to this question would have simplified the approxi- 
mation work in [2]. (Note. Since this paper was written, an affirmative 
answer to the question was announced in the 1962 Notices, Abstract 589-13. 
The methods used however were not easy.) 
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THE AUTOMORPHISMS OF THE GROUP OF SIMILITUDES 
AND SOME RELATED GROUPS.*? 


By Mania J. WONENBURGER.* 


To THE MEMORY or Dn. JULIO Rey PASTOR. 


In [5] J. Dieudonné has determined the automorphisms of the orthogonal 
group, the group of rotations and their corresponding projective groups under 
the assumptions that the base field has characteristic not 2, the dimension of 
the vector space is sufficiently large and the index of the quadratic form is 
greater than zero. It has been proved that his results hold true without the 
restriction on the index of the quadratic form. For the case of the orthogonal 
group this was shown by C. Rickart in [8], for the projective group it was 
proved by J. Walter in [9] and for the case of the group of rotations and 
the projective group of rotations it was proved in [18]. Our purpose now is 
to determine the automorphisms of the group of similitudes, the group of 
proper similitudes and their corresponding projective groups. The general 
method consists in a reduction to Dieudonné’s case, namely, it is shown first 
that, if an automorphism of any of the groups under consideration takes the 
subgroup of rotations or the cosets defined by the subgroup of rotations into 
themselves, the automorphisms of these groups are determined by Dieudonné’s 
results (see Lemma 2 below and its corollaries). Hence our task is to prove 
the invariance of the group of rotations or the projective group of rotations 
under the automorphisms of the groups under consideration. 

The case of the group of similitudes or the group of proper similitudes 
is settled first. If we deal with an odd dimensional vector space the projective 
group of similitudes is isomorphic to O+(Q), so there is nothing to prove. 
When the vector space is even dimensional the study of the automorphisms of 
the projective group of similitudes and the projective group of proper. simili- 
tudes requires a more careful investigation of the new involutions appearing 
in these groups in order to characterize the cosets of the (n— 2, 2) involutions. 


* Received May 22, 1062. 


* Most of the results in this paper are generalizations of resulta included in the 
author’s dissertation written under the direction of Professor N. Jacobson and presented 
to Yale University in 1957. 
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Once these cosets have been characterized the results follow from the corollaries 
of Lemma 2. Since our characterization of the cosets of (n— 2,2) involutions 
excludes the case when K has 3 or 5 elements, we study first the automorphisms 
of the projective groups under consideration when the base field is a finite 
field. 


1. Let M be a left vector space over a commutative field K and Q a 
non-degenerate quadratic form on M. It is always assumed that the field K 
has characteristic not 2. The elements of K will be always denoted by small 
greek letters, the elements of M by small latin letters and the semi-linear 
transformations of M by capital latin letters. The image of se M under a 
transformation T will be denoted by sT, and, when the scalar multiplication 
by «€ K is considered as a linear transformation it is denoted by az. 

A semi-linear transformation T of M relative to the automorphism oa of 
K is called a semi-similitude if for any z€ M 


Q(T) = p(Q)x))*, 


where p340 is a fixed element of K which depends on T and is called the 
ratio of T. In particular, if o is the identity, T is called a similitude. When M 
is odd dimensional every similitude is the scalar multiple of a rotation. When 
M is even dimensional, say dim M = 2m, the determinant of the matrix repre- 
senting the similitude T of ratio p with respect to any basis is either p™ or 
— p”. In the first case T is called a proper similitude and when the deter- 
minant is —p™ T is an improper similitude. 

The similitudes form a group, which we will denote by S8(Q); when the 
space M is even dimensional this group contains as a normal subgroup of 
index 2 the group of proper similitudes, which we denote by S*(Q). The 
centres of these groups consist of the scalar multiplications with the only 
exception of the case of the group of proper similitudes of a two dimensional 
space (see e.g. [8]). 

The similitudes of ratio 1 form the orthogonal group O(@Q) and the 
group of proper similitudes of ratio 1 is the group of rotations O*(Q@). The 
centre of O(@) consists of +1, with the only exception of the case when 
dim M == 2, K is the prime field with 8 elements and Q has index 1 (see e.g. 
[1, page 132]). 

Let K’ be the multiplicative group of the field K. Then the projective 
groups PS(qQ) and PS*(@) are defined as 


PS(Q) =S8(Q)/K’, — PS*(Q) = 8*(Q)/EK’, 
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which, with the exception of the case of the group S*(@Q) of a two dimensional 
space, are the factor groups of S (Q) and S*(Q) by their centres. Similarly, 
if Z is the center of O (Q), Z = = 1r, with the only exception of the 2 dimen- 
sional case mentioned above, and 


PO(Q) =0(Q)/Z and PO*(Q) = 0*(Q)/Z N O*(Q). 
We are going to use the following known results: 


(i) When dim M = n= 4 every automorphism ¢ of O(Q) may be 
written in the form 


(G) = T1 GT.(G) for every GE O(Q), 


where G—>x(@) is a representation of O(Q) in the acini: group 
{1r — 1z} and T is a semi-similitude of Q. (Cf. [5], [8] and [6]). 


(ii) When dim M = b every automorphism of 0+ (Q) is the restriction 
of an automorphism of O (Q). . (See [5],,[6] and [13]). 


(iii) When dim M = 4 every automorphism of PO(Q), the projective 
orthogonal group, is induced by an automorphism of O(Q). (See [5], [9] 
and [6]). | 


(iv) When dimM= 5 but dim M548 every automorphism of PO+(Q) 
is induced by an automorphism of O*(Q), (cf. [5], [6] and [18]; and also 
Theorem 4 below). 


(v) When dim M = 6 and +48, and K is a finite field every automor- 
phism of PQ(Q) the projective commutator group is induced by an auto- 
morphism of 0*(Q). (C£. [5] or [6]). 


Any element of order 2 of any of the groups under E E is called 
an involution of that group. It is well-known that, if U is an orthogonal 
involution, that is, U is an orthogonal transformation and U*<=1;, then the 
space M splits in a direct sum of two subspaces, 


M=M+ OM, 


such that U leaves invariant every element of M+ and takes every vector of 
M- into its negative. The subspaces M* and M- are non-isotropic and mutually 
orthogonal. If dim Af*==p, then dim M- == n — p and U is called a (p, n—p) 
involution. It is clear that, if a linear transformation commutes with U, it 
must leave the spaces M* and M- invariant and that there exist invertible linear 
transformations anticommuting with U if, and only if, dim M+ — dim M- since 
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such transformation must take [f+ into M- and M- into M*. Now suppose that T 
is a similitude which commutes with U, the restriction T, (T) of T to M+ (If) 
is a similitude of this subspace with respect to the restriction Qa (Qu-) of Q 
to M* (M-). Hence, such T will be represented by T, X T's, where T, and Ts 
have the same ratio. Conversely, if T € S(Qa+) and T,€ S(Qu-) have the 
same ratio p, we can compose both of them to obtain a similitude T, X T, =T 
of M=M+@ M- by taking, for any z=2,+%,, 7,€M*, z€ M, Tx 
== Tis: + Tiza. Then T is a similitude of ratio p with respect to Q and it is 
proper if T, and T, are both proper or both improper, otherwise T is improper. 

The coset of PS(Q) defined by a similitude T will be denoted by Tf. 
It is clear that T,7,—7.7, implies TiTa = TaT or T,T,——T,1;. 


2. Let 2(Q) be the commutator group of the orthogonal group O(Q). 
It is well-known that if dim M = 8, the centralizers of O(Q) in Q(Q), O*(Q) 
and O(@) consist either of the identity transformation 1, or of z 1, (see 
[1, Th. 3.23]). In what follows we will need to know the centralizers of 
PaA(Q), PO*(Q) and PO(Q) in PS(Q) or P8(Q). Now, if we establish 
that the centralizer of PO(Q) in PS(Q) consist of the coset of the identity, 
it will follow that the same is true for the centralizers of PO*(Q) and PO(Q). 
The essence of the proof is Artin’s proof of the theorem just quoted. 


Lemma 1. Let Q(Q) be the commutator group of the orthogonal group 
O(Q), Q a non-degenerated quadratic form over the vector space M of dimen- 
ston greater than 2. Then the centralizer in PS(Q) of the group of coset 
defined by 2(Q) consists of the coset of the identity. 


Proof. We consider two different cases. 


Case 1. The base field K contains more than 5 elements. In this case, 
given a 2 dimensional vector space over K with a non-degenerate quadratic 
form Q, the group 0(Q,;) contains elements which are not involutions (see 
e.g. [13]). Now, if N is a non-isotropic two dimensional subspace of M with 
respect to Q, the commutator group 2(Q) contains the group Q(Qy) x 1x1, 
where Qy is the restriction of Q to N and ly. is the identity transformation 
of the vector space N+. Let @ be an element of 2(Qy) which is not an 
involution, then G == @ X 1y1€0(Q). If T is a similitude whose coset T 
belongs to the centralizer of PQ(Q) in PS(Q) Gl = Tã, and we must have 


GT =— TG or TG==GT. We show first that —-TG=GT is impossible, 
for then, if ce NL, 


eT = OT = —2PG, that is, (1T) G = — zT, 
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but no element of M is taken into its negative by G. Hence TG == GT, which 
implies that T takes NL into itself and, consequently, T' takes N into itself. 
Since any one dimensional space of M can be expressed as the intersection 
of two non-isotropic subspaces of dimension 2, T leaves invariant all the one 
dimensional subspaces and, therefore, T is a scalar multiplication. In other 
words T belongs to the coset of the identity. 

Case II. Q has index greater than zero (this is always the case if K is a 
finite field when dim M = 3). If v is any isotropic vector, let N be a non- 
isotropic 38 dimensional subspace which contains z and let y€ N be a non- 
isotropic vector orthogonal to z, then there is a rotation Ga of N which leaves 
x invariant and takes y into y+ az (see [1, p. 183]). The rotation Ga, 
a=£0, being the equare of Gaja belongs to the commutator group Q(Qy) and 
hence to Ga X1wi€ 2(Q). Now, if there were a vector z€ N such that 
tGa——2, then zQ == 24g? == z; hence, Gee being a rotation of a 3 dimen- 
sional space which leaves invariant the plane spanned by xz and z, should be 
the identity mapping (see [1, Th. 3.17]) but this is impossible, because 
YGa = y + 2ar. So, if an element Te PS(Q) commutes with the coset of 
Ta == Ga X iyı, we must have T7,<T T'; therefore, T must leave invariant 
the subspace N, spanned by z and N-+, because N, is the subspace of vectors 
invariant under Te. Since Ke is the subspace of N, orthogonal to N., T must 
take Kæ into itself. Hence T leaves invariant every isotropic one dimensional 
subspace and, consequently, it is a scalar multiple of the identity (see [1, 
Th. 3.18]). 


Lemma 2. Let M be a vector space with a non-degenerate quadratic 
form Q and dimM>4. If ¢ is an automorphism of the group S(Q) (or 
S*(Q)) which takes O*(Q) into itself, p can be written in the form 


(T) mers VIOTYV,(T) 


where x(T) is a representation of S(Q) (S8*(Q)) into the multiplicative 
group K’ and V ts a semi-similitude of Q. 


Proof. By the result quoted in Section 1 as (ii) the restriction of ¢ to 
O*(Q) can be written in the form 


$(G) = VGV: (G) 


Let o be the automorphism of §(Q) (8*(Q)) defined by 
o(T) = VIV-, 
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Then the restriction of the automorphism o¢ to 0*(Q) gives 
(1) | of (G) = G.(@) 


Let T be any similitude (proper similitude) and write o (T) =TXr. 
Now, if @ is any rotation so is TGT, hence, by (1) 


(2) of (TGT) = T“@4T,(TGT) 
On the other hand, 
(3) of (TGT) =o (T™)op(@)og(T) = Xr `T 0TXr x(@). 


Comparing (2) and (3) we deduce that Xr commutes or anticommutes with 
the elements 7-1G7 for all Ge O*+(Q); therefore, since T GT runs over 
O*(Q), the coset Xp of Xp in PS(Q) (PS*(Q)) belongs to the centralizer 
of PO*(Q), that is, Yr is a scalar multiplication which will be called x(T). 
So of {(T) — Tx(T) and (T) mz FTV (T). 


COROLLARY 1. If dim M = 4, any automorphism œ of S(Q) which takes 
O(Q) into itself has the form described in the lemma, 


Proof. It is enough to substitute O (Q) for O+(Q) in the proof of the 
lemma and to use (i) instead of (ii). 


COROLLARY 2. Let dimM È= 4. Any automorphism o of PS(Q) which 
takes PO(Q) into itself is induced by an automorphism of S(Q), that is, 


p (Ť) = VTV, where V is a semt-similttude of Q. 


The proof is the same as for the lemma with the obvious modifications, 
namely, x(T) does not appear and instead of (ii) we use (iil). 


COROLLARY 3. Let dim M =—=—2m, m > 2 but m 4. Any automorphism 
of PS(Q) (or PS*(Q)) which takes PO+(Q) into itself ts induced by an 
automorphism of S(Q). 


The proof uses (iv) instead of (iii) and by using (v) we obtain the next 
corollary. 


COROLLARY 4. Let dim M —=2m = 6 and 8. If K is a finite field, 
every automorphism of PS(Q) (or PS*(Q)) which takes PO(Q) into itself 
is induced by an automorphism of 8 (Q). 
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3. We are ready now to find the automorphisms of S(Q) and S'*(Q). 


THEOREM 1. Let M be a vector space over the field K and dmM=4 
and let Q be a non-degenerate quadratic form on M. Every automorphism œ 
of the group of simistudes S(Q) 8 of the form 


$(T) = VeTVx(T) 
where V is a semi-similitude of Q and x(T’) 18 a representation of S (Q) in K. 


Proof. On account of Corollary 1 of Lemma 2 we only need prove that 
every automorphism of S(Q) takes O(Q) into itself. Since the orthogonal 
group is generated by symmetries, that is, (n—-1,1) involutions, it is enough 
to show that every symmetry goes into an orthogonal transformation. If X 
is a symmetry, (¢(X))?=1,; therefore, if ¢(X) is not an orthogonal 
involution, ¢(X) should be a similitude of ratio — 1, so that ¢(X)-is a 
similitude of the type studied in [11]. In the proof of Proposition 4 of [11], 
it is shown that there exist orthogonal transformations anticommuting with 
the similitudes of such type. Now, if Yẹ(X) =—4(X)Y, it follows that 


$+1(Y)X =— X$ (F) 


which gives a contradiction, because, when dim M > 2, there are no similitudes 
which anticommute with the symmetries. 


THEOREM 2. Let M be a vector space over the field K, dim M = 2m > 4 
and-@ be a non-degenerate quadratic form over M. Every automorphism œ 
of the group S*(Q) is of the form 


(T) = VTV (T), 
where V ts a semi-similitude and x(T) ts a representation of S*(Q) in K’. 


Proof. It suffices to prove that under ¢ O*(Q) goes into itself. Since 
the group O+(Q) is generated by the (n— 2,2) involutions, if O*(Q) is not 
taken into itself by ¢, at least one, say X, of the (n—2,2) involutions must 
be taken by ¢ into an involution of 8*(@) which does not belong to O*(Q). 
` As before we get that (X) has ratio —1 and is of the type studied in [11]. 
Now, if dim M = 4r, we get a contradiction since, by [11, Proposition 4], 
there exist proper similitudes which anticommute with ¢(X) whereas there 
are no similitudes anticommuting with the (n-—-2,2) involutions when 
dim M > 4. If dim M = 4r +- 2, this argument does not apply because S+(Q) 
does not contain similitudes which anticommute with ¢(X), but we know 
that in this case (see [11, Prop. 5]) the centralizer of the centralizer of ¢ (X) 


GROUP OF SIMILITUDES. 607 


in S*(Q) consists of similitudes of the form ar + Sr (X) where a* — £? x0. 
If K has more than 3 elements, there exist elements «0 and 8 540 such that 
a*— £7540. On the other hand, when K. has more than 3 elements, the 
centralizer of the centralizer of a (n— 2,2) involution X consists of the 
elements az and aX, where a€ K’. This implies that the centralizer of the 
centralizer of X is mapped by ¢ into a proper subgroup of the centralizer of 
the centralizer of p(X), which is a contradiction. Therefore p(X) € O*(Q) 
and we can apply Corollary 3 of Lemma 2. 

We have not taken care yet of the case when K has only 3 elements and 
dim M=<=4rt-2. Notice first that.if there do not exist in S*(Q) involutions 
of ratio — 1, any involution of S*(Q) is a rotation. On the other hand, if 
there are involutions of ratio —1, [10, Th. 5 and Corollary 3 of Prop. 4] 
imply that, when K is the prime field with 3 elements, the group O*(Q) is 
generated by the squares of proper similitudes. So that, in any case, any 


automorphism of S*(Q) must take O*(Q) into itself and we can use Corollary 
8 of Lemma 2. 


4. We assume in this section that K is a finite field and dim M > 4. 
It is well-known that if K is a finite field and Q a quadratic form on a vector 
space M over K of dimension greater than 2, then Q has index greater than 
zero. It is also well-known that, when Q has index greater than zero and 
dim M = 5, PO(Q) is a simple group (cf. [4, Th. 2] and [6, p. 58]). 

Let (PS(Q))’ and (PS*(Q))’ be the first commutator groups of PS(Q) 
and PS*(Q), respectively. Then 


PO*(Q) 2 (PS(Q))'D Pag) 


and 


PO*(Q) D (PE )Y D Pa(Q). 


Now, because of our assumption, it follows that the second commutator groups 
of PS (Q) and PS*(@) are equal to PQ(Q). Therefore any automorphism of 


PS (Q) or PS*(Q) must take PQO(Q) into itself and we can apply Corollary 4 
of Lemma 2 to establish — 


THEorem 3(I). Let M be a vector space over a finite field K and 
dim Af —= 2m = 6, but dim H 348. Let Q bea non-degenerate quadratic form 
on I. Any automorphism of PS(Q) or PS*(Q) is induced by an auto- 
morphism of 8(Q). | 


5. In order to prove the assertion of Theorem 3(I) without the assump- 
tion that K is a finite field it will suffice to show that under any auto- 
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e 
` 


- morphism of PS(Q) or PS*(Q) the cosets of (n—2,2) involutions go- 
into cosets defined by elements of the rotation group; for, this implies that 
-PO*(Q) goes into itself and hence Corollary 3 of Lemma 2 can be applied. 
It will be shown in this section that, in fact, when K has more than 5 elements 
and dim M = 5 but +8, any automorphism of P§(Q) or PS*(QY) takes the 
cosets of (n—2,2) involutions into cosets of (n—2,2) involutions. | 

It will be convenient to describe the different kinds of involutions in 
PS(Q). Let T€8(Q), then T is an involution in PS(Q) if and only if 
T? — az, such similitudes will be called projective involutions. The projec 
involutions of PS (Q) can be divided in 3 classes: 


1) T isa scalar multiple of an orthogonal involution, that is, T = U £r, 
where U is an orthogonal involution. Then T has ratio 8° and a = 8°. We 
will say that T is the coset of an orthogonal involution since it contains two 
such involutions, namely, U and — U. If either U or — U is a (n— 2, 2) 
orthogonal involution we call T a (n—2,2) coset. E 


2) T is a similitude of ratio p and T? = —pz. Such similitudes will 
be called P-involutions. It was shown in [11, Lemma 1] that the P-involu- 
tions are always proper. When dimM=<=4r-+2, the similitudes anticom- 
muting with a P-involution are improper (see [11, Prop. 4]), so that, in 
particular, two P-involutions cannot anticommute. | 


3): T is a similitude of ratio p, T? = pr, but p is not a square in K. 
When dim M@=6 and K has more than 3 elements, no automorphism of 
PS(Q) or PS*(Q) takes a (n—2,2) coset into the coset of such a T (see 
[12, Th. 5]; there is an omission in the statements of this theorem and of 
- Lemma 9, for the lemma is only true if K has more than 3 elements and, 
therefore Theorem 5 only applies under this assumption). 


In the rest of this section it is assumed that K contains more than 5 
elements. 


' First of all we are going to characterize the (n— 2,2) cosets among the 
cosets of orthogonal involutions and state some properties of the P-involutions. : 


Lemma 8. Let M be a vector space with a E A quadratic 
form Q and dim U> 4. Let U be an orthogonal involution of 8*(Q) or (Q). 
If. (Cpg+(U))’ ((Cps(U))’) ts the commutator of the centralizer of U in 
PS*(Q): (PS(Q)), then the. center of (Opge(U))’ ((Cpa(U))’) contains 
elements which are not involutions if and only tf U is a (n—2,2) coset. 
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oe Let Q* and Q- be the restrictions of Q to the plus a minus 
spaces of the involution U. Then the centralizer of U in PS*(Q) (P8(Q)) 
contains the cosets of. the transformations T, X Ta where T, and T, are 
similitudes of Q* and Q-, respectively, with the same ratio and both proper or 
both improper (without restriction on the parity of T, and Ta). When the 
plus and minus spaces of U have different’ dimension the centralizer of Ü 
consists of such cosets only. Therefore, since dim M > 4, when U is a 
(n—2,2) coset the commutator of the centralizer of U. 18. contained in the 
group of cosets determined by O*(Q*) x O*(Q-) and contains the cosets 
defined by 2(Q*) X Q(Q-). Hence, if U is a (n— 2,2) orthogonal involution, 
the center of (Cpg:(U))’ ((Crg(U))’) contains an element which is not an 
involution, namely, 1z X G, where GE O(Q-) and @ Æ 1z. 

On the other hand if U is an (n—p,p) orthogonal involution and 
n— p>=2, p 7&2, the commutator of the centralizer of U in P+ (Q) or PS(Q) 
is always contained in the group of cosets defined by O (Q*) X O(Q-) and con- 
tains the cosets defined by Q(Q+) x Q(Q-). Hence the cénter of (Cre (0) )’ 
or (Cps(U))’ consists of the coset of the ee’ or of such coset and the 
coset defined by (—-1z) X ir 
From this lemma and [12, Th. 4, quoted. above, we get the following 
corollary. l 





COROLLARY. If dim M > 4, under an automorphism of PS (Q) or Ps*(Q) 
a (n—2,2) coset goes into a (n—2, 2) coset or into the oan of a P- 
involution. 


LEMMA 4, Let T be a Pinion Then any two- oe 2) ortho- 
gonal involutions commuting with T and commuting with each other have 
thew minus spaces orthogonal to each other. 


Proof. It is well-known that two different (n —2,2) orthogonal involu- 
tions which commute must have their minus spaces orthogonal to each other 
or the intersection of these minus spaces is a non-isotropic one dimensional 
space. If we were in the latter case, since. both involutions commute with T, 
T would leave invariant this one dimensional space. This is impossible, 
because, if p is the ratio of T, (2,27) =p (zT, 1T?) =— (2T,z) implies 
(z, <T) 0, that is, T takes a non-isotropic. vector into another vector 
orthogonal to it. 


COROLLARY. Let dim M = 2m > 4 ` Let {U3} be a set of (n—2, 2) 
orthogonal involutions which commute with T and with each other, then 
there are at most m slements in the set {Ui}. 


t 
at 
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We are going to assume that dim M = 2m > 4 and that there exists an 
automorphism ¢ of PS(Q) or PS+(Q) which takes a (n— 2,2) coset U into 
the coset of a P-involution T. Let U be the (n—2,2) orthogonal involution 
of Ọ, let zı, Za be an orthogonal basis of its minus space and £a, Z4,’ * +, Tom 
an orthogonal basis of its plus.space. Let us define Uy, += 2,3,- < +,2m, as 
the (2m—2,2) orthogonal involution whose minus space is spanned by the 
vectors zı and a. Then U=—=JU,, the 2m——1 involutions U; commute with 
each other and have the property that the product of any two is also a 
(n—2,2) orthogonal involution. ne by the Corollary of Lemma 3, we 
know that the cosets ¢(U;), t=2,- + -,2m, are (n—2,2) cosets or cosets 
of P-involutions and the product STe, 1544, is also a (n—2,2) coset 
or the coset of a P-involution. 


Lemma 5.. Let U, i=2,3,- - -,2m, 2m> 4, be the set of (n—2, 2) 
involutions described above and let (Ui) == T; Then 


(1) either all the T, +—=2,: - -,2m commute with each other, or 
(2) any two diferent Ti anticommute. 


Proof. We can assume that if T; is not a P-involution, it is a (n— 2,2) 
orthogonal involution. It is clear that if dim M —4r--2 all the T; commute 
with each other (see the properties of the P-involution given at the beginning 
of this section). 

On the other hand, if dim M = 4r, it seems possible that some pairs T; 
T; commute and some others anticommute; however, we will show that if two 
different T; commute all of them must commute. To show this we prove first . 
that if T; and T; commute, then one of the cosets 7, 7, or 7,7; is a (4r —2, 2) 
coset. We only need prove that, if neither T; nor T} is a (4r — 2,2) orthogonal 
involution, TT; is a (4r-——2,2) coset. Let pı and p; be the ratios of T, and 
T}, then 7,7; has ratio pp; and (7;T;)* = pyp;; hence, 7;T; is not a P-involu- 
tion and, consequently, TT; must be a (4r—2,2) coset. Now, since every 
Tı commutes with T,, T; and 7,7, Ts must leave invariant the 4r——2 and 
2 dimensional spaces defined by the (4r—-2,2) coset; hence the Tẹ which 
are P-involutions induce P-involutions in these spaces and we know that in a 
space of dimension 4r — 2 two P-involutions cannot anticommute. This-proves 
the lemma and, in particular, if all the 7, anticommute with each other there 
cannot be (n— 2,2) involutions among them. 


Lemma 6. Let dim M =m, m >? but m44. Then any automorphism 
$ of PS(Q) or P8*(Q) takes a (2m-——2,2) coset into a (2m— 2,2) coset. - 
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Proof. Assume that U is a (2m — 2,2) orthogonal involution such that 
(U) = T, where T is a P-involution. Let the Uy, 1+—=2,: - -,2m, be defined 
as before. We are going to show that, when m > 2, alternative (1) leads to 
contradiction and alternative (2) can only occur when dim M == 8. 


Case 1. Let f; — (0) and assume that all the T; commute with each 
other. We have seen that this implies that if 7, is not a (n—-2,2) coset 
then 7,7; is a (n—2,2) coset. By Lemma 4, at. most one of the T;, say 
T is an orthogonal involution, consequently 7,7), J= 4,5, *-,2m, is a 
(2m —2,2) coset, so that T; = T Vja, where V; is a (2m —2,2) orthogonal 
involution which commutes with T}. As for T, either 7,==T,V đu or 
T= V, Now, the Vj, j==3,:-- , 2m, commute with each other and with 
T., therefore, by the Corollary of Lemma 4, there are at most m different V;. 
Hence m = 2m — 2, that is, m < 2. 

Case 2. Any two different T; anticommute. But, if dim M = 2p, p not 
divisible by 2, the maximal number of anticommuting non-singular linear 
transformations is 2k-++-1 (see e.g. [7, Th. 2]; since in our case T? = az, 
the result can be proved by using the theory of Clifford algebras as in Section 
6 below). Since the number of T, is 2*9-—1 we must have 2*p —1=2k+1 
and if 2*p > 4, this is only possible when k=—=3 and p—1, that is to say, if 
dim Af == 8. | 

From Lemma 6 and Corollary 3 of Lemma 2 we get 


‘a THEOREM 3 (II). Let Q bea non-degenerate quadratic form over a vector 
space M and dim M = 2m > 4 but dim M 8. If the base field K has more 
than 5 elements, every automorphism o of P(Q) or PS*(Q) 18 of the form 


(T) = YTV, 


where V is a semi-similitude of Q. 


6. In this section we are’ going to study the case dim M ==8 which is 
left out in Thseorem 3(I) and Theorem 3(II). When.we deal with PS*(Q) 
there can actually exist automorphisms different from the. ones described in 
these theorems. (cf. [2]). We will show first that there are not exceptional 
automorphism of PO*+(Q) if K is a finite field and then it will be proved 
that even when there exist exceptional automorphisms of PS*(@) they cannot | 
be extended to PS(Q). We recall that in the determination of the suto- 
morphisms of PO*(Q) (cf. [4]), when dim M = 8, the trouble arises, as for 
PS*(Q), from the fact that it is possible that a (n-——2,2) coset is taken by 
an automorphism ¢ into the coset of a P-involution (the orthogonal P-involu- 
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tions are the involutions of the second kind of Dieudonné). Now, if it can be- 
proved that the (n—2,2) cosets of PO*(Q) go into (n—2,2) cosets, the 
usual proof can be carried through showing that the PeO a of PO*(Q) ` 
are induced by automorphisms of 0*(Q). 


. Turonmm 4. Let M be a 8-dimenstonal vector space over K and Q a 
non-degenerate quadratic form over K. Then, tf Kisa finite field, every. 
automorphism of PO*(Q). ts induced by an automorphism of O*(Q). 


Proof. When K is a finite field it contains only two different quadratic 
classes and any subspace of M of dimension greater than 2 contains isotropic 
vectors; consequently, if U is a (n—2,2) orthogonal involution such that the 
restriction Q- of Q to the minus space of U. has a square discriminant, U can 
be expressed as the product of two (n— 2,2) orthogonal involutions V, and 
Ve which commute with each other and such that the discriminants of the 
restrictions of Q to the minus spaces of V, and FV, are not squares. | 

To establish our theorem we only need prove that under any auto- 
morphism $ of PO*(Q) a (n—2,2%) coset U cannot be taken into the coset 
of a P-involution; for then Ọ must be taken into another (n—2, 2) coset - 
(see [4, Section 89]). Hence, if there are no orthogonal P-involutions there 
is nothing to prove. If there exist orthogonal P-involutions, Q has a square 
discriminant and this implies that the coset of a (n—2,2) involution U 
belongs to PQ(Q), the commutator group of PO*(Q), if and only if the 
restriction of Q to the minus space of U has a square discriminant, because ` 
the spin-norms of U and —JU are equal to the discriminant of Q- (see e.g. 
Ley. | 

Now, if T is an. orai P-involution, ” € PA(Q). (This can be seen 
by computing the spin-norm of T or directly, for, since there exists an ortho- 
normal basis 2%; Y t= 1,2,3,4 of Q such that qT —y, and yT =a — q; (cf. 
e.g. [11, Prop. 1]) T— 7,987,181, where T, and S are defined as follows, 


wT == 1/7, yT: = wm Tg, . for j= Ls 2, and © 

OL, = 0, ysl, —y, for j=3,4, and 

HS = Yrs yo = Cys, where the indexes 1-42 . 
should be computed module 4). So, if the restriction of Q to the minus space 


. of the (n—2,2) involution U does not have a square discriminant, then 
(U) must be a (n—2,2) coset. Now, if this restriction has a square 


| discriminant, U = ViVa, where V1,V¥V;¢ PQ(Q) and VV; = FV; hence = 


b(U) —6(Vi)¢(Ve), that is, ¢(U) is the product of two commuting 
(n— 2,2) cosets and, consequently, it cannot be a POOR, 
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Remark. [2, Corollary 2 to Th. 1 and Th. 8] imply that under the 
conditions of Theorem 4 above, when Q has a square discriminant, PS*(Q) 
does have exceptional automorphisms. 


We return now to the study of PS(Q) and consider two cases. 


Case 1. K is a finite field. In this case it is easily seen that any 2- 
dimensional space over K contains similitudes of any ratio with respect to 


any quadratic form, hence the same is true of M with respect to Q. Then `- 


[10, Cor. 3 of Prop. 4] implies that the first commutator group of PS(Q) 
is PO*(Q), and, therefore, every automorphism ¢ of PS§(Q) induces an 
automorphism in PO+(Q). Now, Theorem 4 shows that the proof of Lemma 
2 can be applied to the present case to obtain ọ (T) = VTF. 





Case 2. K has more than 5 elements. Let us suppose that under an 
automorphism ¢ of PS (Q) a (n—2,2) coset U is not taken into-a (n— 2,2) 
coset. Then, by the corollary of Lemma 3, (U) — T, where T is a P-involu- 
tion. Consider the set of (n— 2,2) orthogonal involutions Uy, i == 2,3, -+,8 
defined in the preceding section ; the proof of Lemma 6 shows that 4(U,) = Ti, 
where the T, are P-involutions and any two of them anticommute. Let V be 
the symmetry whose minus space is spanned by the vector z,, then U,V = VU, 
and, consequently, if ¢(V) = W, either WT =T;,W or WI,==-—T7,W, in 
other words the linear transformation W commutes with some of the 7; and 
anticommute with the others. Let Á, j—==-2,3,---,8 be 8.8 matrices 
representing the linear transformations T, with igs to a certain basis of M, 
then A,? ==— p;I where I is the 8 X 8 identity matrix. This means that, if 
N is a 6-dimensional vector space over K and Q’ is a quadratic form on N 
such that there exists an orthogonal basis v, +—==1,2,--+,6, with Q’(%) 
== — py, there exists a homomorphism o of the Clifford algebra ('(Q’) defined 
by Q’ into the abies algebra of the matrices Aj, j= 2,8,- - -,%, namely, 
o (0) == Ags, t= 1,2,- > -+,6. Since the Clifford algebra C’(Q’) is simple and 
dim C (Q) == 2°==8-8, o is an isomorphism of C (Q) -onto the algebra of 
S X 8 matrices with entries in K. Now, the only elements of ((Q’) which 
commute with some of the v; and anticommute with the others are the elements 
of the Clifford group of the form avva’ - `a; hence, the only linear trans- 
formations which commute: with some of the T; and anticommute with the 
others are of the form a,7,7,: © Ta. But, it is obvious that ¢ (7) cannot 
be 1, 7,: -Piu because ¥ U Un -Un Therefore any automorphism ¢ 
of PS(@Q) takes the (6,2) cosets into (6, 2) cosets and must be of the form 
(T) = VTF. 
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' We sum up these results together with the results of Theorems 3(I) and 
(II) in our last theorem. 


THEOREM Š. Let M be a vector space with a non-degenerate quadratic 
form Q and dim M = 2r, r > 2. .Every automorphism of PS(Q), or PA (Q) 
if dim M 48, is induced by an automorphism of S(Q). When dim M —8, 
but there do not exist P-involutions, any automorphism of PS+(Q) is induced 
by an automorphism of S*(Q). | | 


QUEEN’S UNIVERSITY, KINGSTON, ONTARIO. 
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ON ABELIAN INTEGRALS OF THE SECOND KIND AND 
MODULAR FUNCTIONS.* + 


By Marvin ISADORE Knopp. 


I. Introduction. Let I'(j), j==2,3,---, denote the principal con- 
gruence subgroup of level j of the modular group, ['(1). In the previous 
papers [2,3] the author has constructed modular functions for T'(j) by 
first constructing abelian integrals of the second kind for T(J) and then 
taking suitable linear combinations of these. 

By an abelian integral for T(j) we will always mean here a function 
f(r) regular in the upper half-plane, Im (7) > 0, and such that for Im(r) > 0, 


f(Vr) = f(r) +C(V), for VET(y), 


where C(V) is independent of +. Jf in addition f(r) has at most a polar 
singularity in the local uniformizing variable (cf. § II.2) at each parabolic 
cusp of F, the fundamental domain of I'(j), then f(r) is said to be of the 
second kind. If f(r) is regular in the local uniformizing variable at each 
cusp, then f(r) is said to be of the first kind. If f(r) is an abelian integral 
of the second kind such that C(V) —0 for all VE T(4), then F(t) is said 
to be a modular function for T (j). 

In this paper we generalize the construction of [2,3] to obtain a wider 
class of abelian integrals. The generalization is in two directions. 


(1) While in [2,3] we constructed abelian integrals of the second kind 
with arbitrary principal parts at some of the parabolic cusps of F; we here 
are able to obtain such integrals with arbitrary principal part at all of the 
cusps. This has been motivated in part by the work of Smart [14]. 


(2) By making use of the notion of the “supplementary series” (cf. 
[5]) we succeed in constructing abelian integrals of the first kind for T (į) 
and in fact we obtain a basis for the finite dimensional vector space of abelian 
integrals of the first kind. 


Combining the results cited above in (1) and (2) we find that we have 


* Received May 24, 1962. 
1 Research supported ir part by National Science Foundation grant number G-14362. 
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a linear basis for the complex vector space of abelian integrals of the second 
kind for T(7) (Theorem 4.12)). 

Further considerations show that if an abelian integral of the second 
kind is in particular a modular function for ['(j), then its expression in ` 
terms of the basis mentioned above is of a special kind (Theorem (5.1)), 
a kind in fact that gives rise to an explicit expression (5.5) of its Fourier’ 
coefficients in terms of the principal parts at the cusps of F; (§V.1). 
This type of result is quite well known for automorphic forms of positive 
dimension (cf. [6,7,11,16]) and in a few special cases for automorphic 
functions (cf. [9,12,13]). However, these results have been derived by _ 
means of various refinements of the circle method, while here the approach 
is quite different. Also, to the best of my knowledge the result has not 
previously been obtained for modular functions connected with the class of 
groups T(J), j= 2. | 

In § V.2 we construct modular T for T (7) each of which has at 
single pole of order at most g 4+- 1 at one of the parabolic cusps (here. g is 
the genus of F;). 


II. The functions A,(j,M;7). Let v be & positive a let 
x= (c 3) € r(1), and let 8,(M) be defined by 
ò (M) = (yy) exp(—2rivb/j), if c= 0, a= d==1 (mod 7) | 


(2.1) c= (yy )exp(2rtvb/j), if c=0, a=d==—1 (mod) 
== 0, otherwise. 


Note that §,(— M) =8,(M@). We put 


(2.2) m (vs j M) = (2/8}) Su b*A.»(1m, M) (v/m)aL, (4V my/jk), 
where 


(2.3) Amas aa l k (vi + mh) | 





and J; is the modified Bessel function of the first kind, whieh can be given by . 


(2/2) 
o pi(p-+1)! i 


- In (2.8) W is an integral solution of the congruence hh’ =— 1 (mod k); 


I, (£) == 
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we put K m= — Ie (hi! 1). Then the superscript M appearing in (2.2) 
and (2.3) indicates that the sums are restricted by the condition 


(2. 4) G—i)= + (¢ 3) (mod j) 


where the congruence is elementwise. The condition (2.4) is to be under- 
stood in the sense that each appropriate lower row (k,— h) is to occur 
exactly once and that we are then to find any (h’,k’) such that — Ah’ — kk’ 


— 1 and such that the matrix ‘ od satisfies (2.4). 


This ambiguity in the choice of A’ and # leads to the possibility that 
the sum A;,,(m,M) is not well defined; that is, it might depend upon the 
choice of h’. However h’ is determined modulo.j% and therefore Ax, »(m, M) 
ts well defined. For (h’,k’) can be replaced only by (W -+ tk, k’ —th), with 
t an integer. But K -+ th==h’, kK—tih=k (mod), so that we can con- 
clude that tk == th == 0 (mod j). From this it follows.that t= ¢(— hh’ — kk’) 
= 0 (mod j). Hence W -+ tk= KR (mod jk). 
` The basic functions A,(j, M;7r) are now defined by 


(2.5) a(i, mir) = 8 (M) e274 +. S an(n, j, M) erT, 
m=i a 


By the way in which they are defined these functions depend only upon the 
resideue class of M modulo T (4). The functions A, are regular in the upper 
half-plane, Im (r) > 0. In order to see this it is necessary to have a nontrivial 
asymptotic estimate for the exponential sums A;,(m,M) and in fact it turns 
out that as k—> +-0 | a 
(2.6) Ax,y(m, M) == O (ki), «> 0. 


It is apparent that the Axy(m, M) are closely velated to the classical Klooster- 
man sums and as ‘one might expect (2.6) can be derived from the corres- 
ponding estimate for the Kloosterman sums (cf. [14, pp. 76-82]). 

The functions that are treated.in [8] form a special subclass of those 
we have defined in (2.4), that subclass, in fact, described by the additional 
restriction 6==0 (mod 7). In order to see this, we let l — jk in (2.3), note 
that (d,7)=<=1 as a consequence of b==0 (modj), and use the fact that 
h== + d(modj) and (d,j) =1 together imply that (h,7)=-1. Hence in 
(2.3) (A, jk) == (h,i) == 1 and hh’ ——1— kk’ =—1(modl). Thus h’ is 
determined modulo 7 and Aso (m, M) becomes 


> exp [= 
oci 
Eia 





il a mh) |, à i ST (mod). 
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A simple calculation now shows that the expression (2.2) for the coefficients 
Gm reduces in the case b= 0 (modj) to the expression (1.2) of [8]. 


III. Abelian integrals of the second kind. 1. The most important 
feature of the functions A,(j,@537) is their behavior under transformation 
‘by elements of I'(1). This behavior is described in the following theorem. 

Treorem (8.1). (i) Let V = ( KJET. Then for Im(r) >O, 

Y 
Àr (3, M ;7) satisfies 
(3.2) a(i, M; Vr) =A (3, MV 57) + olj, M; Y), 
where w,{j,M;V) 1s independent of z. 
(it) Furthermore if y—0, then o,(j,M;V) =0, and tf ys40, then 
| oli M; V) =p (j, M; V) +0(j, M; V); 
where 
prj M; V) = oa ll > M exp(— 2nivh’/jk) 
OBR Sh 
(3.3) T | 
i Sk? Y, Mexp (—2aivh’/jk), 
he OSAJ 


(hk)=1 
and 


oy (7, M; V) = ee fase aid 2. do ala 
k=1 s 
(K,m)=1 


— ZSM — rivm /k 
hn exp ( vin’ /Ie) }, 
(K,m)=1 


> «6 


(3.4) 


where t ts a certain postiive constant and Jy(K) a ee trapezord in the 
k—m plane (cf. [8, p. 663], for details). 


Although this theorem is the basic one of the paper and although its 
proof is by no means trivial, we nevertheless omit the details since they are 
to a great extent a repetition of calculations to be found in several previous 
papers (cf. [2,4, 8,14] and especially [10] in which the general method first 
appeared). Some discussion of the case y == 0 is in order, however, since the 
method here is different, although quite simple. 


If y= 0, then V = + (; F or Vr==7 +- 8, and 


pa ea a) (0 E ote 


2 In [3], p. 665, formula (2.7) the term corresponding to p, was mistakenly omitted. 
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Proceeding directly from (2.5) we have 


Ap (4, M ; Vr) mams (M) g7 3a tr(r+B)/ 4 +- > On (¥; i, M) etrim(T+B)/4 
(3. 6) m 


== §,(M) e7 Bli g2mtrr]] 1. Ş er tmBlig.. (y, 7, M) ETTI, 
i m=1 
By (2.1), 
p (M) 6-28 47815 cas yg THD, if c=20, a==de==i1 (mod7) 

== aly TA, if ca 0, a= d==—1 (mod j) 

== 0, otherwise, 
and, on the other hand, 
8y( MV) = hye Tirap] mm hyg?) if c==0, a= d= 1 (mod j) 


cor gly GPF t(D) a Teg BeOS, if c= 0, a= d=— 1 (mod) 
== 0, otherwise. 





Hence 
(8.7) 8,(M) ob) == 8, (MY). 
Also, by (2.2), we have ~ 3 
e685 (v, j, M) 7 
ee) SE Šerm ym, M) (v/m)il, (ZV). 
87 =i jk 
But, 
M Iri 
etrimBliA,,(m,M)—= $ [r {ihk m(h— Bk) }] 
OA jk tk 
meh ° * 
= 2D MV oxp[— Z (vi -+ mh)], 
oSk< jk j 
(k,k)=1 


as a direct consequence of (3.5), the summation restrictions (2.3), and the 
fact that when hf is replaced by k— 8k, k’ is replaced by K + Bh’c=aB + b 
(mod 7). It now follows from (8.8) that 


(3. 9) e'rimblign. (vy, 7, AL) = alr j MV). 
Combining (8.6), (8.7), and (3.8), we have 

a(i M; Vr) =M (j, MV 57), 
and the proof is complete. 


2. We will now apply Theorem (3.1) to show that the functions 
Ay(j, M37) are abelian integrals of the second kind for T(j). Let P=r/s, . 
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P’ ==a4"/s’ be two rational points on the real line with (r,s) = (1,8/) =1 
(r/s = 1/0 =œ is not excluded). Then P and P are equivalent under P'(7) 
if and only if r=r, s==s’ (modj). Also in any fundamental domain F; 
the parabolic cusps are those (necessarily rational) points in which #; touches 
the real axis, including possibly the point at œ. The local .untformizing 
variable at such a parabloic cusp is defined by (ef. [8, pp. 667-668 | ) 


exp amd: if P=r/s <o, (r, s)=1 


exp (2nir/j); if Peo. 


THEOREM (3.10). The function dy (7, M57) is an abelian integral of 
the second kind for I'(j). with precisely one pole of order v in F; More 
specifically, A,(7, M57) is regular in Im(r) > 0 and 


tp = 


(i) for V = (e 5) ET(j) and Im(r) > 0 


Ay(j, M; Vr)— Aj, M37) =j}, M; V), if y0 
== 0, if y= 0, 
where o,(7,M;V) ts defined by (8.4), 


(li) in F; there is precisely one parabolic cusp of the form P = — dy/e 
with (do, Co) = 1 and co==c, dys=d (mod f), where u—(¢ a): about this 
cusp Ay(J, M37) has an expansion of the form 
(8.11) baste? X Dnt, 

O m=0 

(ii) at any other cusp P.r,(4,M57) has an expanston of the form 
(8. 12) . > bmtp™. 

m0 


Proof. To obtain (i) we note that if V € Tj), ACi, MV ; 1) = Ao(j, M37). 
The case y == 0 is immediate: if y 3£0 we see from (3.3) that p,(j7,M; Y) —0 
for VET(j). Hence by (3.2) 


Ary, I; Vr) —Ay(j, M (57) = Wy = py + op = Oy. 
To prove (ii) and a we suppose P ==r/s, (r,8)==1, is a parabolic 
cusp of F, let W= (; BE T(1), and apply (3.2) with V replaced by 
Pad 
Wi m ( :): This yields 


. (8.13) Ay (J, M; Wr) =e A, (7, MW 57) + oy (7, MW). 
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Now W maps P==1/s onto œ and therefore, by (3.13) A,(j, i257) has the 
same behavior at r/s as à, (j, MW>;r) has at œ. More explicitly, the 
expansion of A,(j, M37) in powers of tp contains a term of the form tp” 
when the expansion of A,(j, MW-;r) in powers of e?***/i contains a term of 
the form e**#7/J, and otherwise contains only terms involving nonnegative 
powers of fp. 

However, the expansion of A,(j, MW-;7) in powers of 6**#7/J ig just the 
definition (2.4) of the function; we observe that this has a term of the 
form e°*'7/J if and only if & (MW) 40. Now 


a b p S ar-+bs * 
mwi (S a) (; :) -= (ata d, 
and by definiton of ô, 8,(AfW-) 540 if and only if ar -+ bDs==d,=+1, 
cr -+ ds = 0 (mod7). Since the determinant of MW is one, the condition 
d,==1 is a consequence of cr-+ ds==0, ar + bse=1, while d =-—1 follows 
from cr-+- ds==0, ar +- bs==—1.. Hence we see that 8,(MW+*) 540 if and 
only if ar -+ bs==+1, cr-+ds=0(modj). Since ad—be=1 these con- 
gruences hold if and only if r== d, s==—c (mod j) or r==— d, s==c (mod}). 
Thus $,(47W+*) 5£0 if and only if P is of the form described in (ii) and the 
proof is complete. 

It is worthwhile to make note of the fact that the proof of parts (ii) 
and (iii) above is much simpler than the proof of the corresponding result 
of [3]. This simplification has been made possible, oddly enough, by the 
greater generality of the functions we are treating here. 


IV. Abelian integrals of the first kind. 1. We recall the assumption 
that v is a positive integer and define a,(—¥,j,M) to be the result of 
replacing v by —-y everywhere in (2.2). That is, 


(ED an(n hID = (Baa om, 1 (mt, (a7) 
with = 
— 2m 
Ar (m, M) = SM E E ? see 
z,- (m, AT) a| AP (—vh +mh) |, hh 1 (mod k) 
f (k k)=1 
We define 8» (M) in the same way from (2.1) and introduce the new functions 
(4.2) 240, M5r) =8,(M) erT +S an (—v, j, M) erin, 
Er | 


In the terminology of [5] A, is the series supplementary to Ay. 
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The importance of the supplementary series 4., resides in the fact that 
‘the proof of Theorem (3.1) in no way depends upon the positivity of vy. 
This can be seen by a careful examination of the proofs of the corresponding 
theorems in [2,8]. Hence we obtain a result like Theorem (3.1) which, 
however, involves the function i». 


Turor» (4.3). Let V == ( 4 ET(1). Then, for Im(r) >0, 
L.»(f,M;r) is regular and satisfies 
(4. 4) -rj M; Vr) =Â (j, MY; t) +o M; V), 


where w»(j,M;V) is obtained from w(}, M; V) by a replacement of —v 
for v. Hence we conclude that if y==0, then wp(3, M; V) =0, and tf y 540, 
then 

ay(9, M; V) = pih M V) +o+(7, M; TY), 
where 
p- M; V) = — Pr (iM; V) 


=e) iG M; V) eG I). 


Applying (4.4) and the reasoning used in the proof of Theorem (3.10), 
together with the fact that each 1.,(7,M@;7r) is regular at œ (as is seen from 
(4.2)), we obtain 


THrorpm’ (4.6). The function X_,(j, M37) is an abelian integral of 


the first kind for T'(j). Specifically, for Im(r) > 0 and t o) ETU), 
we have y 8 
às (j M; Vr) —A+(j, M37) =o} M; V), tf y0 
= 0, if y= 9, . 
and at each parabolic cusp of Fi 4-»(j, M37) has an expansion of the form 
(8.12). - > : 


It is easy to see that certain linear combinations of the functions À, are 
actually modular functions for T(J). Such a linear combination can be con- 
structed, for example, from any set of at least g-+1 of the A,, where q is 
the minimal number of generators of T (j). In this connection we have 


Tuxonmm (4.7). If Al) =E Eb M) (j Mr) we let 
Â (r) =Z Bb(r, M) M5r). 


Then A(r) is a modular function for T (j) if and only if À (r) =Q. 
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Proof. By Theorem. (3.10), for V == ( À ET(j) and Im(r) > 0. 


A(Vr) —A(r) =Z Zb (n M)or(j M; V), if y0 
—0, if y= 0. 
On the other hand Theorem (4.6) implies that 
A(Vr) —Â (1) =Z ZE (n M) (jM; V), if y0 
= 0, if y=0. 


Thus A(r) is a modular function for T(j) if and only if A(r) is. But we 
know that A (r) is bounded in Im (7r) > 0, so that by a well known theorem, 
Â (7) is a modular function if and only if it is a constant. By (4.2) that 
constant must be zero. 


‘Remark. As a special case the theorem says that A,(j, M;7) is a modular 
function if and only if 1.,(7,M;7r) =0. 


2. Our next objective is to show that finitely many of the \_, together 
with the constant function 1 can be chosen as a basis for the space of abelian 
integrals of the first kind. We will make crucial use of the following theorem 
from the classical theory of compact Riemann surfaces (cf. [15, p. 272]). 


WEIERSTRASS GAP THEOREM. Let S be a compact Riemann surface of 
genus g and let PES. Then there are g integers 0 < Wi <2 << wy < 2g, 
depending on P, such that there does not exist a meromorphic aa on S 
having as tts only singularity a pole of order w, at P.. 

For S we will take F, with appropriate sides identified; this is known 
to be a compact Riemann surface of genus | 


g == 0, if j =2 
14 79) TI (i—5), it 728, 


The product is over all primes dividing j. It follows that the Riemann 
surface obtained from F; has genus zero exactly when 2&j<5. We will 
refer to this Riemann surface simply as ¥,. The meromorphic functions on 
J; are precisely the modular functions for T (f). 

We fix our attention on a single arbitrarily chosen parabolic cusp of F, 
say P = r/s, (r,s) ==1. Then there are integers t and u such that 


Men teva 
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by Theorem (3.10) à (j, Mp;r) has a pole of order v at P and has no other 
singularity in ¥, We now consider the functions A,,(j,Mp;r), where 
w= w(P) (119) forms the Weierstrass gap sequence at P, that is 
the sequence mentioned in the Weierstrass gap theorem. 


Lamma (4.8). No linear combination of the functions rA»,(j, Mp37) 
ws a modular function for T'(4) except the trivial one with all coeffictents zero. 


Proof. This is a direct application of the Weierstrass gap theorem since 
any such linear combination would be a meromorphic function on F; of the 
type excluded by that theorem. 


THEOREM (4.9). The functions X,(j,Mp3r) (Sig) are linearly 
independent and together with the constant function 1, they form a basis 
for the vector space of abelian integrals of the first kind for T(j). 


Proof. Jf dike r a constant, this constant must be zero by (4.2), 
and by Ta. (4. 1. Bide is a modular function for T(y). Hence by 
Lemma (4.8), 0:0 ior Igi < g, and we conclude that 1, Âe * ` *,Au, 
are linearly independent. Now from the well known fact that vector space 


of abelian differentials on a compact Riemann has dimension equal to the 
genus (cf. [15, p. 252]), the remainder of the theorem follows. 


3. Suppose f(r) is any abelian integral of the second kind for I(j). 
Then a linear combination of the functions A,(j, M ;7) can be so constructed 
that its principal part agrees with the principal part of f(r) at each parabolic 
cusp. That is, there exists constants b(v, M) such that 


(4. 10) f(z) — 2 2 Oy, MH) dy M5r) 
is an abelian integral of the first kind. Thus we see that the functions i, 
form a linear basis for the (infinite dimensional) vector space of abelian 


integrals of the second kind modulo the vector space of abelian integrals of 
the first kind. 


Since (4.10) is an abelian integral of the first kind, by Theorem (4.9) 
there are constants bi (1&1 & g +1), depending on P of course, such that 


g A s 
(411) FO) =E Eb M) (i Mr) +È bili Mes) + boa 
We restate this in the following theorem. 
THEOREM (4.12). The functions d,(j, 37) (M ET(1)/T(}) r21) 
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together with the functions 1,-0,(j,Mp37),° © *, Ào, (j, Mp;7) form a basis? 
for the vector space of abelian integrals of the second kind for T(j). Here 
P is any parabolic cusp of F; and w,’ - +, wy is the Weterstrass gap sequence 
at P. 


V. Modular functions. 1. Since a modular function f(r) for T(}4) 
ig an abelian integral of the second kind for T'(j), it follows that f(r) can 
be expressed in the form (4.11). Moreover, in this case we can conclude 
that the constants 6,,- - -,b, which occur in (4.11) are all zero. That is, 
we have 


Turorem (6.1). If f(r) is a modular function connected with T (j), 
then 


(5.2) f(r) =E EdC, Mas (j, Ms) + constant, 


_where the linear combination on the right hand side ts constructed so that 
tts principal part agrees with that of f(r) at each parabolic cusp of F;. 


Proof. By Theorems (8.10) and (4.6) we have for V = k A ET(ĵ) 
and Im(r) > 0, | 


(Vr) fle) = SEB (4, Mol MY) + È dive (j, Mes T), 


(5.3) if y0 
0, if y =Q, 


On the other hand, we consider the function - 
g a : 
f(r) == D bidoj, Mp;r) = 2 Dbl M)A+(7, M57) 
and again apply Theorems (3.10) and (4.6) to conclude that - 


IT) — Hr) =È bolj Mes V) + ZEE Mz (jM; Y) 
(5.4) if y~0 
=) 4 50: 


Now f(r) is a modular function for T (j) if and only if the right hand 
side of (5.3) is zero for all VEI(j). But this happens if and only if the 


*This is not a basis in the ordinary sense since several different M¢€I'(1)/T(S) 
give rise to A's with poles at the same cusp, and therefore this set of functions is not 
linearly independent. However, restricting the choice of M in such a way that each 
curp occurs exactly once, we obtain a basis in the usual sense. 
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right hand side of (5.4) is zero and therefore f(r) is a modular function 


if and only if f(r) is a modular function. a 


If there is an 4 with 1<4+<g and such that 5,540, then Ar) is a func- . 
tion on F; of the type excluded by the Weierstrass gap theorem. . Hence if 
f(r) is a modular function then’ b,==0 for 1=$+g, and we are done. 


rad 


| Remark. We can assert more than the statement of the theorem. For 
if b= 0, 1StSSg, then f(r) is a modular function which is bounded in 
the upper half-plane and must be a constant. From the definition of f(r), 
this constant must be zero. Conversely, if f(r) ==0, then bı == 0 for 1S1 Sg 
and p> b(v, M)X»(j,M;7r)==0. By Theorem (4.7) we conclude that 
f(r) 253 b(v,M)aA,(j, M37) is a modular function. Thus we have shown 
that f(r) ts a modular function tf and only tf f(r) =0, a generalization of 
Theorem (4. 7 ). 


From Theorem (5.1) and the definition (2.5) of A,(7, M57) we can now 
read off the Fourier coefficients of f(r) in its expansion about œ (i.e. in 
powers of e*¥‘t//) ; the result is in terms of the principal part of f(r) at each 
parabolic cusp of F}. Specifically, if 


f(t) = E( Zb (vy M)3 (M) eae eee 


then, for m = 1, 





(5.5) anmi DEDM) ŠM tAn (mM) (v/m) (=). 


The expansion of f(r) about each of iie other cusps of F; can be obtained 
by applying Theorem (3.1), part (i), to f(r). 

It should be possible to obtain (5.5) by means of some variation of 
Rademacher’s refinement of the circle method, introduced in [9] to obtain 
the Fourier coefficients of J(r), the modular function for (1). In applying 


this method the nontrivial estimate (2. 5) would be crucial, as it has been 
in our development here. 


2. Theorem (5.1) does not say anything about the existence of modular 
functions for (7). We have indicated in § IV.1 how modular functions can 
be constructed by forming suitable linear combinations of the functions Ay. 
We now sharpen this result considerably. 


To begin with, since the functions A, and A., are abelian integrals of 
the second kind, they have no logarithmic singularities at the parabolic cusps 
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of F; and thus they are invariant under transformation by parabolic V € T (j) 
(i.e. v=(3 s such that |a -+ 8|=2). On the other hand it is known 
Y 


(cf. [1, p. 739]) that a set of generators for T (f) can be found in which 
all but 2g are parabolic, where g is the genus of #;. We label -these non- 
parabolic generators Va,’ > +, Vage Thus if an abelian integral of the second 
kind for T (7) is invariant with respect to Va - -, Vag it is a modular function 
for T(4). 

Let 1 & r, <v: <L- ‘<q be integers. The linear combination 


f(r) = S adn (i, M;r) ae $ bi, (J, Mp3;r), 
kz1 {=1 


with arbitrary a: °*,@s, 61,:°°,0,, is an abelian integral of the second 
kind satisfying ' 


# g l 
fV) =f (1) + È mon C M; Ve) + È did, C, Me; Vi), 

for 1& t 2g. The homogeneous linear system 

(5.6) Sanli M; Ys) + 3 dij, Mes Ve) = 0, ETET 


in the n -+ g unknowns Gy’ ` +, am bi - -,b, has n— g linearly E 
oe and in particular if n = g+ 1 it has a nontrivial solution. With 
Gy," * tsan by't tbo a solution of (5.6) f(r) is a modular function and 
therefore by the riot of Theorem (5.1), bı = b: =: ` -==b,==0. Thus 
some @;>540, and we have constructed a modular function for ['(7) whose 
only singularity is a pole of order at least vy; and-at most vn at one of the 
parabolic cusps of F; : 3 

If we choose n==g-+-1 and r= k, we have a nonconstant modular 
function for T'(j) whose only singularity is a pole of order at most g + 1. 
Note that the pole can be placed at any parabolic cusp of #; This is the 
best that can be done without some knowledge of the Weierstrass points of 

* (cf. [15, pp. 272-274]). 


VI. Concluding remarks. If I is any congruence subgroup of level j 
(i.e. if T(J) ST &T(1)), then any abelian integral of the second kind for 
T is, in particular, an abelian integral of the second kind for T (j) and there- 
fore can be expressed as in (4.11). This is not, however, a satisfactory pm» 


t It has been brought to my attention that B. Schoeneberg (Hamb. Abh. 17 (1951), 
104-111} has shown that the parabolic cusps of ¥, are always Weierstrass points pren. 
ever g = 2, that is, when j = 7. 
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situation since the functions A, and A., are not necessarily abelian integrals 
for T. A more satisfactory approach is to replace the functions A, and A, by 
similar functions whose construction is based upon the structure of T. 


THe UNIVERSITY OF WISCONSIN, 
Marson, WISCONSIN. 
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ON THE RITT POLYGON PROCESS.* 


By Aprawam P. Hintaran and Davm G. Mean. 


1. Introduction. The object of this paper is to make more accessible 
the technique of Ritts polygon process together with those results in the theory 
of the components of the manifold of a partial differential polynomial that 
have been obtained with this technique. | 


One of the authors has shown that the basic results of Ritt in the above 
mentioned theory follow from the Leading Coefficient Theorem, a generaliza- 
tion of Ritts theorem on the terms of least degree.? No formal proof of the 
Leading Coefficient Theorem -has previously been presented, although [1] 
indicates how the result could be obtained using Ritts infinite series solutions. 
A proof which uses the essence of the polygon process but does not employ 
series solutions is the main part of this paper. The only previous material 
of differential algebra needed cousists of poner HONE of notation ® and of the 
two following results: 


I. (Raudenbush). If A is a partial differential polynomial (p.d.p.) of 

positive degree in the ring #{41,-* -,4n} of p.d.p. in the y; over a partial 

differential field ¥, then there exists an extension E of ¥ such that € con- 
tains a zero of A. 


II. (Ritts Lemma). Let A in F {y'> -,4%,} be of degree d in the 
dy; and let A be held by every partial derivative 8,4 of A with 8, of order less - 
than d.* Then A= aLé with a in F and L linear in the 8y. 

Raudenbush gave a simple self-contained proof of (I) for ordinary differ- 
ential polynomials in [2]; the proof applies readily in the partial case. In 
Appendix II below we give a formal proof of Ritts Lemma essentially as it 
is established, without being formally stated, on p. 111 of [4]. 


* Received May 28, 1962. 

1 These results are mentioned in the introduction of [1]. ° (Numbers in square. 
brackets refer to the bibliography.) 

a See §§ 7-11 of [1] and Appendix I below. 


`The differential notation of §1 of [1] is used in this paper. The general Ritt- 
theory of differential algebra is in [6]. 


t Ritt used “H holds 4” to mean “H vanishes for the zeros of A” or in more | 
technical language “ H is in the perfect ideal generated by A.” 
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2. The Leading Coefficient Theorem. 


THEOREM. Lei Rs 
(1) * tm M.A + M,(84) +: + ++ My (84) 
where | 
A= 4, t+ Acet: EE ane 5 My Myo + Maco > 


for j= 0,1,: > -,8; the A, and Mp are p. d.p. in R = Fiy, + Yn}; and 
'c is a transcendental constant over the partial differential field ¥. I£ dy 
isa non-zero element of @ which is annulled by y,==0 (¢==1,---+,2) then 
the leading coefficient of c in B (i.e., the coefficient of the lowest power of c 
with a non-zero coefficient) is also annulled by y,;<=0.° 

We assume the theorem to be false and obtain a contradiction with ‘an 
inductive use of well ordering of pairs of non-negative integers. 

Let a be the degree of the terms of least degree, in the 8, of Ay. Let 
-b be the power of c multiplying the leading coefficient of B. With each 
ordered pair (A,B) of series in c related as in (1), we associate the ordered 
pair (a,b) of non-negative integers. The (a,b) are well ordered by defining 
(a,b) < (a’,b’) to mean that a <a’ or a==« and b <b. If the theorem 
is false, there is a least ordered pair (a,b) for which some associated (A, B) 
satisfies the hypothesis but not the conclusion of the theorem. We now let 
(A,B) designate such a pair. Then B is of the form 


B == Bye’ + Bono” + > 
and there is a term in B» free of the dj, since By is not annulled by i 0. 
Since 


8 { 
By = D, 5 M yn (8;A 5-2), 
Jao hed, 


at least one. of the Ay with h <b has a term free of the 8, Denote by q 
the smallest h for which A, has such a term. From the preceding observa- 
tion and the fact that A, vanishes for 4,==0, one notes that 


(2) ; 0<gsb. 


3. The cycle. Let t, be the degree of the terms of least degree of Ap. 
(If Ar = 0 let t, =.) In particular, fo =a. Let: p be the positive rational 
number defined by 


` pe=max[(q—h)/b], 0S h< q. 


3 It is easily seen that Theorem ITI of [1] is equivalent to this theorem, - 
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hs 


If T is an arbitrary term -of degree -of an A, with OZk<q, then 
p= (q—h)/in = (q—h)/t, so that 


(8) A pte g. 
The substitution 7 
(4)° 7 Yor Oe, | (t= 1, +5"), 


where the z; are new indeterminates, takes 7’ch into T’c*?*, where T’ is a term 
of degree £ in the 8,4. Let A, and B, be the results of applying (4) to A 
and B. In view of (3), it is clear that A, = 4,c?+ Ay.c##-+-- - - and that 
the terms of 4, consist of a zero degree term from A, and terms of positive 
degree from those A, with h < q for which (q— h)/t =p. The method of 
choosing p shows that there are such A, with h < g. The terms of 4, from an 
Ax have degree ta = (¢—h)/p in the 3). Obviously these t, decrease as h 
increases ; hence terms in A, from an A, do not cancel terms from an A; with 
hk. Let d be the degree in the 5, of dz. Then d is positive and 


(5) ad 


since a= to d= t, for some h with O=h<q, and the ta decrease with 
increasing h. 

Since the substitution (4) does not affect terms free of the indeter- 
minates and raises the degree in c for all other terms, we have 


B= Pye ds Byatt eo, 
where By is free of the 8,4. 


Since 4, is of degree d, there are partial derivatives 3,4, of A,, with ô; 
of order d, which are non-zero elements of F and hence do not vanish for 
any zero of 4,. The multiplicity of a zero a= b, (t==1,---,n) of A, is 
the minimum of the orders of the 8, for which z;==0; does not annul 8,4,. 
Let 4=—=¢; be a zero of Aq of lowest possible ee and denote its 
multiplicity by f. be 
(6) | © fad 


Now let z= w, -+ ¢ where the w, are new indeterminates. A, and Bsæ 
go over into A, and B, which, as power series in c, start with terms of degree 
q and b respectively. (The differential field F may have to be extended to 
include the ¢.) Let F=A,/ct and G=B,/ct, Let p=r/s with r and s - 
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relatively prime positive integers. Substitute k for c*/*, thus eliminating 
fractional powers of the constant, if there are any. Now 


Pm Py 4+ Fyk+ yl? + 
G = Ak! + Gok + - ee 


where g == (b—q)s, Q, = By is free of the ôw; and the least degree terms 
of F, are of degree f (the multiplicity of z, = gı) in the dy. 


4. Conclusion of the proof. ‘The ordered pair (F, G) satisfies the 
hypothesis of the theorem (with c and the y replaced by k and the wu). 
G, does not vanish for w,—0 since it is a non-zero element of F. Using 


(5) and (6) above we have 
fsSd=a. 


Hence fa. If f <a, the new ordered pair (f,g) precedes (a,b) and we 
have our contradiction. So let f=a. Now © 


(7) f=d=a. 


We consider two cases. First let p be an integer. Then the s in p = t/s 
is 1, g = (b — q)s == b — q, and it follows from (2) that g <b. This means 
that (f,g)= (a,g) precedes (a,b), which contradicts the minimal nature 
of (a,b). 

We now need only consider the case in which p is not an integer. Then 
any t, for which p = (q— h)/t, cannot be 1. Hence A, does not have any 
terms of degree 1 in the jz Since A, has a zero degree term (from A,) and 
has no first degree terms it is not of the form «Lt with « in & and L linear 
in the 8,2, It follows from Ritts Lemma that there is a zero of A, of 
multiplicity less than d. This means that the multiplicity f of z= q; is 
less than d, contradicting (7). This completes the proof of the Leading 
Coefficient Theorem. 


5. Relation to series solutions. The cycle described above indicates 
the method of obtaining the coefficients ¢; of a given power of c in a series 
solution for the A of (1). 


Appendix I. 


A major application of the Ritt polygon process is in the proof of Ritt’s 
Least Degree Theorem which plays a fundamental role in the general theory. 
. That the Least Degree Theorem follows easily from the Leading Coefficient 
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Theorem is essentially established in Example 6 of [1]. We now show this 
in a simple fashion by removing it from the context of [1]. 


THEOREM ON THE Terms oF Least Decrer. (Ritt). Let F560 and 
G be p.d.p. in R =F {Yu °, yn}. Let F, consist of the terms of F of 
lowest degree in the 8y, and let G, be the similar part of G. If G holds F, 
then G, holds F}. 


Proof. Given that G holds F, we have 
3 
(1’) Gt = $ My (8 F) 
h=0 


with M, in R and ¢ a positive integer. The terms of least degree of G are 
(G,)*. We make the substitution y; == cz, where the 4% are new indeterminates 
and c is a transcendental constant over F. Then F and G* go over into 
(finite) series in c with leading coefficients that are F, and (G,)* respectively 
with the y; replaced by the x. 

The theorem is obvious if F, has no zeros. So let y; = ġ; (s—=1,: - +, 2) 
be a zero of F, and let us substitute z; = w; + ¢ġ where the w; are new 
indeterminates. The two substitutions send F and G into F and G and replace 
equation (1) by an equation similar to equation (1) in the Leading Coeffi- 
cient Theorem above. The leading coefficient of F vanishes for w,--0 and 
hence so does that of (@)*. Therefore (G,)* and also G, vanishes for 4, == di, 
completing the proof. 


Appendix IT. 


We present here a formal treatment of some of Ritt’s material on p. 111 
of [4]. 


Rirrs Lemma. Let AC R == F{y1,---, yn}. Let A be of degree d in 
the 8, and let A be held by every partial derivative 8,A of A with 8, of order 
less than d. Then A==al* where a€ F and L is a linear element of R. 


Proof. Let L be a non-zero partial derivative 54 of A with 8 of order 
d— 1. Then L is linear and involves at least one of the y, say yı Let W 
be a factor of A which is algebraically irreducible in R and in which as 
high® a derivative of y, is present as the highest in A. Now L holds W 
since it holds A. From the nature of the 6jy, in W, this implies that Lt == BW 
with ¢ a positive integer and B€ fe. The irreducibility of W and the linearity 
of L imply that W ==yL with y€ F. Thus any factor of A differing from L 


3 This refers to the customary type of ordering as, for example, in [3]. 
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has only lower derivatives of y, than the highest in A (or L); Let A = QL" 
with Q not a multiple of L. Then there is an e-th order derivative of A of 
the form BQ with p€ F. If e< d, the hypothesis of this lemma tells us that 
Q holds A. ` This is not possible due to the nature of the dy, in Q. Hence 
e=d and QE F as desired. l 


UNIVERSITY OF SANTA CLARA AND PRATT INSTITUTE. 
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THE AUTOMORPHISMS OF PO,'(Q) AND PS,*(Q).* 


By Manta J. WoNENBUEGER.? | 


‘The purpose of the present paper is to complété some results‘ of [8] by 
studying the automorphisms of PS,*(@), the projective group of proper simili- 
tudes of an 8-dimensional . vector space M with respect to a non-degenerate 
quadratic form Q, and of its subgroup PO,*(Q), the projective group of 
rotations. It is well-known that in certain cases these groups actually have 
exceptional automorphisms, that is, automorphisms which are not induced by 
automorphisms of Ss*(@), the group of proper similitudes. 

We prove, under the assumption that the base field K has characteristic 
not 2, that PS,*(Q) has exceptional automorphisms if,. and only if, either 
the quadratic form @ or a scalar multiple «Q permits composition. As for 
PO,*(Q), it has exceptional automorphisms if, and only if, the vector space 
M has an orthonormal basis with respect to either Q or a multiple «Q, and 
the base field is Pythagorean; this implies PO,*(Q) = PS8,*(Q). 

In the last section we show that, if PS,*(@) has exceptional automor- 
phiams, any exceptional one together with the ones induced by the antomor- 
phisms of 8,*(Q) generate the whole group of automorphisms. 


1. We are going to use the notation of [8, Sections 1,5] with the only 
difference that now Q is always a non-degenerate quadratic form over an 8- 
dimensional vector space M, and we assume again that K has characteristic 
not 2. Moreover, since two quadratic forms which are obtained one from the 
other by scalar multiplication define the same group of similitudes and related 
groups we can assume in our arguments without loss of genean that there 
exists a vector z€ M such that Q(z) == 1. 


THEorEM 1. The group PS*(Q) has exceptional automorphisms if, and 
_ only if, the quadratic form Q (up to a scalar factor) porma composition 
(see e.g. [4]). 


Proof. If an automorphism ¢ of P8*+(Q) takes any (6,2) coset into 
another (6,2) coset, then the restriction of ¢ to PO*+(Q) is an automorphism 
of PO*(Q) induced by an automorphism of O*(Q) (see [2, Section 37]) and” 


* Received July 9, 1962. 
1 Postdoctorate Fellow (of the National Research Council of Canada) at Queen’s . 
University. 
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therefore ¢ is an automorphism of PS*(Q) induced by an ere of 
S*(Q) (see the proof of [8, Lemma 2]). 
We consider now two different cases. 


Case 1. K has more than 5 elements. Then ¢ is an exceptional auto- 
morphism if, and only if, there exists a (6,2) coset U which is not taken into 
a (6,2) coset and therefore by [8, Corollary of Lemma 3] (Ü) is the coset 
of a P-involution. Let Tı, 2; be any orthogonal basis for the minus-space 
of U and 23,%,:°-+,% any orthogonal basis of its plus-space. Let Uj, 
4==2,3,-- -,8, be the (6,2) involutions whose minus-spaces are spanned by 
z, and t, so that U= U. If (Uy) = T, in the course of the proof of 
[8, Lemma 6] it was shown that the 7), t=—2,3,- + -,8, anticommute with 
each other and, since the T; are either (6,2) cosets or cosets of P-involutions, 
the only possibility is that the T; are anticommuting P-involutions. 


Assume now that p and p’ are the ratios of any two of these P-involutions, 
say 7’, and Ta, and let 2 be any vector of M such that Q(z) = 1. The vectors 
a, To, To, TaT, ave mutually orthogonal non-isotropic vectors (cf. [8, 
proof of Lemma 4]). Moreover, if N is the 4-dimensional space spanned by 
these vectors, N is invariant under the P-involutions T} and T; hence NL, 
the orthogonal complement of N, is also invariant under T and 7;. Now, if 
yE NL and Q(y) = 80, y, yT2, yTs, yT 27s is an orthogonal basis of NL. 
We have found, then, an orthogonal basis, z, sTo, Ta, cT.7s, Y, yT2, YT, 
YTT, of M such that the lengths Q(.) of its vectors are 


1, Ps P's pp’, f, Bp, Bp’, Bpr, 


respectively, which shows that the quadratic form Q permits composition (see 
[4, Sections 1,2]). Hence, if PS*(Q) has exceptional automorphisms, the 
quadratic form Q (up to a scalar tagtor) is the quadratic form associated to 
a Cayley algebra, 
On the other hand, it is mentioned in [1] that if Q is the quadratic form 
associated to a Cayley algebra, the automorphisms ¢, and ¢, of PS*(Q) 
' defined in [1, Cor. 2 of Th. 1] are exceptional. (In the proof of Th. 3 below 
we show that the automorphism ¢, is exceptional.) 


Case 2. K is a finite field. If the quadratic form Q has square dis- 
criminant, Q is the quadratic form of a split Cayley algebra and the auto- 
morphisms $2 of [1, Cor. 2 of Th. 1] is exceptional. When the discriminant 
of Q is not a square Q does not permit composition and the commutator group 
of PS*(Q) is PO*(Q) = PA(Q). This implies that any automorphism ¢ of 
` PS*(Q) induces an automorphism in PO*+(Q), but the automorphisms of 
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PO*(Q) are induced by automorphisms of 0*(Q) (see [8, Th. 4]) and, conse- 
quently, @ is induced by an automorphism of 8*(Q). 


Lemma 1. If the group PO*(Q) has exceptional automorphisms the 
space M has an orthonormal basis with respect to Q or «aQ (see [2, p. 60]). 


Proof. When K is a finite field, PO*(Q) does not have exceptional auto- 
morphisms ([8, Th. 4]). It follows from [7] that if K has more than 5 
elements an automorphism of PO*(@Q) can not take a (6,2) coset into a (4, 4) 
coset. (The proof is like the proof of [8, Lemma 3] using PO*(Q) instead 
of PS*(Q).) Hence, under an automorphism ¢ of PO*(Q), a (6,2) coset 
must go either into a (6,2) coset or into the coset of an orthogonal P- 
involution. We have again that, if ¢ is an exceptional automorphism, there 
should exist a (6,2) coset U which is taken by ¢ into the coset of an orthogonal 
P-involution, that is, a P-involution of ratio 1. Define 2, 2%2,23,: °°, Zs and 
the U, as before and let ¢(U;) = 7. Then [8, Lemma 6] still applies and 
we can conclude that the Ti, t==2,3,- --,8, are seven orthogonal P-involu- 
tions such that any two of them anticommute. If v is any vector with 
Q(z) =1, then v together with the vectors tTa, t= 2,3,---,8 forms an 
orthonormal basis of M. 


Lemma 2. If an automorphism of PO*+(Q) (or P&S*(Q), if K has more 
than 5 elements) ts exceptional tt takes every (6,2) coset into the coset of 
a P-tnvolutton. 


Proof. Ji K is a finite field, PO*+(Q) has no exceptional automorphism 
and there is nothing to prove. Hence we can assume that K has more than 
5 elements. Suppose then that the automorphism ¢ takes the coset of a (6,2) 
involution U into the coset of a P-involution. We have already shown that it 
Tı, Ta and Tg,’ - -,2%, are any orthogonal bases of the minus-space M, and 
plus-space M,1, respectively, of U, the cosets defined by the (6,2) involutions 
Ui, t= 2,: + -,8, are taken into the cosets of anticommuting P-involutions 
Tı Now, if Uy is the involution whose minus-space is spanned by 2, and z; 
j1, Uy UU; hence (Üy) —1,7; and, as a consequence of TT; 
=—T;T;, TT; is also a P-involution. This implies that any (6,2) coset 
whose minus space is orthogonal to M, is mapped by ¢ into a P-involution. 

Now, let W be the minus space of any (6,2) involution V. The space | 
(Mf, +N). has dimension = 4 and, since (M, + N)N(M, +N) is-at most 
2 dimensional, (M, +- 4 )+ contains a 2-dimensional non-isotropic subspace R. 
Since A, is orthogonal to R, p maps the coset of the (6,2) involution with - 
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minus-space R into the coset of a P-involution, and therefore ¢ also maps y 
into the coset of a P-involution because & if orthogonal to N. 


Lrmma 3. If the vector space M has an orthonormal basts wtih respect 
to Q, then any orthogonal P-involution belongs to the commutator group 
of (Q) 


Proof. Since any P-involution takes any vector x into a vector orthogonal 
to z, it is an immediate consequence of Witts theorem that given an orthogonal 
P-involution T it is possible to choose an orthonormal basis of M of the form 
Ti yı =T, i= 1,2, 3,4 (cf. the proof of Lemma 4 below). Define the linear 
transformations T, and § as ON 


zT = yj yT a | : for J ==, I, 2 
Timet, yT =Y; for j == 8, 4, and 
DS = Yua YS = Dy. where the indexes ¢-} 2 should 


be computed modulo 4. 
Then T, and S are rotations and T == 7,97,78,". 


Txeonem 2. The group PO*(Q) has exceptional automorphisms if, and 
only if, M has an orthonormal basis with respect to Q or «Q and the base field 
K is Pythagorean. 


Proof. If PO*(Q) has exceptional automorphisms, let 74, 1==1,2,:'--,8 
be an orthonormal basis of Jf with respect to Q or «Q. If K is not Pytha- 
gorean, assume that a”-}- 8? is not a square and let U be the (6,2) involution 
whose minus-space is spanned by z, and az, +- Bts. Then the coset of-U does 
not belong to PQ(@) since the spin-norms of U7 and -—-U belong to the 
‘quadratic class of æ? +- 8? which is not a square. Hence Ọ can not be mapped 
by an automorphism of PO*+(Q) into the coset of an orthogonal P-involution. 
Therefore, by Lemma 2, PO+(Q) has no exceptional automorphism. This 
proves the “only if” part of the theorem. 

On the other hand, if the conditions of the theorem are satisfied, the 
ratio of any similitude is a square and, consequently, PO*(Q) = PS*(Q). 
Hence the “if part” of the theorem follows from Theorem 1. | 


Cornottary. If PO+(Q) has ezceptional automorphisms, then PO*(Q) 
= PS*(Q). 


2. In this section we are going to determine the form of all the auto- 
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morphisms of PS+(Q). By the Corollary that we have’ just established, this 
gives us also the automorphisms of PO*(Q). 


Lumma 4. In P(Q) the cosets of P-tnvolutions of the same ratio 
decompose tnto two conjugate classes. | 


Proof. We will prove first that in S(Q) any two P-involutions T, and 
Ta of ratio p are conjugate. 


Let a, Ta i= 1, 2,3, 4, be an orthogonal basis of M with respect to Q. 
Let yı be any vector such that Q(y.)=—@(a,). Then the 2-dimensional 
subspaces N, and M, spanned by y, and 4,7, and z, and vT., respectively, 
are isometric. Hence, by Witts theorem, Nil and M,- are also isometric and 
therefore there exists a vector y€ Ni such that Q(y:) —Q(a2). Now the 
subspaces N, and M, spanned by Yp Yla, t==1,2, and a, GTa +—1,2, 
respectively, are isometric and we can repeat the preceding process until we 
get an orthogonal basis Ya Y:T2, t= 1, 2, 3, 4 such that Q (z4) = Q (y4). Define 
the linear transformation U by 


QU e Ys, (uT) U = yT», t=], 2, 3, 4, 
Then U is an orthogonal transformation and T; = UTU. 


PS(Q) consists of the subgroup PS*(Q) and the cosets PS-(Q), therefore 
in P8*(Q) the cosets defined by all the P-involutions of ratio p are either all 
conjugate or they decompose into the two conjugate classes. But, if V € 8-(Q), 
the coset defined by V7'V-* can not be equal to a coset defined by WTW- 
with W € 8*(Q), because this would imply 


(WV )T (WAV )7 = + 7, WF € §-(Q), 


and there are no improper similitudes commuting or anticommuting with F 
(see [6, Prop. 8 and 4]). This proves the lemma. 


THEOREM 3. If the quadratic form Q pernuts composition, then the 
group of automorphisms of PS*(Q) ts generated by any exceptional auto- 
morphism and the ones induced by automorphisms of S8*t(Q). 


Proof. We are going to show first that the automorphism ¢, of PS*(Q) 
defined in [1, Corollary 2 of Th. 1] is exceptional. Let e be the element of 
M which acts as the identity of the Cayley algebra and let b be any non- 
isotropic vector orthogonal to e. The proof of the corollary mentioned above 
shows that œ: takes the coset of the (6,2) involution whose minus space is 
spanned by e and b into the coset of the transformation R, defined by right > 
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multiplication by b. Hence R, has ratio Q (b) and R, is the multiplication 
by — Q (b). This shows that R, is a P-involution of ratio Q (b) and $: i is an 
exceptional automorphism. 

If there exists in PS*(Q) a P-involution T of sitio p, since eT is 
orthogonal to e and Q (eT) =p, the coset of the (6,2) involution U whose 
minus-space is spanned by e and eT is taken by $2 into the coset of the P- 
involution Rer of ratio p. Moreover the (6,2) cosets conjugate to Ü are 
mapped by ¢e into cosets conjugate to Bsr in P+ (Q). 

We consider again two different cases. 


Case 1. K has more than 5 elements. Let y be any exceptional auto- 
morphism of PS*+(Q), U any (6,2) coset and y (U) == 7. Then, by Lemma 2, 
we know that T is a P-involution and we have two possibilities, 


a) Tis conjugate to Ber. Then ġr'y takes U into another (6, 2) coset 
and therefore is an automorphism induced by an automorphism of S*(Q), 
that is, dg Y = s4, where oa( ) = AXA and A is a semi-similitude, and 


y= PaT Ay 


b) T is not conjugate to Ér. Then, if V € 8-(Q), VTV is conjugate 
to Šer and consequently oy, where oy is the automorphism of PS*+(Q) defined 
by op (X) = VXV-, is of the form oyy == dou, that is, y == opaha. 





We have shown then that 4, and the automorphisms of the form ca 
generate the whole group of automorphisms and that the group generated by 
any exceptional automorphism y and the o, contains œ, and therefore is the 
whole group of automorphisms. 


Case 2. K tw a finite field. Then the second commutator group of 
P§*(Q) coincides with PQ(Q), the commutator group of PO+(Q) (actually 
PQ(Q) is the first commutator group of P8*(Q) by [5, Th. 5]). Hence any 
automorphism ¢ of PS*(Q) induces an automorphism: in PQ(Q) and. it is 
known that in PQ(Q) the (6,2) cosets can not be taken into (4,4) cosets” 
(see [2, Section 43]) and therefore ¢ takes (6,2) cosets either into (6,2) 
cosets or into cosets of P-involutions. But the (6,2) involutions whose cosets 
belong to PQ(@) are those whose minus-space has square discriminant with 
respect to the restriction of Q to it, and all such involutions are conjugate in 
- PQO(Q). Hence we have two possibilities, under ġ | | 


a) either all the (6, 2) cosets: of PQ(Q) go into (6,2) cosets, in which 
_ case the restriction of ¢ to PQ(Q) is an automorphism induced by an auto- 


4 


_AUTOMORPHISMS. l 641 


morphism of O (Q) (see [2, Sections 48, 421) ae ee as in the proof of 
[8, Lemma 2], we can conclude that $ itself ig induced by an automorphism 
of S*(Q).. 


b) all the (6,2) cosets of Pag) go into P-inyolutions. Then, as in 
case 1, we can deduce that either $27 or ¢s‘tov¢ is.an automorphism induced 
by an automorphism of S*(Q), which proves the theorem. 


Remark. To carry out some proofs we have considered two different 
cases. This is due to the fact that [8, Cor. of Lemma 3] was established 
under the condition that K has more than 5 elements, but, in fact, the corollary 
can be easily proved when K is the field with 5 elements. We have not proved 
it here because we would still need a different proof for the case of a field with 
3 elements. 
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FURTHER PATHOLOGIES IN ALGEBRAIC GEOMETRY.*? — 


By Davip MUMFORD. 


The following note is not strictly a continuation of our previous note [1]. 
However, we wish to present two more examples of algebro-geometric phe- 
nomena which seem to us rather startling. The first relates to characteristic 
p behaviour, and the second relates to the hypothesis of the completeness of 
the characteristic linear system of a maximal algebraic family. We will use 
the same notations as in [1]. | 


I. 


The first example is an illustration of a general principle that might be 
said to be indicated by miany of the pathologies of characteristic p: 


_A non-singular characteristic p variety is analogous to a general non- 
Kahler complex manifold; in particular, a projective embedding of such a 
variety is not as “strong” as a Kahler metric on a complex manifold; 
and the Hodge-Lefschetz-Dolbeault theorems on sheaf cohomology break 
down in every possible way. 


In this case we wish to look at the two dimensional cohomology of an 
algebraic surface F', non-singular, and of any characteristic but 0. The surface 
we shall choose will (a) be specialization of a characteristic 0 surface #”, and 
(b) will satisfy g==h®1-—=h»°,.. Consequentily the second Betti number Bs 
is the same, whether defined (i) as that of F” in the topological sense, (11) as 
h>? +. hrt + hh, or (iii) following Igusa [2], as Deg(c,) + 4q¢—2. Let p 
be the base number of F. Igusa showed that, in fact, Ba =p. However, in 
characteristic 0, one has the stronger result, By == A? 4 hit + ho? > 2, Ep 
(where py == h*° == hè? is the geometric genus of F) as a result of the Hodge- 
Dolbeault theorems. Therefore the question arises whether this stronger | 
inequality is valid in characteristic p; The answer is no. a 

A rather complicated example was discovered in 1961 by J. Tate and 

e A. Ogg. Here is a very simple example: let Æ be a ss aes aaa alate 


* Received July 30, 1962. 
1 This work. was supported by the Army Research Office (Span: 
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curve of characteristic p (i.e. such that the rank of End(E) is 4). Let 
F=E XE. In this case, in fact: ` 


p= B: =6; pg. 


Here p= 1 since the sheaf Qr’ = Ory; and B= 6 by Igusa’s definition, for 
example, since Deg(cg) = 0, and q=?2. Finally p= 6 since in general, for 
any two elliptic curves #, and H, one knows that the base number p for 
E, X E, equals 2 plus the rank of Hom (E, Ea). 

There remains one outstanding conjecture still neither proven nor dis- 
proven in characteristic p, which according to the general principle mentioned 
above ought to be false. This is the Regularity of the Adjoint, which may be 
stated as follows: if V is a non-singular projective surface and if H is a non- 
singular hyperplane section, then 


H(6y) > (6x) ` 


is injective. 
IT. 


` The second example concerns space curves in characteristic 0. Let A 
‘be any family of non-singular space curves, and let a€ A represent the curve 
y C Ps. Let T, denote the Zariski tangent space to A at a, and let N denote 

` the sheaf of sections of the normal bundle to y in P;. Then it is well-known 
_ [8] that there is a “characteristic” map: 


Ta > H°(N). 


The problem of completeness consists in asking when, for given y, there is a 
family A containing y such that the characteristic map is surjective. Kodaira 
[3] has shown that such a family exists if H1(N) == (0). Our example shows 
that if H*(N) 54 (0), then there need not be such a family. 

In fact, in our example, this incompleteness holds for every curve in an 
open set of the corresponding Chow variety. Consequently, it is also an 
example where the Hilbert scheme [4] has a multiple component, i.e. is not 
reduced at one of its generic points. Another corollary of this example is. 
obtained by blowing up such a space curve y C P to a surface FE in a new 
three-dimensional variety Vs. Then Kodaira [5] has shown essentially that 
the local moduli scheme of the variety V, is isomorphic to the germ of the . 
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Hilbert scheme of P, at the point corresponding to y. Therefore we. have 
constructed a non-singular projective three-dimensional variety whose local 
moduli scheme is nowhere reduced; in other words, any small deformation of 
V, is a variety the number of whose moduli is less than the ~~" of 
- H*(®) (where @ is the sheaf of vector fields). 

The curves y that we have in mind have degree 14 and genus 24. In 
the following, A will stand for the divisor class on y induced by plane sections, - 
and K, will stand for the canonical divisor on y; also F will stand for a cubic 
or quartic surface in P;, and H will stand for the (Cartier) divisor class’on 
F induced by plane sections. The first step is partial classification of all . 
space curves of this degree and genus, which confirms the results of M. 
Noether’s well-known table [6]. , 


(A) Any non-singular space curve y of degree 14 and genus 24 48 contained : 
in a pencil P of quartic surfaces. 


Proof. Since Deg(4h) —56, and Deg(Ky)==46, the linear system 
| 4h |y is non-special,? and has dimension 56 — 24 == 832. Since there is ‘a 34 
dimensional family of quartics in P;, (A) follows. | | 

There are 2 cases: (a) the pencil has no fixed components, and (b) the 
pencil has fixed components. In case (a), note first that if W and F” span 
P, then F’- P” = y + c, where c is a conic. Now c has at most double points, ` 
hence y -+ ¢ has at most triple points. Therefore no point x is a double point 
for both #” and F”. Noting that both F’ and F” are non-singular-and | 
transversal along y— c, hence at all but a finite number of points of y, it 
follows that almost every F € P is non-singular everywhere along y. | 


(B) Every algebraic family of space curves of type (a) has dimension less 
than or equal 56. 


Proof. It is enough to show that every family of pairs (y,F) consisting 
of such curves y, and quartics FDy, F being non-singular along y, has 
dimension at most 5%. Now since all such quartics contains conics, they are 
not generic [7], and there is at most a 34— 1 == 33 dimensional family of 
quartics F involved in such a family of pairs. Moreover, the dimension of 
the set of all y on one such F can be computed from the Riemann-Roch 
theorem on F: 





? Here and below, | D.|, always means the linear system on V in which the Cartier 
divisor D varies. Also, (D?)y always denotes the self-intersection of D, as a divisor 
. class on D (assuming D effective). 
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dim | y lr DOV 4 1 + (aim EO) —dim H*(Or(y))}, 


But (y7)r=K, on y, hence Deg(y?)»==46. Moreover, H*(@r(y)) is dual 
to H*-*(@r(—y)) by Serre duality. This cohomology group can be com- 
puted from the exact sequence: 


0 6r(—y) > Gr 6,- 0. 


It follows that both are zero, hence dim | y |e =24. Therefore, indeed, the 
set of pairs (y, F) has diniension at most 83 + 24 == 57.3 

Now consider case (b). Such a y must be contained in a reducible quartic, 
hence in a plane, a quadric, or a cubic surface. The first two possibilities are 
readily checked and it happens that they contain no curves of the required 
degree and genus. Moreover, such a curve is contained in a untgue cubic 
surface F, because Deg(y) == 14 > 9==Deg(F’- F”), for two distinct cubic 
surfaces F” and F”. We will say that y is of type (b,) if the cubic F is non- 
singular; otherwise, we will say that y is of type (b). 


(C) Every maximal algebrate family of curves y of type (bo) has dimen- 
ston 56. 


Proof. Let y be a curve of type (bo), and let F be the corresponding 
cubic surface. Since Ky=:—H, by the Riemann-Roch theorem on F: 


dim |y p PEIEE) 4. (dim (Or (y)) ,— üm H*(Or(y))) 


But K =y" (y+ Kr), hence 46 =a Deg(y?)» — Deg(y-H)r == Deg(y?) 7 — 14, 
hence Deg(y?)r==60. Also, H*(@r(y)) is dual to H**(@r(—H—y)), 
and this group can be computed from the exact sequence: 


0 6r(—H—y) > Ör Gay > 0. 


Since H-++y is a reduced and connected curve, H? (Oniy) =k (constants), 
and this implies Ht (O e(— H — y) ) = (0) for t= 1 and 2. Putting all this 
together, we see that dim | y |p= 837. Since there is a 19-dimensional family 


It may be objected that we have used the Riemann-Roch theorem, and Serre 

duality as though F were non-singular.’ But since F is non-singular along y, the former 
can be proved by means of the exact sequence: 

l 0> Or > Orly) > Oyl )r) > 0. 
And the latter can be proven either (a) directly by resolving the singularities of F and 7 
comparing the cohomology on F and on its resolution, or (b) as a consequence of 
Grothendieck’s general theory [8]. In the second case, one merely has to note that F 
is always a Cohen-Macauley variety; and since it is a quartto surface the canonical sheaf - 
is simply O, itself. ) 


- 
” 


646 l DAVID MUMFORD. 


of cubic surfaces, (C) follows if we show that a generic y in a maximal 
algebraic family is contained in a generic cubic surface. But let yC F be any 
curve of the family. Then recalling that the divisor class group of any non- 
singular cubic surface is the same as that of any other, it follows that if the 
set of all non-singular cubic surfaces are suitably parametrized the invertible 
sheaf 6»(y) will be a specialization of an invertible sheaf L defined on the 
generic cubic surface F*. And since H*(@r(y)) = (0) for +—1 and 2, by 
the upper semi-continuity of cohomology [9], we conclude that H+(L) == (0) 
for +1 and 2, and that all sections of @r(y) are specializations of sections 
of L. Therefore dim H°(L) — 38; and since almost all sections of @»(y) -are 
non-singular, so are almost sections of L. Hence there is a non-singular 
y“CF* specializing to yC F. QED. 


Now suppose Č is the Chow variety of non-singular curves of degree 14, 
and genus 24. Let Ca C C be the locus of curves of type (b), and let Oy, C C, 
be the locus of curves of type (b,). Then it is clear that C, and C,, are closed 
(possibly reducible) subvarieties of C. By (B) and (C), every component 
of C — C, has dimension = 56, and every component of Cs — CO», has dimen- 
sion = 6. Therefore if Co equals C minus Cp, and minus the closure of 
C— (>, Co is an open set in the Chow variety, of dimension 56, and para- 
metrizing almost all curves of type (bo). 

We shall now single out a set of components of C, such that, if N is the 
normal sheaf to a y in one of these components, then dim H°(N) 57. In 
fact, we say that yC/l is of type (b's) if there is a line # on F such that 
y=4H + 28 on F. Then the corresponding 0’,C Cy which is the locus of 
such curves is clearly closed in Cy. But it is also open: if y? CF* specializes 
to yCF, and if y==4H + 2H on F, then first of all, there is a line #*CF* 
(possibly only rationally defined after a suitable base extension) which 
specializes to Æ; and secondly, since the divisor class group is discrete and 
constant for all non-singular cubics, 


y— 4H — 2H =0 implies y* —4H* —2H* =0. 
Therefore y* is of type (bo). 
(D) If yCF is of type (b’,), then dim H°(N) = 57. 


Proof. Let Nr be the sheaf of normal vector fields to y and in F, and - 
*let Np be the sheaf of normal vector fields to F, ‘and in P}, which are defined 
along y. Then we have the sequence: 


0+ Npr- N> Np 0. f 
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But if D is a non-singular divisor on a non-singular variety V, then its 
normal sheaf is isomorphic to @p((D*)y). Therefore Np = G,((y*)r) and 
Np = G (3R). But since Ky = (y7) e+ y Kr= (y7)r—h, it follows that 
(y?) r is a non-special divisor, of degree 60 in fact. Therefore H+(N p) == (0) 
and dim H°(Np) == 60 — (24——1) = 37, On the other hand, by the Riemann- 
Roch theorem for curves, ) 


dim H°(Oq(3h)) —42— (24—1) + dim H°(y(Ky —3h)) 
— 19 + dim H°(65( (>) 7—4h)) 
19 + dim H°(0,(2y-B)) 


(using the hypothesis y == 4H + 2H). But now, use the exact sequence: 
0 -> Or(—4H) — 6r(2L) > 6,(2y:#) > 0. 


It is readily seen that H*(@r(—4H))—(0) for +0 and 1, and that 
dim H°(@»(2H)) «1. Putting all this information together we conclude: 
dim H? (N) = 37 -+ 19 -}- 1 == 57. QED. 

It remains only to note: 


(E) If F ts any non-singular cubtc surface, and ECF ts any line, there 
exist non-singular curves yE |4H 4+ 2H |, and they have degree 14 and 
genus 24. 


Proof. The degree and genus of such a y are computed by the usual 
formulae, recalling that Deg(E?)y==—-1. To see that such a y exists, it 
suffices, by the characteristic 0 Bertini theorem, to prove that | 4H + 2E | has 
no base points. But the only possible base points are the points of E, and 
we use the exact sequence: 


0-> Or(4H + E) > Or(4H +28) > 69(2) 0. 


Since the sections of @y(2) have no base points, it suffices to prove 
H'(Or(4H + H#)) = (0). But this follows from the sequence: 


0—> 67(4H) > Or(4H + E) > 6n(3) 30, 
since H#(O(4H)) = (0), and H*(65(3)) = (0). QED. 


HARVARD TJNIVERSITY. 
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EXPONENTIAL SUMS IN MANY VARIABLES.* 


By H. Davenport and D. J. Lewis." ~ 


1. In this paper we shall be concerned with sums of- the type 
(1) S(P) mem Sie + D gir iF(or alp, 
Oy on ; 


where p is a prime and F(z,,` ` -,2,).is a polynomial, and each variable of 
summation runs through a complete set of residues (modp). We denote the 
finite field of. elements by [p] and we suppose that F has coefficients in [p]. 
We suppose further that F has fixed degree k, and that p is large compared 
with n and k. We do not suppose that F itself is fixed independently of p. 

Plainly S (F) is invariant under any non-singular linear transformation 
(homogeneous or not) of 2,,°.- *, £a with coefficients in [p]. We can- suppose 
that F does not degenerate, that-is, that F is not expressible by such a trans- 
formation as a polynomial in fewer than n variables; for the effect of sum- 
mation over superfluous variables is merely to give a power of p as a factor. 

If k =m: 2, so that F is a quadratic polynomial, the ane of S(F) is well 
known. We can write 


(2) F(a, ‘2 2,) = Q (2° ° rae Ta) + 2b its +: al e7 


after omitting the constant term, as we may. H Q does not degenerate we 
find (on expressing Q as. a diagonal form) that. 


(3) D = (eV p)” & Jessen 


where A =m det Q and Q* is the adjoint form, and ¢—1-or ¢ according as p=1 
or —1(mod4). If Q degenerates and F does not, then 9(F) = 0. 
Our main concern is with the case when Fis a cubic polynomial, say- 


where C is a cubic form, Q a quadratic form, and L a linear -form in 2,,:-:-, Zp. 
Our main object is to establish results of the form | 


(5) | 8(F)| Seln) p>, 


* Received July 16, 1962. 

1 An earlier version of this paper was written dure a period when the authors 
received support from a National Science Foundation grant to the University of Notre 
Dame. 
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where k is large (if possible) when n is large. In contrast to the quadratic 
case, some condition (in addition to the non-degeneracy of F) is essential 
to’ensure the validity of such an estimate. If, for example, 


(6) By, == 0G, (Pray * ` *, Zn) +: " -+ aG (T : On), 
where the G, are quadratic polynomials, then 
S (Fi) == PAN, 


‘where N. denotes the number of solutions of 


Gy (244, ° ° “ta = 0,° À RENEE i ' Zn) = 0 


in [p]. If à is small compared with n, then for ‘general’ quadratic poly- 
nomials G: -,G,, we have N~ p™® as po; and it is easy to give 
particular examples for which this holds, by taking the quadratic pan of the 
G, to be suitable diagonal forms. Then 


G S (F) ~p", 


and so no substantial improvement on the trivial estimate p* is possible if 
à is small. The situation is similar, in principle, for the more general form 


(8) Fg mm G1 (Tay © ty Ma) te H aG T + +, Ge). 
If za: °,2 are all 0, summation over the other variables gives p””%. 
If z,- are not all 0, summation over the other variables gives 


O(p(r-#8)/2), where n—-A—8 is the rank of the part of F, which is quadratic 
IN 41° ° °,%,- In general, we can expect that the number of sets of 
T’ + +, for which this rank is n—A—s will be O(p**). This gives 


(9) S (Fa) =p + O (p097), 


and again no significant improvement on the trivial estimate is possible if A 
is small compared with n. 

Our main result is expressed in terms of a’certain invariant 4(C) of 
the cubic part C(x) of F(x). We define h=-A(C) to be the least number 
for which C(x) is representable identically as 


` (10) LQ +: Dna 


` where L,- and Qu >> are lmear and quadratic forms respectively, with 
” coefficients in [p]. In other words, n—- h is the greatest dimension of a linear 
space on which O (x) vanishes identically. Plainly 2(C) is an invariant of 
C, and O=A(C) =n, and h(C) =0 if and only if C vanishes identically, 
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and h(C) =n if and only if C does not represent 0 non-trivially in [p]. 
By Chevalley’s theorem ([3], 55-57) we have h<n if nZ 4, and it can be 
deduced from the work of R. Brauer [2] that 


(11) h S&S n + 7/2 — V (2n4- 25/4). 
We prove: 


THEOREM 1. For a cubic polynomial F(x), expressed as in (4), we 
have? 


(12) | S(F)| << pr, 
where he=h(C). 


The proof is based on a recent method of Davenport [5], adapted for 
the present purpose. In its original form the method was not applicable to 
polynomials over [p] for two reasons: (i) it was assumed that the cubic 
part of F does not represent zero, and (ii) it was assumed that the cubic 
part of F has fixed integral coefficients, independent of p (see [5], end of 
§ 7), 

An earlier version of the present paper was based on the less powerful 
method of [4]; and we proved a result similar to (12) but with a ‘saving’ 
in the exponent proportional to VA instead of to h. 


For n==2,3 we supplement Theorem 1 by proving the more precise 
results : 


THEOREM 2. Suppose F does not degenerate. Then for n—=2 we have 


(18) | S(F)|<< pi 
and for n= 3 we have 
(14) | S (F) | << p”. 


The result (14) is best possible, if no other condition is imposed on F; 
this can be seen from the examples (6) or (8) with A—1. 

In connection with Theorem 1, it may be remarked as a matter of 
interest that if an invariant h is defined in the same way for quadratic forms 
as for cubic forms, then it-is easily seen that 4n Sh S $n +1 for any non- 
degenerate form, so that the possibility of h being small when n is large does, 
not arise for quadratic polynomials. 


sWe use Vinogradov’s notation << to indicate an inequality with an unspecified , 
constant factor, which in the present instance depends only on n. 
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On the other hand, the invariant A (similarly defined) is not relevant 
to the quartic case, in the sense that h may be large but the sum not small. 
For example, if - 


B= (È t¢tmu)?@—v( È Tomomi) 
i, a 
where v.is a non-square, then h(F) == QI and ] S (F) | Sp, 


It is reasonable to expect that if C degenerates and FP does not, then a 
more precise result than (12) should hold. We prove such a supplementary. 
result in §5, namely that.if C is equivalent to a form in n, <n variables, 
the exponent in (12) can be reduced-by an amount $(m-—m,). 

Jn 86 we give two immediate applications of Theorem 1: 


THEOREM 3. Let F= 0+ Q a L + c (where cisa constant) bea , cubic 
polynomial over [p]. Then the number of solutions ah F —=0 in [p] is 


(15) | p+ (pr), 
where h==h(C). 


THrormm 4. Let x be any non-principal character (modp). ‘Then, 
. with the notation of Theorem 3, 


(18) SX CP (Eu = +5) =O (p), 


Another method for the estimation of exponential sums in many variables 

was developed. by Birch [1]. Let F be a polynomial of degree k over [p] 
and let f be the form of degree k eRT of its terme of’ highest degree. 

The equations me 

04/02: = 0, - OF/02, = 0 


Jene the PR locus of the cone pee 0'in n dimensional space over [p]. 
Let 8 denote the dimension of this singular locus, considered as an algebraic 
set of points over the algebraic closure of [p]. Then Birch’s method leads 
-to the estimate ` . . | , 
i: [sry << pa 


. where K = 2*1, A detailed proof presents’ no-serious difficulty, but requires 
come simple auxiliary: results on algebraic geometry over [p]. The estimate. 
(17), though more general: ‘than (12), involves. an invariant which is less 
simply related to the structure of the form than is. the invariant h(C) of a 

l cubic form. Itis perhaps of terol to note that p = < A(O). : 
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The results of the present paper extend to exponential sums over general 
finite fields [q], where g==p’. The general character of the additive group 
of [q] is e¢9(8(A&)), where à is a fixed element and £ is a variable element 
of [q], and where 8 denotes the trace from [g] to lel and 6,{£) == e** tele, 
Thus the analogous exponential sum is 


i F (Esbo * *; o > 
(18) o J SEF h) 


where F is a polynomial with coefficients in [gq], and nés’ sén Tun 
through |q]. When F is quadratic the sum can be evaluated in much the same 
way as was indicated for quadratics over [p]. -When F is cubic, the estimates 
(with g replacing p) of the present paper apply. The first equation needed 
for the proof of the extended Theorem 4 can be found in [6]. 

The methods of this paper are essentially elementary and the results may ` 
very well be obtainable in easier fashion using more powerful methods. 


2, LEMMA 1. Let FmO+Q-+L, as in (4), and let 
(19) O(n) = LEE ancy | 
where t, j, k go from 1 to n and the coeficients Ciy ATE nnan in the 


3 suffices. Suppose 
(20) : | | S(F)| = Apr. 


Then there exsst at least 44pm pairs of points x, y over [p] which satisfy 
(21) By(x | y) = E E tye = 0 G =1,: ` ", 1). 
Proof. We have 
| 8(F)P=2> a(t) —F(x—y)) 
S2/ 24, (4, (=))l, 
where 
(x) SEE Lanne +433 ae 
if. 
Q(x) = 2 z Orgy 

By Cauchy’s inequality 


G= È | 2 ep(%, (x) 
Ssp EE] Beo(ue(2) h 
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where | 
B, (2) = (x +3) — y(x — z) 
= 24 2 2 2 Cpl eayin + Ey 2). 


Summation over a; gives 0 unless Bj(y | z) 0, in which case it gives p. 
Hence 
[S (F) S pope. 


where N denotes the number of pairs of points y, # in [p] with B,(y | z) —0 
for all 7}. Hence the result. 
The following two lemmas are similar to Lemmas 2 and 3 of [5], but 
there:is enough difference between the two situations to warrant the proofs 
` being given, rather than a mere reference. 


Lemma 2. Let f,(x),:--,fy(x) be forms in x= (t1,:°°,2,) wilh 
coeficients in [p], and suppose that N and the degrees of the forms fa are 
bounded in terms of n. Suppose there exsist Bp** points x540 in [p] for 
which 
(22) | fila) = 0,” + +, fr(x) = 0, 


where B is greater than a certain function of n, and t is a posttwe integer. 
: Suppose also that p ts greater than a certain function of n. Then there ts 
one of these points x for which the rank of the matriz 


(23) (Pfr) (h=1,:: -,N;vr=1,: -,2) 
as at most t— i. 


Proof. The equations (22) define an algebraic set of points. in n 
dimensional space over [p]. Such a set is representable as the union of a 
finite number of absolutely irreducible algebraic varieties, and it follows 
from the explicit process for determining these ([9], 831) that, with the 
present hypotheses, their number is bounded in terms of n. Hence we can _ 
- choose one of these absolutely irreducible components, say B, which contains 
more than B’p** points of the given set, where B’ is large when B is large. 
Let s denote the dimension of B. Then $ contains << p* points with 
coordinates in [p]. Hence, if B is greater than a certain function of n, we 
_, must have sZ n—t+i. 
„œ Let & be given by 


g(x) = 0, 7 ‘, gu (x) — 0, 


where the forms g(x), © +, gu(x), with coefficients in some algebraic exten- 
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sion of [p], constitute a basis for the ideal of all polynomials which vanish 
everywhere on B. It is well known ([{11] Ch. 1. Theorem 2) that the rank 
of the matrix | 

(89x/02y) (k == 1,- c M5v-=1,:--,2) 


is at most n—s = t—1 at each point of B. Since each polynomial fa 
vanishes everywhere on B, we have 


f(a) — 3 Pra (2) g(a) 


identically, for some polynomials F,,,. It follows that the rank of the matrix 
(23) is at most ¢—1 at each point of 8. The result follows, on taking x 
to be any one of the points of the given set which is on $. 


Lema 3. Suppose there esist Dp? points x0 with coordinates m 
[p] for which the bilinear equations (21) have exactly r linearly independent 
solutions in y. Then, tf D and p are suffictently large wn relation to n, we have 


(24) hC) Sn—r+t—l1. 
Proof. For the points x in question, the rank of the matrix 
(25) l T = ( È Gipi) (j k= 1, <n) 


is n—r. We can suppose that there is a set ¥ of more than D’p"-t points x 
for which every subdeterminant of T of order n——r + 1 is 0, and a particular 
subdeterminant of T of order n—r is not 0, where J” is large with D. For 
any point of X we can obtain r linearly independent solutions y®,- - -,y 
of (21) by taking the coordinates of these points to be certain particular 
subdeterminants of T of order n—r. . 
For a general point x, whose n. coordinates are independent indeter- 
minates, if we substitute for y one of these points, the left hand sides of (21) 
become certain subdeterminants of T of order n—-71-+1. Thus we have, 
identically in x, 
(26) 2; 2 CiTy rP = Ajy (x) 


for jee1,---,m and p==1,---+,17, where the A,, are certain subdeter- 
minants of (25) of order n—-r-+-1 (allowing repetitions of rows). 

Since 2,,:° `, Zn are independent variables in (26), partial differen- ” 
tiation with respect to x, gives 


1) sna, Lee 
Dd Coy P + D> Ujeti “a == o Åp 
k i k Ty Ot, | 
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for j=1,:--+,n and y—1,---,n and p=—1,---,1. Multiplying by 9, 
and summing over 7, and noting that 





2 È Cing O == Ang 
by (26), we obtain 
fy, P) (a) 8 
(27) D D Creyr yD + È Arg = Dy —— Ayp 
j k k OLy $ OL» 
for yv==1,---,n and p=1,--+-,7 and q= 1,: * -,r. 


We now appeal to Lemma 2, taking the forms f,,: - -,fy to be all the 
subdeterminants A;,(«), for j==1,---,n and p=<<1,---,r. By that lemma, 
if D is sufficiently large, there is a point æ of the set X for which all the A,, 
vanish and for which the rank of the matrix 


g 
(a) 


is at most ¿——1. ‘The last statement implies that 


t-1, 


0 
ate Ajo i = WiprUr,» 
Ty T=1 


for certain sets of numbers W, U. Since the values of the derivatives lie 
in [p], we can suppose that all the numbers W, Ọ are in [p]. 


From now onwards we specialize x to be such a point. Then (27) 
takes the form 


$-1 
z > Cy YDY © e= ` y jo > W, pr ¢, 9 
j T=1 


Let Tı: + -,7', be any indeterminates, and put 
(28) kegy peo ea ay 


Multiplying the previous equation by 7,7, and summing over p and q, we 
obtain 


r r -1 
be Cyt ne => 2 ST pT gy ® > Wip rUn,» 
j k J pel g T=1 . 


t-1 


ac > Utp 


1 


say, and this holds for y-=1,---,n. Multiplying by Y, and summing over 
v, and using (28) on the right, we obtain 


t+1 r nt 
>, > >> Crt sY GY y SER 2 V; > Tp > YAU r, p. 
¥ jf k T=1 p= y=1 
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If the indeterminates Ta, © +, T, satisfy the t—1 homogeneous linear 
equations | 


r bid i 
STY PU, m0 (r= 1," : - t— 1), 
pi wad 


then O(Y) <0, Referring to (28), we see that there is a linear space for Y 
of dimension at least r— (t—1) on which C(Y) vanishes. It follows from 
the definition of h(C) that 


n-—h(C) 2=r—t4+I, 
which proves (24). 


38. Proof of Theorem 1. Suppose (20) holds, where 4m is an integer 
not exceeding n. Then there exist at least (A*—1)p®*-*™ pairs x, y of points 
with coordinates in [p] which satisfy (21), and for which x0. 

We divide these pairs into classes, according to the number of linearly 
independent solutions of (21) for given x. If this number is r (1 SrSn), 
then there are exactly p” points y associated with a given point x as 
solutions of (21). Hence, for some x540 and some r there are at least 
n*(A*—J)p?**™-r points x in the class r. : 

Thus the hypotheses of Lemma 3 are satisfied, with {—4m-+-r—n. 
It follows from (24), provided A is.sufficiently large, that 


h(C) Sna—r-+ (4m+r—n) —1=4m—1. 


We therefore reach a contradiction if (20) holds with m=-4h. (The 
condition 4m =n is automatically satisfied.) This proves Theorem 1. 


4. Proof of Theorem 3. The number of solutions of F=0 in [p] is 
Xp dep(ul(t,° ` *,2a)) =p + p* D, 8 (uF) 
Dy hey u 45540 


aa pra ye), 
where h =a h (C). 


Proof of Theorem 4. It is well known ([7]), 486, 492) that 


X(2) = 2 X(u)e(uz) 


t 
r (x) 
|r) | = pt 


where 


Hence 


= 2 KP Os ‘+, Dy)) — “ay 5 2 ZRS (UP) 


= 0 (pi). 
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As a corollary, we may note that, if ¢ is any fixed divisor of p—1, the 
number of solutions of 


(29) t= F(ay,+ + +524) (mod p) 
18 
(30) p* + O (pr tes), | 


5. We now prove (as Theorem 5 below) the supplementary result con- — 
cerning sums for which C(x) degenerates but F(x) does not. It is con- 
venient to prove first a simple property of the invariant A(C). 


Lamma 4. (a) Let C(a,---,2,) be a cubic form, expressible as 
Ciya: Ym) by a non-singular linear transformation. Then 


= (81) h(C) =h(C;). 
(b) For y <n, let 
(32) OTit ay) =O (a 52, 0 = 20). 
Then 
(33) | h(C) — (n—v) SA(C*) SAC). 


Proof. Any representation of C, in the form (10) implies a corresponding 
representation of C with the same h, whence A(C) =h(C,). On the other 
hand, a representation of C in the form (10) implies a representation of C4, 
in which Qı, +, La'* - are quadratic and linear forms in 4,,° © -, Yq. 
Since this is an identity, we can put Yr © “== Yn = 0 and get a represen- 
tation of Ci(¥1,° ° °,4,). Hence A(C,) SA(C). 

As regards (b), it is obvious that any representation of C implies a 
representation of C*, whence h(C*) =A(C). Also we can obviously express 
O(a," * * 2a) 88 


O* (T1, © Ep) F Erna (Ts © En) +e + Laal y En), 
whence A(O) S h(0*) + n—-». 


THEOREM 5, Let F(a,,---,%) be a cubic polynomial over [p], 
expressed as in (4), which is non-degenerate, and suppose that O (t1, © ©, 2n) 
ás equivalent to a form in n, < n variables. Then 


(34) SP) Ke petra a, 
‘where h = h(C), 
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Proof. We can take C(x) —C(a,,°--+,%,). Suppose the quadratic 
form | 


Q (0, : "yO, Daas? ",2y) 


has rank s—n, where m&s&n. Then, after a linear substitution on 
Tai ° °T only, we can express this form as 

| Oni Tna + * i + Oss", 
where each a; is in [p] and not 0. Now 


Q (Trs: © t, En) == QF (Ta + Em) F amarTa °° + Og,” 
+B (tu: i “Gaz | Layers” ` "s Ta) 

where B denotes a bilinear form in the two sets of variables indicated. 

We can suppose that t41,° © °,@ do not occur in B, for if e.g. tmn 
occurs, it can be removed by a substitution on 2,,., of the type 

| Tmt = © mri -+ CH. 
(This changes Q*, but that is immaterial.) Hence we can suppose that 
B = Tarilis -++ a + TaLi, 


where Len © c, Ln are linear forms in Ti,’ °°, %,, We can suppose that 
these forms are linearly independent (if s < n); for if not we could change Ly 
into 0 by a substitution on V3," * *, 2p, and then the variable z, would not 
occur in C or Q. It would therefore have to occur with a non-zero coefficient 
in L, and summation over 2 would give 0. Since Lan > -,L, are linearly 
independent forms, we can take them to be 2,--+-+,@-., by a substitution 
OD Ta’ ° En. We note that n— s & n, necessarily, since there cannot be 
more than n, linearly independent linear forms in n, variables. We now have 


Q (Ta, ; *;2n) 
— Q* (Ti; es aa) -+ E A of eect —f- lta ~} Tz tı -f= aan’ aa Dn Tpn—ge 


Now r turn to the linear part O(2,,-:-,2,) of F. Any term im 


Enas" © 3 Za CAN be removed by the process of ‘completing the square aoe 
to any one of these variables. So we can take 


L(t: > +, Ea) = LF (21, + + Em) — bina Ep. 
Collecting the parts, we have 
F = Bt dy Ungar? +: + > + lete? . 
F Tari (21 — b1) H i F Fn (Tre — br-e), 
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where F* is a cubic polynomial in 2,---,%», Whose cubic part is O(a1,-+-,%m,)- 

~~ Summation over Insts’ © '>%_ gives a factor of absolute value pale) in 
S(F). Summation over De’ ``, Za gives 0 unless zı = bii + *, Cng = Ons, 
in which case it gives p**. Hence 


(35) | 8(F)| =p 2, bp (F* (bi, ty Dna Least,” *,Tm,)) . 
Sree °°") Oat 
If sn—h, where h<=h(C), we use the trivial estimate p*~*) for the 
sum on the right, and obtain 


| 8(F)| £ pirim < prima, 
which is stronger than (84). 
Now suppose that s>n—h. The cubic part of . 
F* (bi, + + One Dnars © Ty Sm) 
is derived from C(a.,--+-+,%,,) by replacing n-—s of the variables by 0. 
Hence by Lemma 4(b) its invariant h* satisfies 
h* = h— (n— 8). 
By Theorem 1, the sum on the right of (85) has absolute value 
, << prr (n-s)-4h-n+a) : 
Hence : 
| g (F) | << pr-inriam-nts-i(h-n+a) 
m= pintimtte-th 
< pranm- 


which is (34). This proves Theorem ð. 


6. Proof of Theorem 2 (n==2). We can suppose that the cubic part 
C (T £2) of F(a,22) does not degenerate; for if it does, Theorem 5 is 
applicable with n= 2, nm =—=1, h==1, and (84) gives the desired estimate 
(13). (We exclude throughout the possibility that the cubic part of F 
vanishes identically.) 
We write 
C (T1, £2) = aay + 8b2,*2, + BTT? + dza, 
g Q (T3, 22) = Av? + 2Ba,2, -+ Orf, 
L (a, 22) = Dt -+ Ezre. 


(36) |S(F) Pm E È eo (Yn (t T3) ); 
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where 


Pyst Ta) eee —F(a— Yir TE 
© = 6{ (ayı + bya) T: -+ 2 (bys + Cya) tta + (cys + dya) ta°} 
+ 4{ (Ay: + Bya) t + (By: + Cys) as} 
-+ Bays? + 8by y2 + Bcyiys® + dys?} 
-+ 2{Dy, + Eya}. 
The binary quadratic form in 24, £a on the second line of the last expression 
_ does not degenerate identically in yı, Ya, for that would imply that 
A (Yn Ya) =— (bys + ey?) + (ays + bya) (cys + dya) 
vanished identically, which in turn would imply the degeneration of the 
binary cubic O (£1, £4). Also there is no pair 1, Y2 £ 0, 0 for which ay, + bys, 
by, -+- cYa, Cy: -+ dy: all vanish, for the same reason. 
In the sum on the right of (36), the terms with 4, = 4,—0 contribute 


O(p?). ‘There may be O(p) pairs yı, ye for which the quadratic part of Y 
iN %, t2 has rank 1, and their contribution is 


O (p: pi) = 0 (pt). 
For all other pairs we have 
A (Yis Y2) £0. 


Carrying out the summation over Z;, Ta in accordance with (3) we obtain 


(87) SCF) O(h) + (ev) z (AMM) olal), 
where “us 


(Ys Ya) =p EEH + alay +: e) +O + Ey), 


H (Y1, Y2) = (cys + dyz) (Ay, + Bys)? 
— 2 (by; + cy2) (Ayı + Bys) (By, + Cya) 
| + (ays + bys) (By: + Cys)?. 
The sum over yı, Y2 in (37) is subject to A (Y1, Y2) 0. 
The terms with y= 0 contribute O(p?). In the terms with Y, 50, 


we put yı == wy, and afterwards omit the suffix on y,. The double sum on 
the right of (37) becomes | 


z (C8) ze (— OD ypa Dy +2(Du+B)y),~ 


* 


subject to A(u, 1) £0 and 70. There may be O(1) values of a for which . 
au? -+> + --+--d==0; for all other u the inner sum over y has absolute value 
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less than 2p%, by a theorem ® of A. Weil no: Hence the double sum is O (pì), 
and this gives 

| | S(F) |? = 0 (p), 
whence (18). 


Proof of Theorem 2 (n == 8). If the cubic part C(2,, 2a, a3) of P(a1, 2s, T) 
degenerates into a form in one variable, we can apply (34) with n ==8, n; == 1, 
he=1, getting | S(F)|<<p**4, which is more precise than (14). Hf 
O (T, ts, £a) degenerates into a form in 2 variables with h==2, then (34) 
gives | S(F)| << p**4, which is (14). There remains the possibility that C 
degenerates into a form in 2 variables with 4==1, which we must argue 
directly. In this case, 


F me v, (a24? + ba,% ++ C23") 
+ aat? + latt + °° + lagta? 
+ bita + bata + Dats. 
E over Lo, Ca gives | S(F)| << p(pi)?, as desired, allowing for ra 
values of zı for which 
— (Ct, + doz) dss = 0. 


This fails only if Gey ==G@3,==0 Or C= Qas E E and the result: ‘1s 
easily verified in these special cases. In the former case, summation over i 
gives 0 except for O(1) values of 2,, and in the latter case, summation over 
T, gives 0 except for O(1) values of a. 

We can now suppose that C (2, ta, %3) does not degenerate. This implies, 
by a classical result (see [7]) that the Hessian of the form, namely 


(38) A (Zu a ta) —det( Down) (k=l, n) 


does not vanish identically. It implies further that there is no point x 40 
for which this determinant is of rank 0. For this would imply that the 
bilinear equations (21) are satisfied for this x and any y, and this in turn 
would imply that A(41, 42, ¥s) is identically zero. 

As in the preceding proof, we have 


(39) ` |SP) =E & e9(¥s(#)), 
where > 
y(x) = F (m, + Yi, Ta + Yo, T3 + Ya) — F (ay — Y, e — Ya, ts — Ys) 
m6 BBD oyt 


+2 2 D Di YY + 2 2 defi. 


* An appeal to this deep result could be avoided, at the cost of complicating the 
argument. 
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We classify the points y in the sum on the right of (39) according to 
the rank of the quadratic part in-x of W,(x), i.e. according to the rank of 
the determinant A(y). The only point y for which the rank is 0 is y = 0, and 
the contribution of this to the sum is obviously p”. We shall prove in Lemma 
5 that there are only O(p) points for which the rank is 1, and this will 
imply that the contribution of such points in O (p+). There are only O(p?) 
points y for which rank is 2, since A(y) does not vanish identically. 
For such points, the sum over v is O(p-p), giving a contribution from all 
such points of O(p*). 

It remains now to consider points y for which A(y) 40. Summing 
over x, we obtain 


(40) evm (4°) aay), 
where ” 


G (y) =— Fa HD D Ds UYYY + 2 Dd diy, 


H(y) = (Leoliss — Le) My? + 


on writing Ly,==Dp.(y) for the general element in the determinant (38), 
with y in place of v, and 
My) = 2 liji. 


The terms with y, ==0 contribute O(p7/*) to the sum (40), so we can 
limit ourselves to terms with y;540 (and of course A(y) 30). Putting 
Yı = UY Yo == Vays, and then omitting the suffix on ys, the sum becomes 


(eV p)* > (Setai) -h > (2 Jeo(P (1a) + Q (ti; Us) 4), 


thy tg P 


where P, Q are rational functions of th, te. The inner sum is O (p4) by the 
result of A. Weil already quoted (and again this quotation could be avoided 
if desired). Hence the sum is O(p*), giving the desired result (14). 

It remains to prove: 


Leama 5, For a non-degenerate cubic form C (£1, Z2, £a), there are << p 
points x for which the determinant (88) has rank 1. 


Proof. Suppose there are more than Ap points x with the property, 
where A is a suitable absolute constant. By Lemma 3 with n= 3, 7 = 2, 
t=? we have h(C) =2. Hence C represents 0 for some x30 in [p]. 


Without loss of generality we can suppose that C(1,0,0)=0. If the 
highest terms in v, with non-zero coefficient. are quadratic, we can transform 
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linearly so that they reduce to 2%. By a further obvious transformation 
we can remove any terms in 2,2," and 2,¢,2,. Thus we have a form of the 


type 
(A) BL Ta + BALT? + Oa (ay, Ts). 


If the highest terms in 2, are linear, we can transform the cubic into one of | 


the type l 
(B) 3a, (L3? + ata?) + Ci(Ta Ta). 


Type (A). We take a= 1, since the case a==0 is more easily settled. 
The matrix of the determinant (38) is now 


2 Yı s Ys l ' 
Yı Caz2Y2 -F Caa3Ys CeasY2 F Corsa 4. 
3 Caz3Y2 F- Cess¥s Yi + Ceastfe + Casals 
For this to have rank 1, we must have o 


(41) Y: — Y3 (C2223 -+ Ceost/s ) =l, , 


(42) YiYs — Yo (C223Y2 + CassYs) = 0, - 
(43) Ya (Yı + CassY2 + CsssY3) — Ys? = 0. 


Eliminating -y, from (41), (42) we get 
( 44.) Yotfs” (C2z2¥2 -+ Ceostfs) — Y3? (Coosa + CossY/a) 3 =a. 

If yz—=0 then yı =0 by (41), and there are only p possibilities for ys. 
Tf y25£0, (44) is a cubic equation for ¥;/y,; unless it is identically satisfied 
there are only O(p) possibilities for ye, ys and then (41) determines y. 
Hence (44) must be an identity, whence | 

E C223 == 0, Ceaz = Cosa’. 
Now (41), (42) become | : 
| y? — Caga Ya? =a Q), ‘YiYs — Cass YaYs == 0. ‘ 

We can suppose y35<0, since if y, == 0 there are only O(p) possibilities for 
Yı, Y2 Hence | 


Yı = Cassa. 
Now (43) becomes 


Y2 (2CossY/s + Cagst/s ) — yY; == (), 


This determines y, in terms of Yz and then (41) determines yı Thus there 
are only O(p) possibilities for 41, Ya, Ys. 
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Type (B). The matrix is now 


0 Ya aUa 
Ya 41 -F CraaY2 + Costs Coast + Cassis . 
GY 3 Ca23Y2 + Cassis aY + Csa + CasaYg 


For this to have rank 1 we must have 
Yz = Ô, ay, = 0, 
So we need only consider the case a= 0. We need also 
(Y1 + Coss¥s) (CsssYs) — Cass Ys? = 0. 
This gives O (p) possibilities for yı, ys unless it is an identity, in which case 
Css8 == 0, Cass = 0. 
But then the form (B) becomes 
Ta? (B21 -+ C22222 + Cart), 
which obviously degenerates, contrary to hypothesis. 
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ANALYTICITY AND PARTIAL DIFFERENTIAL EQUATIONS, L* 


By FELIX E. BROWDER.t 


Introduction. In the present paper we consider a family of partial 
differential operators {A;} in a vector bundle B over a manifold M, with the 
family indexed by and analytic in a parameter ¢ running over a real-analytic 
manifold M.. It is our object to present a general method of constructing 
fundamental solutions e(z, y) for A; and more generally solutions of equations 
of the form A;,u;(z) =fi(£) such that e and w are analytic in # ‘The 
questions which we treat here were suggested obliquely by the paper of 
Kodaira and Spencer [13] concerning solutions of a differentiable family 
of elliptic differential operators in a vector bundle over a compact manifold ` 
(with applications to variation of complex structure). Our essential results 
are for the drastically different case of non-compact manifolds and relate to 
a body of ideas first systematically treated in the Thesis of Malgrange [17] 
and developed further by the present writer in [3]. Among the results of 
[17], it was shown that if A is an elliptic differential operator with analytic 
coefficients in an analytic vector bundle B over a non-compact manifold M, 
then A has a bi-regular fundamental solution in the large and the equation 
Au =f has an analytic solution u in the large for every analytic section f. 
Our concern here is whether such results can be obtained analytically in ¢ if 
the operators depend analytically on the parameter t. 

The specific topics which we discuss are the following: 


(I) Does there exist a family of fundamental solutions e: for A; in B. 
which depend analytically upon ¢ in M, and which for a given parameter 
value ¢ in M,, coincides with a prescribed fundamental solution 6, for Án? 

(II) If f is an analytic function from WM, into the analytic sections 
of B, does there exists a family of solutions {u;} of the equations Ait = fy, 
with u, depending analytically upon ¢ in M, and such that for a given to 
in Ai, uw, coincides with a prescribed solution uo of the equation Atto = fi- 


(III) If W is an open subset of M and if {v;} is an analytic family 
æf solutions of the equations A;v;==0 over Al’, can the v; be approximated 


* Received Seutember 13, 1062. 
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over compact subsets of M’ by solutions us of Ar = 0 over M, with the 
family {u;} also analytic in ¢ on M,? 

_ In the present paper, we shall establish an affirmative answer to all three 
of the above questions for A; all elliptic and the case when M is a pre- 
compact open subset of a larger analytic manifold over which all the {A;} 
have analytic coefficients. We shall treat the case of a general non-compact 
manifold M in a later paper. Let us remark that the topic (III) above is 
the analytic generalization of the generalized Runge theorem established for 
elliptic operators by Lax [14] and Malgrange [17]. In the final section 
of the present paper, we present a generalization of our results to various 
broad classes of non-elliptic operators, including operators with constant 
coefficients, formally hypoelliptic operators, hyperbolic operators, and various 
classes of non-elliptic, non-hyperbolic operators for which uniqueness of the 
Cauchy problem and hypoellipticity of the minimal operator have been 
established. 

An important feature of our results which should be emphasized at this 
point is that the parameter manifold M, is given in advance and the analytic 
families of solutions constructed are analytic in the whole of M,, not merely 
upon some arbitrarily small neighborhood of a given point of M;. The local 
existence of an analytic family of solutions of the various types considered 
is obtained fairly obviously by perturbation methods. The existence in the 
large demands a different treatment. , 

To illustrate the character of the results which we obtain for families 
{A;} on pre-compact but non-compact manifolds, it is illuminating to con- 
sider one basic type of result established for elliptic operators in Section 5 
and for some classes of non-elliptic operators in Section 6, namely: If for 
each t in M., Sy denotes the closed subspace of L?(B) consisting of all 
soluitons of Au = 0, and P, denotes the orthogonal projection operator of 
L? (B) on Ki, then P, ts analytic in t on M, and for t near to, Pi maps Ban 
one-to-one onto K: In the case of a compact manifold M, on the other hand, 
we might choose A; = A — tI, with ¢ a complex number and A a fixed self- 
adjoint elliptic operator in L?(B). Then 9;— {0} except for an infinite 
discrete set of points t, the eigenvalues of A. 

The methods used in the present paper are a development of the argu- 
ments given by the writer in [3] and, unlike the proofs of Malgrange in [17], 
make no use of the theory of topological tensor products. > 

In Section 1, we present the abstract results on analytic famiiles of closed 
operators in Hilbert space which are the basis of our results on differential 
operators. Section 2 presents the basic definitions for differential operators ' 
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and specifically elliptic differential operators in vector bundles over a differ- 
entiable manifold. Section 3 gives a brief treatment of elliptic operators on ~ 
compact manifolds, deriving for this case by our simpler methods the analytic 
analogues of the theorems of Kodaira and Spencer [13] for the differentiable 
ease. (Added in proof: It has been pointed out to the writer by M. Kuranishi 
that the results of Section 3 answer the questions on analytic dependence 
raised and left open by A. Weil in his paper “On discrete subgroups of Lie 
groups (II), Annals of Mathematics, vol. 75, No. 8, May 1962, pp. 578-602 
(cf. esp. Appendix ILI, pp. 598-602 extracted from a letter of Hérmander).) 

Section 4 presents briefly the proofs of some results on the interrelations 
of the analyticity in a parameter of realizations of elliptic operators in 
L? and the corresponding analyticity in various senses of the kernels of 
their resolvents. In Section 5 we establish our principal results for elliptic 

operators. In Section 6, we give-an extension of these results to various . 
classes of non-elliptic operators. 


l The results of the present paper have been announced by the writer 
in [6]. 


1, Construction of analytic families of operators. Let E be a Banach 
space, E“ its conjugate apace, (e,e*) the pairing between an element e of E 
and the functional e* of H*. We shall assume # to be a complex Banach 
space and H* to be the space.of conjugate-limear complex functionals on -£, 
so that (e, e*) = oF (6) is linear in e and conjugate linear in e*. 

At various points in the discussion of this paper, we shall be concerned 
with a real analytic manifold M, and real-analytic functions on M, with 
values in the operators from Æ to F, where F is another Banach space. There 
are several reasonable concepts of analyticity which may be used and which 
we discuss below. We shall establish that they are all equivalent, a fact 
which is well-known in the case of complex analytic (i.e. holomorphic) func- 
tions (cf. [10], pp. 92 ff.) where it is an easy consequence of the Cauchy 
integral formula. This result, however, does not carry over to the real. 
analytic case without a different sort of argument, as follows from the fact 
that the corresponding conclusion is true in the complex case if # and F are . 
any pair of locally convex separated linear topological spaces but does not 
hold without further structural assumptions in the real case (a can be 
exhibited by gasy counter-examples). 


DEFINITION. Let M, be a real analytic manifold, E and F complex 
. Banach spaces, T a function from M, into L(E, F), the space of bounded 
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linear operators from E to F. Let T, be the operator assigned by T to the 
poini t of M. Then: 


(i) Ti 13 satd to be weakly aaia i on M, if for aneh e in E and each 
f* in F*, the function (Tie, f*) is a real-analytic (complezs-valued) numerical 
function on M. 


(ti) T is said to be strongly analytic on. M, if for each point t, of M, 
there exists a coordinate patch N on M, with coordinates t= (ta * eta) 
and t having the coordinates (0,- - -,0) and a constant «> 0 such that for 
all e in E | . 


Aab . | | 
(1) Diem 2 T ; (P i En, & ma (ai " "s An) )a 





where Aa are elements of L(E,F) independent of t and the series of (1) 
converges strongly in F for [t| <e 


(ii) T is satd to be uniformly analytic on M, if T is strongly analytic 
on M, and the sertes 


{= 
(2) Ti= 2 j Ae 


converges in the uniform topology on L(E,F) for |t|<«, e>0. 


(iv) T is satd to be complex analytic on M, tf the sertes (2) above 
converges for complex (t > -,in) with |t| <e. l 


Proposition 1. For Banach spaces E and F the four definitions of 
analyticity above for functions from M, to L(E,F) (i.e. weak analyticity, 
strong analyticity, uniform analyticity, and complex analyticity) are all 
mutually equivalent. In particular, every weakly analytic function on M, 43 
a continuous function from M, to the norm topology on L(E, F). 

Proof of Proposition 1. ‘Obviously (iv) implies (iii), (iii) implies (ii), 
- and (ii) implies (i). Hence we need only show that (i) implies (iv). 

Suppose therefore that T is weakly analytic on M,.. For each e in # and 
f* in F*, the function ge p> (t) = (Tye, f*) is analytic on M.. Let to be a point 
of Af, N a coordinate patch on M, with coordinates t= (t'> *, ta) with 
|¿| <1 such that to == 0. The function geye has a power series expansion 


' (3) Go,pe (t) = aT ale pae 


which converges for |t| < espe, where espe is a positive constant varying in- 
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general with e and f*. The coefficient aa(e,f*) in the expansion (3) equals - 
qr Xy 
(D%goe7+) (0), where D* =m G) aA (Ż) . It follows therefore that for 
1 


each fixed a, @a(e,f*) is linear in e and conjugate linear in f*. Since the 
expansion (3) converges for |t| <<, +, there exists a positive constant kese, 
depending on e and f*, such that for all g, | 


(4) jao(ef*)| Shel, (la| = 3a). 


We may make keys unique by choosing it as the infimum of all constants for 
which the inequality (4) holds. | 

Let B’ be the closed subset of Æ X F* which consists of the product 
B X B* where B is the closed unit ball in E and B* is the closed unit ball 
in F*, We fix the coordinate patch NV as above with the coordinate functions 
(bte +t) and let O0<e,< 1. For each positive constant k, let 


Se= {[6 f7]: e] Sie | S 1, 6 € E, fer 
| D? (Tye, f*) (t) | Sklel for all a and | t| < €o}. 


For each k > 0, Sx is a closed subset of B’ since if a sequence |e, f*,] 
converges in B’ to [eo f*o], the sequence of functions (Tre; f*;) converges for 
each ¢ in M, to (Teo f*o) and the inequalities defining S; pass over by an 
equicontinuity argument to the corresponding inequalities for the derivatives 
of (To, f*o). On the other hand, for each [¢, f*] in B’, the function (Tre, f*) 
is analytic on the set {t: tE R*,[¢| <1}. Hence this function has a holo- 
morphic extension to a complex neighborhood of the set {/: te R», |t] <1} 
in C”. Since «e is less than 1, there exists da > 0 such that the power series 
expansion of (Te, f*) about each point t, with | ż | & €o has radius of conver- 
gence = dy while on the complex dy-neighborhood of the set {t: t E€ R”, | E| Seo}, 
the holomorphic extension of (Tye, f*) is uniformly bounded by co By the 
usual Cauchy integral estimates, it follows that | D°(Tye, f*)(t)| S ¢o(d,/2) Il. 
Thus [e, e*] lies in at least one of the sets S+, i.e. the sets Sy exhaust B’. 

Let & range through the positive integers. The sequence of closed sets 
{Sx} exhausts B”. By the Baire Category theorem, there exists at least one 
Sy containing an open subset of B’. Let 8; be such a set, and consider a 
closed ball Bo, 


. Bo== {[¢, f¥]: | e— eo | Se | f*—?f* | Se}, | 
which is entirely contained in Sx. Suppose that e, and f*, are any pair of 


elements of # and F*, respectively, with || e | Se, | f*. || Se By the linearity 
-of T, we have if we set e = e, -+ ¢,, f* =— f*) + f*,, 
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De (Tre, f*1) = De (Ti(e— 4), (a= f*,)) 
== D*(T 38, i) — D* (Te, f*o) SEEN Kifo f*) + D" (Treo, To) 


The for elements [e,f*], [e,f*o], Leo f*], and d [eo f*o] all lie in the closed 
ball B, and hence in S;. Hence, 


| De (Tres fs) (t)| S klal for |t] Sen fal Sel fil Se 
It follows by homogeneity that for any pair e in Ẹ and e* in £*, we have 
| D* (Tye, e*) (t) | S4eFkl4l, | t| Se. 


Thus the sesquilinear form D*( Te, f*) (t) = (Aaie, Pe where for each ¢ 
and a, Aa;€ D(H, F) and 


| Ace | S 4e7Kl41, | t| Se. 
It follows immediately that the series 


z 
T”; === >» i Aao 
a &. 


converges in the operator norm in L(E,F) for all complex arguments 
(ty ~+,%) with |t| <k. The sum of this series is an operator T”; such 
that (Te, f*) == (Te, f*) for each e in B and f* in B* for |t| sufficiently 
small. Since both (7"se,f*) and (T:e,f*) are analytic for |¢| < k>, they 
coincide for |t|<k%. Hence T;—=7’;.for |t|<k* and T; is complex 
analytic on M.. Q.E.D. 


Remark 1. Since there is a natural identification of the Banach space # 
with the space L (C+, E) of bounded linear mappings of the complex number 
space Ct into E, where C™ is treated in the natural way as a one-dimensional 
complex Banach space, we may apply the results of Proposition 1 to the 
treatment of analytic functions with values in Æ itself. In all these cases, 
that of L(#,#) and of E, we shall allow ourselves the privilege of speaking 
simply of analytic (i.e. real analytic) functions without qualification since 
the different senses of the term coincide by Proposition 1. 


Remark 2. We remark explicitly that in the proof of Proposition 1, we 
have made use of the fact that a function T; from M, to L(E, F) which is 
weakly differentiable in the sense that (T:e,f*) is differentiable in ¢ for all 
e and f* with the derivative bounded by C || e || || f” || must be strongly differs 
entiable in L(E, F). This follows for example from the results of [8]. 

Let H be a (complex) Hilbert space with inner product (u,v). We 
shall consider oly defined linear operators T in H, i.e. operators T with ° 
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domain D(T) dense in H and mapping that domain linearly on a range 
R(T) in H. For each such operator, we designate by N (T) the nullspace 
of T and by G(T), the graph of T, the subspace of the product space H X H 
consisting of all pairs of the form [u, Tu] for u in D(T). T is said to be 
closed if G(T) is closed in H X H, closable if TCT, where T, is a closed 
operator in H. (By the relation C, we mean the usual “contained in” 
relation for densely defined operators, namely: T is contained in T, if 
D(T) CD(T,) while Tu==T,u for u€ D(T).) To each densely defined 
linear operator T, we assign a linear operator T* called its adjoint with 
domain 
D(T*) = {v: (v, Tu) is a bounded linear functional of u in ae }; 

and with values given by T*v = w if 


(v, Tu) ome (w,u), u E D(T), 


where the element w of H is uniquely determined by the latter equation 
beeause of the density of D(T) in H. It is well-known that T* is densely- . 
defined if and only if T is closable, so that if T is closed, TÙ is well-defined 
and indeed (T*)* == 7. T* is a closed operator, and moreover 


N(T) = (R(T*))+, N(T*) = (R(T))+ 
where A- denotes the orthogonal complement of A in H. Furthermore, 


cl(R(T)) = (N (7*))+, c(R(T*)) = (N(T))4, 
. (cl (4) = closure of Ain H). 


If R(T) is closed, it follows that R(T) == (N(T*))L, and similarly if R(T*) 
is closed, then R(T*) = (N(T))4+. Moreover, R(T) is closed if and only 
R(T*) is closed. (For a detailed discussion of these and other properties of 
closed linear operators, we refer to the writer’s paper [3].) 


DEFINITION. Let T, and T’, be two closed densely defined linear operators 
in H. Then T, and T’, are said to be formally adjoint to one another if 
T C(T.)*, (or equivalently tf T,C(T’))*). If To and T’, are a formally 
adjoint pair of operators, the closed operator T is said to be a realization of 
the paw (To To) f TCT C(T)*. 


Obviously T is a realization of the pair (To To) if and only if T* is a 
realization of the pair (To To). 


DEFINITION. T is said to be a solvable realization of the pair (To, T'o) 


if T is a realization of the pair and in addition T> ts defined and bounded 
` on all of H. 
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The definitions of realization and solvable realization are useful in 
formalizing the notion of boundary value problem and of solvable boundary 
value problem for a partial differential operator as was first pointed out by 
M. I. Visik in ‘his Thesis [21]. Visik also remarked the following fact (cf. 
also Section 1 of [11]): 


Lemma. For the formally adjoint pair of closed linear operators 
(To, T'o), there exists a solvable realization T if and only if (Ta) = and (T",)* 
exist and are bounded on the ranges R(T) and R(T’)), respectiwely. 


It is our purpose in the following discussion to establish sufficient 
conditions under which if 7, ; and 7’, ; are families of closed operators formally 
adjoint for each ¢ in M., we can assert the existence of a solvable realization 
T, of the pair (Tot, T'o) such that (To) is analytic in ¢ on M. 

Before proceeding to the statement and proof of our principal result, 
we shall first consider some preliminary results which will be useful in that 
proof. 


Leama 1. Let H be a Banach space, W a linear subset of H having 
a second Banach space structure on it such that the identity map of W into 
H is compact. Let T be a closed linear operator in H such that D(T)C W. 
Then R(T), the range of T, is closed in H. — 


Proof of Lemma 1. Let G(T) be the graph of T. G(T) is a closed 
subspace of H X H, and hence itself a Banach space with respect to the norm 
| [u, Tul == | u |a + | Tu |a. Let J be the mapping of G(T) into W given 
by J({u, Tu]) =u. J is well-defined on all of G(T). and J is a closed 
linear operator, since if [ur, Tur] —> [u, Tuo] and ie v, then u,—> v in H, 


and v= uo, i.e. J([uo Tuo]) =v. Since G(T) and W are both Banach 
spaces, it follows from the closed graph theorem that J is a continuous linear 
mapping, i.e. there exists a constant C such that 


(4) | uw SC{| ula + | Lu a}, ue D(L). 


Let N(T) be the null-space of T, B the unit ball of N(T) in the H 
norm. By the inequality (4), since Tu=-0 for all u in N(T), it follows 
that || « |w = C for all v in B. Since the identity map of W into H is compact, 
it follows that B is precompact in H and hence that N(T) is of finite 
dimension. ° 

Let P be a bounded idempotent linear operator mapping H onto N (T). 
(Such operators exist by the Hahn-Banach Theorem.) Let H, = (I — P) (H). 
H, is a closed subspace of H and if T, is the restriction of T to D(T)N Ha, ` 
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then T, is densely defined in H., T, is a closed linear map from H, to H 
(since T, is closed in H), and R(T,) == R(T). To show that R(T) is closed, 
it suffices to show R(T.) is closed, and for the latter it suffices to show that 
(T',)~* is bounded (for then the extension of (T1)* by continuity must have 
a closed domain while such an extension must coincide with (T,)* itself 
since (Tı) along with T, is a closed linear map.) 

To show that (7',)-+ is bounded, we remark first that (7',)-* is well-defined 
since N(T)N H,—{0}. Suppose that (7,)-* is not bounded. Then there 
would exist a sequence {ux} in D(T) N H, such that 


| ux la == 1, | Tux la 0. 


By the inequality (4), above, || ux || is uniformly bounded. By the com- . 
pactness of the identity map of W into H, there must exist a subsequence of 
the sequence {us} converging strongly in H. We may assume without loss 
of generality that this is the original sequence, so that u}—> tu, in H, 
[| uo lam 1, wo € Hı. On the other hand, Tu,—-+0 in H. Since T is a closed 
operator, u, € D(T) and Tuos == 0. Thus w€ N(T)NA A, with uo 0, yielding 
a contradiction. Hence (T,)= is bounded, and the proof of Lemma 1 is 
complete. 


Lemma 2. Let M, be a real-analytic manifold, H a Hilbert space, Ro 
a closed linear subspace of H, to a pomt of M,. Suppose that we are gwen 
a family {Q:} of bounded linear mappings of R, into H for t in M, such that- 
Q: ts analytic in t on M, and Q;=0. Let Pi=Jo + Qi where Jy t the 
identity map of Ro into H. Then for t in some neighborhood N of to on My, 
the range R; of P: is a closed subspace of H and the orthogonal projection 
operator E, of H on R; is analytic in t on N. 


Proof of Lemma 2. In the statement of Lemma 2, we have used the 
term “analytic” to denote any of the four equivalent types of analyticity 
previously discussed. By Proposition 1, we may assume that Q; is continuous 
in the uniform topology at tt, and it suffices to show that E; is weakly 
analytic in ¢ on a neighborhood N of ty. 

Since Q;,—=0 and Q; is continuous in norm, || Q: | —> 0 as Ł— tọ. Choose 
a neighborhood N, of to such that for ¢ in N,, |Q: <1. For tin N, Pi 
is one-to-one and || Piu | Z= Jul — i Qu] = a—1Q;|))i ul. Hence for 
such t, P, is bicontinuous and R, its range, is closed in H. 

” Let F; be the orthogonal projection of H on R: in Ni, and set E, = By, 
the projection on Ry. Choose a smaller neighborhood N of t, such that 
81 Q| <1 for tin N. Let h be a fixed element of H. It suffices to show 
that HA is analytic in t on N. For tin N, we know that Eh = Piw; for a 
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uniquely determined w; in Ro. Since P; is analytic in ¢ on N, it suffices to 
show that w; is an analytic function in ¢ on N. From the definition of 
orthogonal projection, we know that (h—H;h) is orthogonal to all of FR. 
Hence for all w, in Ro, we have - l 


(5) (h— Eh, Pw) = (h — Piw, Pw) == 0. 


For each t, Pi =J + Qi where J, and Q: are bounded linear maps of 
R, into H. The adjoint mapping P;* mapping H into Ro is given by 
Pi" = Jot +- Q:*, where J* = Eo the orthogonal projection on Æo and 
| Q* | =l Q: | << 4 for tin N. It follows from equation (5) that 
(6) (Pith — P:* Piw wi) = 0 for all w, in By, 


or, since the left-hand side of (6) lies in Ao, that 


(7) PAP ww, P th 
We obtain from equation (7), the following: 
(8) (Bo + Qs*) (Jo + Qi) wi = Pith, 
or 
(9) i Wi -+ {0:* -+ Qi + Qi Qiwi = Pith. 


For ¢ in N, however, 


(Q+ O:+ OF0: || S37*434497 <1. 


(We designate by @;*, its restriction to the subspace R, of H as well as Q;* 
itself.) Hence w; is uniquely determined by the Picard iteration method 
from equation (9). Moreover, since (Q:* +- Q;+ Q:*Q;) is analytic in é, 
so is (I+ Q:* + Qi + 9:*@:)7 for t on N. Hence so is w, and nee and 
the proof of Lemma 2 is complete. 

We turn now to the principal result of the easel section. 


THrorem 1.1. Let H be a Hilbert space, M, a real analytic mansfold. 
Suppose that we are given two families of densely defined closed linear 
operators in H, {To1} and {T’y:}, indexed on t in Mı. Let W and W’ be 
two linear subsets of H each carrying a Banach space structure such that the 

identsty maps of W and W into H are compact. Suppose that: 


(1) The pair (Ton Tot) are formally adjoint for each t in My. 

(2) For all tim My, D(To1) =W. For all tin My, D(T'o2) —wW.” 

(3) To: as a mapping of W into H depends analytically on t in My. 
T'o: as a mapping of W into H depends analytically on t in M,. - 

(4) N(To+) == {0}, tE My. NT’) +) = {0}, tE M.. 
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Then there extsts a family {Ti; tE My} of closed linear operators in H 


` such that 


(a) For all tin My, T, ts a solvable realization of the pair (Tot, T'ont) 
i.e. To; CT; C (To) and (Ti) is defined and bounded on all of H. 


(b) (T;)- is analytic as a mapping from M, into L(H, Ħ). 


In addition, if for a fixed tọ m M, we are gwen a solvable realization T, 
of the patr (Toto Tot), we can construct a family of solvable realizations Ti 
as above so that Ty =T}. 


Proof of Theorem 1.1. We shall carry through the proof of Theorem 1.1 
in several stages, beginning with the proofs of some crucial auxiliary results. 
The principal steps of the proof are the following: 


(I) We show that R(T.) and R(2,,:) are closed subspaces of H and 
that if E; and Æ’; are the orthogonal projections of H on &#(T,+) and 
B(T’,,:), respectively, then Æ; and E’; are analytic in t on M,. It will follow 
that (I[—F;) and (I[—£#’;) will give us analytic families of orthogonal 
projections on N(7",;:) and N(T1:), where we have set T1;=—= (To) *, 
Tit — (Tat) *, l 


(II) We construct a right inverse S; for T, which is analytic in ¢ 
on Af,. (By‘a right inverse, we mean of course that 7,,:8;=J for all ż.) 


(III) We modify 8; so that S; agrees with Tot” on #(T):) for all t. 
Then T, is defined to be S;7. 


(TV) We modify T, so that Tp == Tp. 


(I\ (a) R(To1)- and R(T’,:) are closed subspaces of H. Since 
D(To+) =W and D(T’o:) == W where W and W” satisfy the hypotheses of 
Lemma 1, the conclusion follows from the conclusions of Lemma 1. 


(I)(b) If E, is the orthogonal projection on R(T y+), EH’; the orthogonal 
projection on R(T>1), then E, and E’; are analytic in t on My. We shall 
show that under the hypotheses of Theorem 1, we can derive the conclusion 
of (I) (b) from Lemma 2 above. Let ¢, be a fixed point in M,. It suffices 
to show that H; and B’; are analytic in the neighborhood of to in M,. By the 
symmetry of hypotheses, it suffices to consider E; alone. Let Ryo = R(T 1). 
Ro is a closed subspace of H by the result of (I)(a). 72,7 is well-defined 
on Ro since N (To) is trivial for all ¢, and To, is a closed operator from Ra 
` into H since Tot, is a closed operator in H. By the closed graph theorem, 
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T,t,* is a continuous linear mapping of R into H. However, it must also 
be a closed linear mapping into W since its range is contained m W and the ` 
identity map of W into H is compact and hence continuous. By the closed — 
graph theorem once more, Tot, * is a bounded linear map of R, into W. 
Define P= Toto. Since D(To+) == W for all ¢ in M,, Pi maps Ra onto 
R(To:) for all ¢, P,=—=J, and since Tes is an analytic family of linear 
mappings of W into H and 717+ is a continuous linear map of K, into W, 
P; is an analytic family of bounded linear maps of R, into H. Setting 
Q: = P;-—I, we see that the hypotheses of Lemma 2 are verified. Our con- | 
clusion follows from Lemma 2 since #(P;) == A(T>+) for ¢ in M. 


(I)(c) (I—;) and (I—E*:) are analytic families of orthogonal 
projections on the spaces N((To:)*) and N((T%o:)*), respectively i.e. on 
N (T'i) and N (Ta) tf we set Tir == (To2)*, Ti = (To:)*. The analy- 
ticity of (I— E;) and (I—’;) follows immediately from the analyticity 
of E, and F; respectively. The range of (Z— E+) is the orthogonal ,comple- 
ment of the range of E, i.e. (R(To:))t, which equals N((7o+)*), and 
similarly in the other case. 


(I) We may construct a right inverse Ki for Ty, which depends 
analytically on t in M,. We begin by constructing for each ¢ in M, the 
bounded linear operator Y; on H which is given by 


Y; = (To) E, 


Since K’; maps H onto R(T») and since by the argument of (I)(b) above 
(T'o) is a bounded linear map of R(T’at) into H, Y, is a bounded linear 
operator on H for each ¢ in M,. Similarly Y, is a bounded linear mapping 
of H onto W. We wish to show that t—> Y; is an analytic function from Af, 
to L(H,H). Let h be any element of H. It suffices to show that Y, is an 
analytic function from df, to H and, if t, is any given point of M, to show 
that Y,h is analytic in the neighborhood of f. Let w,—Y,k. Then 
T’ 110; == Eih. For each t, ws: lies in W and hence may be written uniquely 
jn the form w’;== (Tot) > (v:) with v; an element of A’, = R(T’) :,). Since 
(T’o1,)72 is a continuous linear map, it suffices to show that v; depends 
analytically on ¢ in a neighborhood of to. But v; satisfies the equation 


Tot (T ot) Ue = Bh 
which may be written in the form 


vet (Tot (T ot) —1) 04 == Eh 
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Applying EH’, == H’;, to both sides of this last equation, we obtain 
v -+ B'o (Tot (T ot) 1 — I)um EYE jh. 


The operators Fo(T'o (Tot) > — I) and HoH; are analytic in ¢ and the first 
has small norm for t near tẹ» Hence for ¢ near fo, v: can be obtained by the 
Picard iteration method from this equation and is analytic in ¢ near %. Hence 
Y, is analytic in ¢ on M,. It follows from Proposition 1 that Y;* is analytic 
in t on M,. Set S;—¥;*. We assert that 9; is a right inverse for Tas. 
Indeed, if u == Siy, 

(u, h) <= (Sw, h) = (v, Yih) 


Setting h = T',w for any w in W’, we find Fih = (T.t) h = w, so that 
(u, Tow) =m (v, w) 


Hence uc D(T,;) and T, ru =v. Therefore S; is a right inverse for T: 
depending analytically on t in M, and the proof of (II) is complete. 


(IIX) We may construct a right inverse 8; for Tı; which depends 
on tin M, and coincides with (To) on R(T.;). We may define T; = (9;)+, 
and T, is the analytic family of solvable realizations sought in the first part 
of Theorem 1. 


By the result of (IL), we have a right inverse S; for 7',; already defined and 
depending analytically on ¢ in M,. We now modify it by defining 


Sž; m (Tot) E; -+ Si (I—H;). 


The analyticity of the first summand in t is proved as in the proof of (IT). 
The second summand is obviously analytic in # For each ét R(S;) is 
obviously contained in D(T,;). We have moreover 


Tafi mm Trt (To) Bs + TS (I — E) = By + I —E,) = 1. 


so. that S*, is a right inverse for Tae On R(Tot), S*:== (Tot). Since 
S*;, is a right inverse for Ti, (S*;)~* is defined and is a closed operator in H. 
Obviously Tos C (9#) +C Tae Setting T; = (S#,)+, we have the family of 
solvable realizations T, we seek. 


(IV) If T, îs a gwen solvable realization of the patr (Toto Tot) for 
a fixed to in M,, we can modify T; so that it continues to satisfy the conditions 
of Theorem 1 while T,,==T,. Let Som (T,)7. 


It suffices to construct S; so that 8;,— So. We remark that Sn = (Tot) 
. == J, on R(To,te). Hence we need only modify S;, on the orthogonal comple- 
ment of R(T>,,), 1e on N (Pat). 
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Sn and So both map N (T'i), and since. both are right inverses for 
Tito it follows that for all h in N (Tit), Uk = (8:i,—So)h==N(T11,). 
Let V==U(1—E;,,). V maps H continuously into N (Tit). We define 
V= (I—H';,)V. For t=t, Vi—V. The family of operators V; is 
analytic in ¢ on M, and maps H for each ¢ into N (Tat). We now define 


8, = (Toi) tE + (S:—Vs) (IF). 


We verify as before that S*; is a right inverse for Ta, coincides with (Tos) 
on R(7'+), and is analytic in t. In addition S*,, coincides with So on 
N (T+) and therefore coincides with 8, on H. Hence if we set Ty = (9%), 
Te = (8o)7 = Tp 

Thereby the proof of Theorem (1.1) is complete. 


Remark. We may note without going into further detail that the con- 
clusions and hypotheses of analyticity on Theorem 1.1 can be replaced by 
those of uniform continuity or differentiability and the argument given above 
for Theorem 1.1 remains valid. l 

In the later applications of our abstract results to obtain solutions of 
partial differential equations, it will be convenient to apply the following 
extension of Theorem 1.1 which is essentially a consequence of the latter. 


THEOREM (1.2). Let H bea Hulbert space, M, a real analytic manifold 
{Tot} and {Tot} two families of closed linear operators in H indexed on t 
in M, which satisfy the hypotheses of Theorem 1.1. Let Ty .== (To) *. 
Suppose that we are gwen a family {v,} of elements of H depending ana- 
lytecally on t in M, and for a fixed ta in M,, anvelement uo of D(T12,) such 
that Tito =v Then there exists a family {u,} of elements of H depending 
analytically upon tin M, such that u; lies in Ba t) for te Mi, Tiet == t 
for all t, while ti = Uo. 


Proof of Theorem (1.2). By the second part of the conclusion of 
Theorem 1.1, it suffices to construct a solvable realization T, of the formally 
adjoint pair (Toto Tote) such that Tying == uo Indeed, if this were done 
(so that we have an extension 7' of T, over Af, in the sense of Theorem 1.1 
such that T, for each ¢ in M, is a solvable extension of (Ton Tot) Tu= Tp 
and 7’? depends analytically on t), then the family u, == Trtv; would satisfy 
the conclusion of Theorem 1. 2. 

Let #;, be the orthogonal projection of H on the closed subspace R(Ty,2). 
We shall construct the right inverse S of T, rather than T, itself. S must 
coincide on £(T>+,) with (To). Let vi == (I — Fi) v1, v2 = Env. Then 
Vi = V -F Va, Sv, = Sv, + Sv, and Sv, is a fixed element of D(7'o1,). Since 
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SV = Us, it follows that the only conclusion we impose upon 9 is that 
Sv, = uo — (Tot) V: == W is a given element of D(T,;,). Let S, be the 
inverse of any solvable realization of the pair (7'o,7’o%,). We construct 9 
from S, as follows: 


Sv == (Tot) Ett + 81(1 — En) H bw. — 8101] e 7 
1 
Since (wo — 81v,) lies in N (T14), it follows that S is the inverse of a solvable 
realization of the pair (Toto T'ota). Furthermore, $v; = wo, as desired. 
l Q. E.D. 





COROLLARY TO THEOREM (1.2). Let H, My, {Tos} and {Tot} be as in 
Theorem 1.1. Det uEN(Ti:,). Then there extsts an analyiic family uz 
for tin M, with us lying in N (T) for each t in My. 


Proof of the Corollary. This is the special case of Theorem 1.2 with 
vı = 0 for all ¢. 


2. Differential operators in vector bundles. We turn to the considera- 
tion of linear systems of differential equations on a manifold using a general 
formulation for such equations along lines made familiar by Lions-Schwartz 
[16], Malgrange [17], and Kodaira-Spencer [13]. The advantage of this 
formulation for which the solutions sought are sections of a fibre bundle rather 
than systems of functions on the manifold is the obvious one that it contains 
the important case of equations for differential forms. Our notation differs 
somewhat from that, say, of Kodaira-Spencer, so that we make it explicit in 
the following preliminary discussion. l 

We consider a differentiable manifold M of dimension n which is con- 
nected, paracompact, and orientable (but not necessarily compact). Let B 
be a differentiable fibre bundle over M with projection map m whose fibre 
is a complex vector space C? and whose structure group is the general linear 
group GL,(C). (By differentiable, we mean, throughout, differentiable of 
class C®.) Such a bundle B is said to be real-analytic if M is a real-analytic 
manifold and if the coordinate transformations of the bundle B are matrices 
by, with real-analytic coefficients. More explicitly, each point 2 of Af has a 
neighborhood N such that w+(N) is homeomorphic to the product C? X R» 
by the mapping (és) where == (2,,---+,2,) is a system of coordinate 
functions on N and {== (,,--,ép) is a family of p complex-valued 

functions on w*(N). If W is another neighborhood on M together with 
another such product structure on wt(N’) given by (C,T), then on NON’, 
the coordinates 2’ are real-analytic functions of the coordinates x while for 
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each z in NN’, and the corresponding 2’, the points (z) and (z) 
coincide iff (;=—= $, by.(@)t,, with by, a given family of real-analytic functions 
k 


on VMN’ depending on the pair of bundle coordinates. 

A differentiable section of B over M is defined to be a differentiable 
mapping f of M into B such that r(f(z)) —«. More generally, we may speak 
of sections which are merely continouus or measurable, where by the latter 
we mean that on each of the coordinate neighborhoods W, f is a measurable 
mapping from R" to C? X R" with respect to the usual Lebesgue measures, 
or more simply that each of the coordinates of these mappings is a measurable 
function with respect to the Lebesgue measure on R*. If B is a real-analytic 
bundle, we may speak also of real-analytic sections since in that case both 
M and B are real-analytic manifolds. 

Let €(B) be the linear space of all differentiable section of B over M. 
E(B) is a Fréchet space with respect to the natural topology of uniform 
convergence of the coordinates of sections and each of their derivatives over 
compact subsets of M. For each f in E(B), we define Supp(f) to be the 
smallest closed set F in M such that f(r) —0 for x outside of F. Following 
L. Schwartz, D(B) is defined to be the subfamily of E(B) consisting of 
sections f with compact support in M. For each compact subset K of M, 
Dx(B) consists of f having their support in K, and each D,(B) is a closed 
subspace of E(B) and hence is a Fréchet space with respect to the induced 
topology. The space D(B) is topologized as the inductive limit of the 
sequence Dyr, (B), where {K,} is an increasing sequence of compact subsets 
exhausting M. Let D’(B) and €’(B) be the strong dual spaces of ® (B) 
and E(B), respectively. In this context, the elements of D’(B) correspond 
to the distributions of Schwartz in the usual scalar case, while those of € (B) 
are the elements of ®’(B) having compact support, where Supp(A) for 
AC D’(B) is defined as the smallest closed set F in M such that A(f) == 0 
for each section f in ® (B) having its support contained in the complement 
of F. The spaces D(B), €(B), D’(B), and E’ (B) are reflexive. 

A linear differential operator with differentiable coefficients on B is 
defined to be a continuous linear mapping A of E(B) into E(B) such that 
Supp(Af) C Supp(f), (i.e. a local operator). Let N be a coordinate patch 
corresponding to the bundle structure of B, ({,7) a set of bundle coordinates 
on w1(N). Then each section f corresponds to a family of p functions 
f(z) == (f(z), + +>, fp(2)) for z in R”. In terms of these coordinates, the 
operator A may be written in the form (setting (Af), as the coordinate of Af): 


(Af)s(@) =È Z urale) Dfe). 
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Here we apply the standard notation for differential operators in k”: 


„ô ; oe kis 
D= a wax (04,° °°, 2n) with the ars non-negative integers, | a| =a Us 


n 
D* == [| Dj. The coefficients a;4,0(2), under our assumptions, are differ- 
= 


entiable functions on N. We shall say that A has real-analytic coefficients if 
the bundle B is real-analytic and if the coefficients a;4.a(2) are real-analytic 
functions on N for each such coordinate neighborhood N. 

Corresponding to a linear differential operator A in B and a given 
bundle coordinate system, we define the characteristic matrix of A by 
A;x (2, È) Be 2 Usa (2) E” for each real n-vector é, with r the order of the 

jar 


differential operator in N (i.e. the largest integer such that tjr a(®) 40 for 
some v in N and some a with |a|—7.). The diferential operator A ts said 
to be elliptic of order r if tts order is r in every coordinate neighborhood N 
and tf Ay.(2,&) ts non-singular for every s im M and every E0 m R”. 
(The independence of the definition from the choice of the bundle coordinates 
on N is obvious.) 

We suppose given a Hermitian inner product on D (B), written in the 
form (f,), where in a given set of bundle coordinates over a neighborhood 
N in M, we have 


(fh) — J Sain e)fi(a)h (2) ae, 


for Supp(f) C N, Supp(h) C N, where f; and A, are the coordinates of f and 
h respectively, and gp(z) is a differentiable function of x such that the 
matrix {9;4(2)} is positive definite for each æ. If B is analytic, we assume 
the g(x) analytic. Using this inner product, we may imbed E(B) in D’(B) 
by assigning to each h in €(B) the linear functional on D(B) given by 


An(f) = (F, foh) 


where fo is a differentiable function with compact support on M which equals 
lona neighborhood of Supp(f). It follows by standard arguments that aA, 
is independent of f, and that this assignment yields an injective continuous 
conjugate linear map of E(B) into D’(B). Its adjoint map yields a corres- 
ponding conjugate linear imbedding of D(B) into €’(B). We may thus 
speak as in the scalar case of elements of D’(B) lying in E(B), etc. 

° If B is a real-analytic bundle, let @(B) be the Linear family of real- 
analytic sections of B over M. (M(B) is given the structure of a locally 
convex topological vector space in the following way (see for example, 
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Grothendieck [9], pp. 255, 315): For each compact subset K of M, we 
topologize the space (x(B) of sections defined and analytic over a neighbor- 
hood of K and let @(B) be the intersection of the spaces @x(B) with the 
weakest topology such that the injection mapping of @(B) into each Cx (B) 
is continuous. The topology on Ux(B) is given by considering Ux(B) as 
the inductive limit of the spaces 4¥n(K) where #2(K) is defined with respect 
to a fixed finite covering of K by neighborhoods N, carrying prescribed bundle 
coordinate systems by 


Hp(K) = {f: f€ Ax(B), | D°f,(x)| < MRI) a|! on all N,N E}. 


For each R > 0, the space Hp(K) is normed by taking as norm the least 
constant M above. (This amounts to taking for Hp(K) all functions extend- 
able to be holomorphic in a fixed neighborhood of K in a suitable complexi- 
fication of B and taking as the topology on these functions the usual uniform 
norm topology on the extended holomorphic functions.) We shall have occa- 
sion to use below some of the properties of @ (B) as a topological vector 
space which we shall consider in a later section. 

Since A is a continuous linear maping of €(B) into itself and does not 
increase supports,.A induces continuous linear mappings of each Dx(B) into 
itself for every compact subset K of M. Hence A induces a continuous linear 
map of D (B) into itself. The adjoint of this map which we denote by A’ 
is a continuous linear map of D’(B) into itself, and we verify trivially that 
Supp(A4’A) C Supp(A) from the corresponding property of A. We wish to 
verify that A’ is itself a linear differential operator (i.e. it carries E(B) con- 
tinuously into €(B)). This follows, however, from the fact that for f in 
E(B), h in D(B), we have (A’,f,h) —=(f,Ah) by the definition of A’. 
Choosing f and A both to have their support in a neighborhood NV on M 
carrying a famliy of bundle coordinates, we have 


(AHH) = fo ZIDE) F tinale) Dh) (2) (de 


an n 2 2 D*{g;e(2)ä;nal(t)fi(T)}hr(2)dz 
jk jalssr 


~ fin BIZ Z nele) (D) (8) Vie(2) de 


Setting g/* to be the inverse matrix of g(x), we find that the last integaal 
may be written 


J ge ZICE g (2) sma (0) (DPF) (0) Vou( a) d2-— (Of), 
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where 


(OPI) = Z Eg (2) omp (2) (DPH) (2) 
= Z Z(E g (a) cma (2)} DH) (2) 


[slr 1 
defines a differential operator C. Thus Cfe€€(B), and the equation 
(Cf,h) = (Af, h) implies that A’f=-Cf on N. Thus A’ is continuous 
from €(B) to €(B) and is itself a differential operator. As follows from the 
above calculation, in any given set of bundle coordinates A’ (2, £) = (A (x, é))* 
so that A’ is elliptic if and only if A is elliptic. If A has real-analytic coeffi- 
cients, so does A’, 

Since A’, the formal adjoint of A, is itself a differential operator with 
differentiable coefficients as we have just observed, it follows that A’ defines 
a continuous linear mapping of D (B) into itself just as A did. We then 
define the action of our original differential operator A on D’(B) as the 
adjoint of the mapping A’ of D (B) into itself. In other words, if uc D’(B), 
then Au is the unique element of D’(B) which satisfies the relation 


(Au, f) = (u, Af) 
for all f in 9 (B). 


Let L?(B) be the Hilbert space formed in the natural way from the 
measurable sections f of b for which (f,f) =| f |? << +, or more precisely 
the equivalence classes of such measurable sections with respect to the equiv- 
alence relation of equality almost everywhere. (The last concept is taken 
locally with respect to Lebesgue n-measure and makes sense in the large 
because of the smoothness of the coordinate functions as well as the weights 
9n(2).) The inner product in Z*(B) is the inner product (f,h) defined 
above, which may be extended to measurable f and A in either of two ways: 
first by the local definition in terms of the gg,(z) which may be summed 
over a basis of the manifold after f and A have been written as sums of 
functions with small support, or second by considering L?(B) as the com- 
pletion of the pre-Hilbert space D (B) with respect to the same Hilbert space 
structure. In any case, it follows from’ the usual arguments that D(B) is 
a dense subset of Z7(B), or more precisely may be identified with a dense 
subset of £7(B). The identification mapping is continuous, injective, and 
has a dense range. Hence its adjoint induces a continuous, injective imbedding 
of*L?(B) into D’(B) such that the image is dense in D’(B). Indeed as in 
the scalar case, D(B) is itself dense in D’(B). i 

T£ M’ is a connected open subset of M, we shall denote by B’ the restriction 
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of the bundle B over M’, i.e. the bundle induced over the manifold Af’ by 
the identity map of Af’ into M. Every element f of D(B’) may be identified 
with an element of D(B) by setting f —0 outside of M’. In particular, every 
element f of D(B’) may be considered as an element of L? (B), and for any 
pair f and À of such elements (f, A) is then defined. Thus the inner product 
(f,h) in B induces a corresponding inner product on B’ and moreover this 
extension procedure which we have just described yields an isometric map 
of a dense subset D (B) of the Hilbert space Z7(B’) into L7(B). This 
‘mapping may be extended by continuity to an isometric imbedding of L*(B’) 
into L?’ (B), an imbedding which is given by the same procedure of setting 
each section u in L7(B’) equal to zero outside of M’ to obtain a section in 
£?(B). The image of this imbedding consists of all sections in L*(B) which 
are equal to zero outside of W’, or more strictly of all equivalence classes of 
such sections.. 

If W is a precompact subset of M, we may define the Sobolev spaces 
on B’ without ambiguity by setting for each j= 0, - 

Wi? (B°) == {f: fE L? (B), In each bundle coordinate system ({,7) on 

a neighborhood N of a point of Æ’, DFE Lw (N), for | «| Sj}. 

In this definition, we let D“ denote the corresponding distribution differential 
operator in the Euclidean space on which N is mapped by the given coordi- 
nate system. If we choose a fixed finite family of bundle coordinate systems 
whose projections cover the closure of M’ in M and let fy. be the k-th 
coordinate of the section f in the ¢-th coordinate system over the 1-th neighbor- 
hood N, we may introduce an inner product and Hilbert space structure in 
Ws?(B’) by noting that on slightly shrunken neighborhoods fy.i(x) and 
hyi(z) will have derivatives of order <j in L? rather than L?,,, and defining 


(fb)sn = DEY f Dfa) Diaa), 
J 


k |alsej 
Df [sae = (ff) 42,2 


The Hilbert spaces obtained for fixed W’ and j from various choices of 
neighborhood families and bundle coordinate systems will all be mutually 
equivalent. The elements of W?(B’) will coincide with those of L?(B’). 
We denote by W/?,,.(B) the family of sections f whose restriction to each 
precompact open subset M’ of M lies in Wi?(B’). For each 7 = 0, Wi*,.(B) 
is a Fréchet space with respect to its natural topology, namely the weakest 
topology sufficient to make all the restriction maps into W/?(B’) continuous . 
for every precompact subset M”. 

An important subspace of W/?(B") is that which we designate by 
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Ws?,(B’), the closure in W/?(B’) of D(B’). For this subspace, we have 
as a very special case of the Sobolev Imbedding Theorem (cf. for. example 
[2], Sec. 1) the following useful property: 


LEMMA 2. If M’ is a precompact connected open subset of M, the 
identity map of W!7,(B’) into L?(B’) is a compact map. 


Let us now state the standard regularity theorems for linear elliptic 
systems of differential operators or, in our present terminology, for linear 
elliptic differential operators with differentiable coefficients on a vector 
bundle B. ; 


Lemma 2.2. Let M be a connected differentable manfold which ts 
paracompact and orientable, B a differentiable vector bundle over M, A a 
linear elliptic differential operator of order r on B, A’ the formal adjoint 
of A. Then: 


(a) Ifue D'(B) and Au lies in E(B), then u itself lies in E(B). 
(b) If we D’(B) and Au lies in W*,,,.(B), then u les in Wr? 4(B). 


(c) If B is a real-analytic bundle and A has real-analytic coeficients 
and if for a gwen u in D'(B), Au lies in A(B), then u itself lies tin Q(B). 


An important property of elliptic operators with real analytic coefficients, 
(as well as of some proper subclasses of elliptic operators with differentiable 
coefficients) is the property of uniqueness in the Cauchy problem in the small. 
This is the following: 


(U),: A ts said to have the property of uniqueness in the Cauchy 
problem tn the small with respect to B if for any connected open subset M’ 
of M, B the induced bundle, if u lies in E(B’) with Au—=0 on M’ while u 
vanishes on a non-trimal open subset of MW, then u must vanish identically 
on M. 


Indeed, for the case when A is elliptic and has real-analytic coefficients, 
such a section u must lie in @(B’) by Lemma (2.2) (e), and, vanishing on 
a non-trivial open subset of M’, must vanish identically. 


DEFINITION 2.1. Let A bea diferential operator on B. Let Ago be the 
densely defined linear operator in L*(B) with domain D(B) such that 
Aogu == Au for u€ D(A). Similarly let A's be the corresponding operator 
for A’. Then: 


(a) Ao, the minimal operator of A in L?(B), is defined to be the closure 
of Aoo as an operator in L?(B). 
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(b) A» the mimmal operator of A’ in L7(B), ts defined to be the 
closure of A’ as an operator in L*(B). 


(e) A, the maaimal operator of A in L?(B), ts defined to be the 
Hilbert space adjoint of A'o in L*(B), i.e. Ay == (A’q.)* = (A’a)*. 


(d) A’, the maximal operator of A’ in L?(B), is defined by A’; = Ao 
m= Ag. 


A closed linear operator T in L?(B) is said to be a realization of the 
differential operator A in L? (B) if ACTO A, and a solvable realizaiton 
if in addition T- is well-defined and defined on all of L?(B). (Similarly, 
the closed linear operator T’ in L7(B) is said to be a realization of A’ if 
A’, CT CA’, and a solvable realization if in addition (T’) is defined on 
all of I*(B).) 

The existence of the closures considered in Definition (2.1) follows from 
the equality 

(Af, h) = (f, Ah) 


valid for all f and h in D(B). Thus A’s C (Ago)*, i.e. Aoo has a densely 
defined adjoint and is therefore closable. The same argument applies to A’oo. 
In addition to A, and A’, their adjoints A’, and A, are closed operators since 
they are adjoint operators. 


Lemma 2.3. Let M bea differentiable manifold, M’ a precompact open 
subset of M. Suppose that B ts a differentiable vector bundle over M, B’ the 
restriction of B over M’, A a linear elliptic differential operator of order r 
on B, A’ sts formal adjoint diferential operator. Let A, and A’, be the 
minimal operators of A and A’, respectively, in L*(B’), A, and A’, the 
maximal operators of A and A’, respectively, in L?(B’). Then: 


(a) The ranges of the operators Ao, A’o, Ax, and A’, are closed in E(B’). 
(b) The domains of A, and A’, coincide with Wr, (B). 


(c) If A’ satisfies the condition (U); of uniqueness in the Cauchy 
problem in the small in B and cl(M’) M, then N(A’,) = {0} and R(A,) 
wn (B). Stmtlarly if A satisfies the condition (U), on B, and cl(M’) M, 
then N (4o) = {0} and R(A’,)=17(B’). In particular tf B ts a real- 
analytic vector bundle over the real-analytic manifold M and tf A has real- 
analytic coefficients, then N(Ao).==N(A’o) = {0} and R(A,) =R(A’® 
won 1? (B°). 


Proof of Lemma 2.3. By Lemma (2.1), the identity mapping of - 


11 
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Wr?,(B’) into L?(B’) is a compact map. By Lemma (1.1) of Section 1, 
if a closed linear mapping T in L7(B’) has its domain contained in W"*,(B’) 
then T has a closed range in Z?(B). Thus if part (b) of the present Lemma 
were true it would follow that A, and A’, would have closed ranges in L*(B’). 
But then so would their adjoints A’, and A,. (This follows from the theorem 
that a closed operator T has a closed range if and only if T* does, (cf. [3]). 
This last theorem is true in all Banach spaces and is trivial in Hilbert space. ) 
Thus part (a) of our Lemma follows from part (b). 

We now consider (b). If u is an element of L7(B’) and les in D(A), 
there must exist a sequence {¢,} from D (B^) such that ¢,—>u in L7(B), 
Ad, —>v in [*(B’), where v—A,u. Extending u, v, and the dy to B by 
setting them equal to zero outside of M’, we obtain the same convergence in 
[?(B). Thus every element u in D(A.) lies in the domain of the minimal 
operator of A in L?(B). Hence by part (b) of Lemma (2.2), u lies in 
Wr? 4o(B) and since Af’ is precompact, u must lie in W"?(B’). Consider the 
mapping J from G(A,) into Wr?(B’). Since J is obviously closed, it is 
continuous by the closed graph theorem. Hence if ġe—> u, Apk —> Aou, it 
follows that ¢,—>u in W"?(B’). Thus each u in D(A,) lies in the closure 
of D(B’) in Wr*(B’), i.e. D(A.) C W3, (B). On the other hand, if p> u 
in Wr?(B’) it follows immediately from the fact that A is of order r that 
Adr v in L*(B’) for some v. Hence We? (B) C D(A,). Finally therefore 
D(A) = W't?,(B’), and applying the same argument to A’, part (b) of 
Lemma (2.8) is proved. 

To prove part (c) of our Lemma, we first consider an dime u of 
N (4's). Extending u to be null outside of M’, we have u€ L?(B), A'u = 0 
on M, and Supp(u) C el(M’) with cl(M’) a proper subset of M. By Lemma 
(2.2) (a), u lies in E(B). By the condition (U). on A’, the solution u in 
€(B) of the homogeneous equation A’u—0 which vanishes on M—cl(M’) 
must be identically zero. Hence N(A’)) =={0}. However, the orthogonal 
complement of V(A’,) in L?(B’) is the closure of R(A,) which, by part (a) 
of our Lemma which we have already proved, equals R(A,) itself. Hence 
R(A,) = 1*(B’). The conclusion if A satisfies (U), follows by a symmetric 
argument. The final conclusion of (c) follows from Lemma (2.2) (c) which 
implies as we have already observed that for an elliptic operator A with real- 
analytic coefficients, both A and A’ satisfy (U7),. 

We turn now to a simple proof of the Lax-Malgrange approximation 
theorem which it is one of the purposes of this paper to generalize. 


PROPOSITION 2.1. Let M be a differentiable manifold, M’ an open 
` subset of M such that M— M’ has no compact components. Suppose that B 
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13 a differentiable vector bundle over M, A a linear elliptic differential operator 
on B such that A’ satisfies the condition (U), on B. Let 8 be the famiy of 
solutions u of the equation Au ==0 in E(B), Sı the family of solutions u, of 
the equation Au, == 0 in E(B). Then the restrictions of S to B’ are dense 
in S, in the €(B’)-topology. 


Proof of Proposition (2.1). We observe first that on S, the €(B’) and 
the L?,.,(B’) topologies are equivalent. Obviously the second is weaker than 
the first. Consider, on the other hand, the identity map of 9, in its L7,,,.(B’) 
topology onto 8, in its €(B’) topology. The mapping is obviously closed. 
To show that it is continuous, it suffices by the closed graph theorem to know 
that S, is a Fréchet space in both topologies, or more precisely that it is closed 
in both €(B’) and L*,,(B’). But a limit of uz from 8, in either topology 
would be an element v of D’(B’) for which Av =0. Hence by Lemma 
(2.2) (a), v would lie in €(8’) and therefore in 8;. Thus 9, in either 
topology is a closed subspace of a Fréchet space, and the two topologies are 
equivalent on &,. 

It suffices by the preceding paragraph to prove that the restrictions of S 
to Af’ are dense in 8, in the topology of D*,,(B’). It clearly suffices also to 
prove this only for M’ which are also precompact. Consider an element w 
of L°,(B’), the subset of L?(B’) of elements having compact support in W’, 
such that (w,u)==0 for all u in S. Suppose now that M itself is a pre- 
compact open subset of a manifold M” with cel(M) 54M” that B is the 
restriction of a bundle B” on M”, and that A is defined on B”. Then 
extending w to an element of L'(B) by setting it equal to zero outside Af’, 
we obtain an element w of L? (B) orthogonal to 8 and in particular to N (4A) 
where A, is the maximal operator of A in L?(B). Under our assumption 
of the precompactness of M, it follows from Lemma (2.3) that the orthogonal 
complement of N (4) is the closed subspace R(A’,) where A’, is the minimal 
operator of A’ in L?(B). Hence there exists v in D(A’,) such that 4’ = w. 
Extending v to be zero in M” — M, we may assume the same equation to hold 
in B”. Over M”’-—Supp(w), v satisfies the equation A’v —0 and therefore 
hes in € (M” — Supp(w)). On M’”—cl(M) which is non-empty, v vanishes, 
and indeed the support of v is compact. It follows by an elementary topological 
argument that because of the assumption (UV), on A’ in B”, the element v must 
have its support in B’. Hence for every element u, in Sı, (W, u) == (A’v, u) 
== (V, Au) 0. However, DL?,(B’) is the dual space of L*,,.(B’), and we 
have shown under our special assumption on M that the annihilator of the 
restrictions of § annihilates the (possibly) ate subset S,. Therefore the 
restrictions of § are dense in &,. i 
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To complete the argument, we must remove the assumption made upon 
M in the preceding paragraph. To do this, we construct an increasing | 
sequence of open subsets {M+} of M such thet M, =— M’, each My has com- 
pact closure in its successor, Men —cl(My) has no compact components, and 
the sequence exhausts M. Starting with u, which satisfies Au, == 0 over My, 
we may find a sequence {uz}, by the preceding paragraph and by induction, 
with Au,=—=0 over Mp such that for k= 1, 


| tg- — the | r2¢Beg) < €/2* 


where e `> 0 is given, By is the restriction of B over Mz, and M, is a given 
precompact subset of Af’. Then we= >) (ugr— Ur) (Uo ==0), converges In 
r21 


L?(B;) for every j, Au == 0 over each M, and 
| u — th lagy < Deke = e. 
k=l 


The element u lies in 8, and we have then shown that S is dense in §, in 
- the topology of L7,,,.(B’). Q.E.D. 


3. Differential operators depending upon a parameter. Compact 
manifolds. We now begin the study of families of differential operators. 
depending differentiably or analytically upon a parameter by rederiving in a 
somewhat sharpened form the results of Kodaira and Spencer [13] on elliptic 
operators on a differentiable vector bundle over a compact manifold WM. Our 
discussion is both simpler and more complete than that given in [13] and 
makes no assumption of strong ellipticity as is done in the latter. We consider 
also the sharper conclusions that can be drawn if the dependence of the 
elliptic operators in the parameter is real-analytic rather than merely 
differentiable. 

Let M and M, be two connected paracompact differentiable manifolds 
with M orientable and compact. Let B be a differentiable vector bundle 
with projection m over M X M,, where following [13], we assume for sim- 
plicity that for a finite covering {Nx} of M, each piece w*(Niy X Mi) has a 
product structure 

wh (Ny X My) = CPX Ng X M. 


A point on w*(N, X M,) is represented by the coordinates (¢®,2,¢) with 
tE M., and the point (€®,2,+) coincides with (AÙ, s, t) if and only if 


CO — D Bases (T, t) AD 
8 7 
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where the bisz; are given differentiable functions of z and t. Let B; be the 
restriction of the bundle B to the subspace M X {t} of M X M,, where M X {t} 
is identified in the natural way with M. We obtain then from the bundle B 
a family {B,|¢¢ M} of vector bundles over M. The bundle B or the asso- 
ciated family {B;} is called a differentiable family of vector bundles over M. 

For each ¢ in M, let A; be a linear differential operator on B; of a given 
order r independent of t. We assume that A; depends differentiably upon t 
in the obvious sense, and further that we are given a Hermitian scalar product 
(f,%); on D(B;) which depends differentiably upon (z,¢) in the sense that 
locally it is given by 


J E oilz, DEP (2) hy (2) de 


with the gi(z,t) differentiable functions of (z, t). 

We shall say that we are in the real-analytic case if both M and M, are 
real-analytic manifolds, B is a real-analytic vector bundle over M X M., and 
the coefficients of the differential operator A; and of the inner product (f, h): 
are real-analytic functions of (z,t) on M X Mj. 


THEOREM 3.1. Let M be a compact manifold, B; a differenttable vector 
bundle over. M for each t in M, with {By} a differentiable family of vector 
bundles over M, A; a linear elliptic differential operator of order r on B; 
which is formally self-adjoint with respect to the inner product (f,h);. Then: 


(a) If Ato and Ay, are the minimal and maximal operators of A, in 
L? (Br), the two coincide, i.e. Aro == As, In particular the operator A, 
restricted to D(B;) —m€E(B;) is essentially self-adjoint in L*(B,) i.e. tts 
closure in L?(B;) ts a self-adjoint operator. 


(b) If A is a complex number with non-null imaginary part, A; the 
unique closed realization of A; in L?(B;), then (A;—AlI)™ eatsts and ts a 
compact operator in L*(B;). The operator A; has a complete orthonormal 
set of etgenfunctions {em} all of them lying in E(B), with real eigenvalues, 
Arein = Mhltm Aw E A. The real numbers M for each fixed t have no finite 
accumulation point. : 


Proof of Theorem 8.1. IÈ M is compact, the spaces W"?,,(B) and 
Wr?,(B) coincide. The latter is the domain of the minimal operator Ago. 
The former contains the domain of the maximal operator A;,. Hegce 
D(Ai1) C D(Azo) and it follows that Ası = Azo. Since A; is formally self- 
adjoint in L?(B;), A’tro == Aro Ati = 4i Thus 


Ato = Ái = A't = ț (Aio) *, 
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from which it follows that A;, is self-adjoint. Thus the proof of part (a) 
is complete. 

For the proof of (b), we remark that since A; is a self-adjoint operator, 
(A;—AI)+ will exist on all of Z*(B;) for Im(A)—0. The range of 
(A;—AI)~ is contained in D(A;) which equals W"*,(B;). Consider the 
mapping J of u in L?(B;) into (A;—AI)~u in W"*,(B,). This is obviously 
a closed linear map and hence by the closed graph theorem, J is a continuous 
map of L?(B;) into W"*,(B;). The map (A;—AIl)* of L?(B;) into itself is 
the composition of J with the identity mop of W"*)(B;) into £7(B;). Since 
M is compact, the latter map is a compact map by Lemma (2.2). Hence 
(A;—AI)-1 is compact. It follows immediately from the compactness of the 
resolvent (A;—AZ)-* and the self-adjointness of A; in L?(B;) that the 
spectrum of A; on L7(B;) is a discrete subset of the real line R! that the 
corresponding eigenspaces are finite-dimensional, and span L*(B;), and. that 
elgenspaces corresponding to distinct eigenvalues are orthogonal. The eigen- 
vectors em are solutions of the homogeneous Linear elliptic equation 
(A;—Aza(t)) ey —0 and hence lie in €(B;). Thus the proof of (b) and 
. thereby of Theorem (38.1) is complete. | 

The remainder of the discussion of this Section like that of [13] is 
devoted to the study of the dependence of the A,(¢) as well as of the space 8; 
of solutions of Au = 0 and a suitable generalized Green’s operator Ghi, all 
upon the variable ¢ varying in M,. 

To state the results to be proved, some further definitions are necessary. 
If C is a rectifiable Jordan curve in the complex plane C* which contains 0 
in its interest and such that no eigenvalues of A; lie on C, we denote by 9;(C) 
the closed subspace of L*(B;) spanned by the eigenfunctions of A; corres- 
ponding to eigenvalues lying in the interior of C and by #;(C) the orthogonal 
projection map of L? (B+) on S;(C). It follows from the standard theory of 
self-adjoint operators that 


F,(C) =p Í, (AT — 4i) d, 
and that if we define the generalized Green’s operator corresponding to C by 


G(O)— ay f A AI — A), 
then l 
AC (Oy mal O: 


_Let 8; (without dependence on C) denote the closed subspace of solutions u 
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of Au = 0 in L? (B,). Finally, if P; for each ¢ in M, is a bounded linear 
operator in L*(B;), P; is said to be differentiable in ¢ iff Pap; is differentiable 
for every differentiable section y over M X Mı. Similarly in the analytic 
case, P; is said to be real-analytic if Pa); is real-analytic for every analytic 
section y. (In case the bundle B; does not depend on ¢ in M., this definition 
obviously coincides with the definitions of Section 1 by the theorem of that 
Section.) i 


THEOREM 3.2. The eigenvalues A,(t) depend continuously upon t, i. e. 
given an eigenvalue Ax (to) of Án for t in M, and e> 0, there is a neighbor- 
hood N of tẹ in M, such that for t in N, there exists an eigenvalue ày (t) 
which | da (t) — àx (t) | < €. 


THEOREM 3.3. Let C be a rectifiable Jordan curve in C1, M’, the open 
subset of t in M, such that A; has no eigenvalues lying on C. Then F(C) 
and G,(C) depend diferentiabiy on t in M’. 


THEOREM 3.4. The dimension of the linear space Kı ts an upper semt- 
continuous function of t in M. 


THEOREM 3.5. If dim(S;) is independent of t in M., then for the 
operators F's and G,, where F; ts the orthogonal projectton on Kie and 
G= G:(C) for a curve C enclosing at most the zero eigenvalue of Ay, Fi 
and Q, depend dtfferentiably upon t in My. 


THEOREM 3.6. If A, ts an analytic family of elliptic differential 
operators with analytic coeficients in an analytic family of bundles B, then. 
the differentiable operator functions F(C), G:(C), Fie and G: of Theorems 
(3.3) and (3.5) are analytic in the argument t upon the asserted domains | 
of dtfferentrability. 


Before proceeding to the proof of Theorems (3.2)-(3.6), we may follow 
the lead of [13], Lemma 1, by simplifying the formal situation slightly. 
Indeed, we may assume that for a small neighborhood of a point ¢ of M, 
(and all our assertions are upon the local character of functions, operator- 
valued and numerical), we may assume that the bundle @; is independent 
of ¿, or more precisely that the same family of bundle coordinate sets may be 
used on all B; with coordinate transformations independent of t, that the 
elements of the Hilbert space L? (B;) are a family of distributions independent. 
of ¢ and the inner product (f, g): yields equivalent norms for ¢ in the given 
neighborhood of to and finally that W"?(B;) which is the domain of the- 
differential operator A, realized as an operator in L° (B+) is independent of t: 
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Under this preliminary normalization, and letting B == B, for all ż, leti us 
now establish a key lemma from which the proofs of the above theorems will 
follow. 


Lemma 3.1. If A; ts an injective mapping of E(B) into itself for t in > 
M., then the linear operator Ar? ts defined on all of E(B) and 1s differentiable 
in t. If A, and B are analytic, so ts Ay. 


One should compare Lemma (3.1) with Proposition 1 of [13], pp. 51-53, 
where the same conclusion is obtained under the hypothesis that A; is surjective 
for all {in M, and that there exists a constant c > 0 independent of ¢ such wiar 
| Af lem = e | f lea. 

Before proceeding to the proof of Lemma (8.1), we introduce the Wie 
sharper version of Lemma (2.2) which like the latter follows from the 
standard interior regularity theory for elliptic systems of differential equations. 
(For a unified and complete presentation of this theory for the case of a single 
scalar equation, we refer to the writer’s recent paper [3]. The arguments 
given there go over with only formal changes to the case of systems.) 


Lemma 3.2. Let B be a p-vector bundle over the compact manifold M, 
A a linear elliptic differential operator of order r on B. For each ce 0, if 
u€ D’(B) and Auc Wh?(B), then u lies in Wise De) 


Proof of Lemma (8.1). We shall prove Lemma (3.1) in.two ot : 
(a) the differentiable case, 
(b) the analytic case. 


Let us consider the differentiable case first. We shall denote by A; not 
only the differential operator A; acting either on €(B) or ®’(B) but also 
the unique realization of A; in L*(B). The operator A; referred to in the 
statement of Lemma (8.1) is, of course, the operator on €(B) but we note 
first that by Lemma (2.2), that if for u in D’ (B), we have Au in ee then 
u itself lies in €(B). 

We assert first that for each ¢ in M,, the operator A; on L?(B) has a 
bounded inverse A,;* defined on all of Z7(B). By the earlier hypotheses of 
of this section, for each ¢ in M,, there exists an inner product (f, g): on L?(B) 
with respect to which A; is formally self-adjoint. By Theorem (3.1), we | 
kow that A; is actually self-adjoint on the Hilbert space £7(B) withthe 
t-inner product, that A; has its spectrum on the real axis and that its spectrum 
18 discrete and eigenspaces finite-dimensional, and that the resolvent (A, — AI)* 
is a compact mapping in £7(B) for Im(A) 30. It follows from the theory 
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of operators with compact resolvents that the range of A; is closed’ and is the 
orthogonal complement ofthe null-space of A; in L?(B). However, if u in 
I?(B) is a solution of Ayu=0, then we E(B) and by hypothesis, u =Q. 
Thus R(A;) = LZ?(B) and A;* is well-defined and hence bounded on all of 
L’ (By for each ¢ in M.. 

Let f € Wi?7(B), t= Arf. By Lemma (3.2), each w lies in Wit"? (B) 
for t in M,. We propose to show that the maps t— u: is a differentiable 
function from M, to Wrs?(B). It will then follow that for f in (B), Atf 
is a differentiable function from Af, to €(B).since by the Sobolev Imbedding 
Theorem the W/:?-norms form a family of norms defining the topology of 
E(B). (See [2] for a proof of the Sobolev Theorem in the scalar case, of 
which the p-vector case is a trivial variant.) We wish to show that u,—A,;“f 
is differentiable in W™7(B) for f in Ws:?(B). However, the correspondence 
t— A, is a differentiable map of M, into the space of continuous linear 
mappings of Wr/?(B) into Wi?(B). Each of these mappings A; between 
this pair of domain and range spaces is both injective and surjective, and 
hence bi-continuous. It is a well-known fact of Banach space theory that if 
L, is a differentiable family of bicontinuous linear maps of a Banach space X 
on a Banach space F, then the family Lyt is also differentiable. Applying 
this fact to our case, we obtain the differentiability of u; as a function into 
Wrs?(B). Thereby, the proof of the differentiable case is complete. 


We turn now to the analytic case where M, M,, and B are all analytic 
and the coefficients of A; depend analytically jointly upon all their variables. 
Let f: be an analytic function from M, to Q(B), u,—As"f; We must show 
that u; yields an analytic function from M, to Q(B). Without loss of 
generality we may assume that A‘, is a complex analytic manifold and all 
the data are complex analytic instead of real-analytic, and indeed we may 
assume for the sake of simplicity that M, is a polycylinder in C*. It suffices 
to consider.a coordinate neighborhood N on M and a bundle coordinate 
neighborhood in B above NV and to show that the components of us in the 
latter are analytic functions of (z,¢) for cin NÑ, tin M,. We may therefore 
assume that A; is an elliptic system of differential operators of order r and 
rank p acting on p-vector functions on M. By the holomorphic analogue of 
the argument of the preceding paragraph, t— u; is holomorphic from M, to 
Wr+d2(B). Considered as a p-vector function on M X Ma, therefore u; satisfies 
the new elliptic system . 

(AiAi + Ap) uy = Afr, 


where J, is the identity matrix of rank p, A is the Laplace operator on M; 
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and A’; is' the formal adjoint of A; with respect to Lebesgue n-measure on N. 
Since A’,f; is analytic in (z,t) while the new elliptic system of order 2r and 
rank p has coefficients which are analytic on N X M,, it follows that u; is 
analytic in (a,t) and the treatment of the analytic case is complete, and 
thereby the proof of Lemma (3.1). | 

We complete this section by giving the brief and simple proofs: of 
Theorems (3.2) to (3.6). 


Proof of Theorem (8.2). Let A» be an eigenvalue of the differential 
‘operator A, corresponding to a parameter value to in M,;. Denote by | u fra 
the norm in W"?(B), and by |v {without subscripts the norm in L?(B). 
From Lemma (2.2) and the closed graph theorem, it follows that there exists 
a constant C such that for all u in W"?(B) 


|u Is S O(I Aou | + Iw l). 
Choose a rectifiable Jordan curve C around A, containing no other eigen- 
values of A, in its closure, and for v in L?(B), set u, = (AM — Ao) w. Then 
by the above inequality 


| ua 2S OL om | + fal} Seto + A+ [Ap |}. 
Since (AI — A,)-? is uniformly bounded for A on C as is |à |, it follows that 
(AI-—A,)"? is a uniformly bounded family of linear maps of L?7(B) into 
Wr?(B) for A on C. Since A; is a continuous family of linear maps of 
Wr?(B) into L? (B), it follows that for t near to (M —4:)™ exists for A 
on C and is continuous in A and # Hence 


FC) = (ri) Í, (AI — A,)-da 


is a continuous family of projections for t near tọ whose range consists of the 
eigenspaces of A; within C. Since F;(C) has non-null dimension for t= to, 
it must have non-null dimension for t near t, since it is continuous in ¢. Hence 
A; has an eigenvalue within C and Theorem (3.2) is proved. 


Proof of Theorem (3.3). Let C be a rectifiable Jordan curve in the 
complex plane, tọ & parameter value such that the corresponding differential 
operator A, has no eigenvalues on C. By the argument of the proof of 
Theorem (3.2), for ¿ near to (AJ —A,)7? exists and is uniformly bounded. 
Consider 


F(C) = (ni)? f (At) >da, 


G (O) = (ri) 7 Í, (AT — Ay) da. 
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Without changing the value of G;(C) or F;(C) for ¢ near to we may replace 
C by a differentiable or even by a real-analytic curve. Then the differential 
operator (A;—AZ) has no null space for A on C, t near to and has coefficients 
depending differentiably on (t,A). Hence (AI—A;)* and A*(AL—A;)* 
depend differentiably on (t, A) ji thereby, F(C) and G:(C) depend differ- 
entiably on t. 


Proof of Theorem (3.4). Let A, be the differential operator corres- 
ponding to t, and let C be a restifiable Jordan curve about zero in the complex 
plane containing no other eigenvalues of Ao. For ¢ near tọ F(C) is defined 
and continuous. For each t, F(C) is a projection on the eigenspaces of A; 
corresponding to eigenvalues within C. The dimension of the range of F;(C) 
is constant for ¢ near t by the continuity of F;(C) in ¢, its dimension for 
t =—= t, is dim(S,) where Sy is the null-space of Ao, and its dimension for all 
t is =dim(&;). Hence dim(S,) =dim(S;). Q.E.D. 


Proof of Theorem (8.5). It follows from the proof of Theorem (3.4) 
that if dim(S;) is constant for ¢ near tẹ then for the curve C used in the 
latter proof for t near t, the only eigenvalue of A; within C is at zero. Hence 
F,—F;(C), G;=G,(C), and the assertion of Theorem (3.5) follows from 
that of Theorem (3:3). 


Proof of Theorem (8.6). We need only repeat the proofs of Theorems 
(3.3) and (8.5) using the result of Lemma (3.1) for the analytic case. 


4. Analytic families of operators and kernels, We now turn back to 
the general framework of Section 2 with B a real-analytic vector bundle over 
the analytic manifold M and under the assumption that M is not necessarily 
compact. (This last assumption is made in distinction from that of Section 
3 where M was assumed compact and the assumption in Sections to follow 
that M is definitely non-compact.) 

Let M, be a second real-analytic manifold serving as the parameter 
space for an analytic family {A;} of elliptic differential operators of order r 
in B. - Suppose that for each ¢ in M., we have a solvable realization T, in 
L?(B) with R= Trt depending analytically upon ¢ in M,. As we shall 
describe in more detail below, each bounded operator R in L?(B) has a kernel 
representation by the Schwartz kernel theorem ([19]). It is our object in 
the present Section to discuss the analyticity properties of the kernels agso- 
ciated with the operators F; and, more generally of the sections Tfi where 
f: is an analytic mapping from M, into @ (B). In Sections 5 and 6, we shall 
apply the results so obtained to the proofs of the existence of fundamental 
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solutions depending analytically on ¢ and of.the analytic solvability of ellip- 
tic equations with coefficients and inhomogeneous terms varying ee 
with ż. 

By a simple variant of the ugual Schwartz kernel theorem, there corres- 
ponds to each continuous mapping of D (B) into D’(B) an unique kernel 
in the following sense: Let B&B be the analytic vector bundle over M X M 
with fibre the tensor product of the fibre of B with itself, with coordinate 
neighborhoods in B® B given for any pair of coordinate neighborhoods in . 
B, (t,x) and (Z,a), by (€ & ¢. (z, 2’) ), and with coordinate transformations 
given as the tensor products of the corresponding coordinate transformations 
in each factor. We may form the spaces D(B@B) and D’(B@B), and 
identify the latter with the space of continuous linear mappings of D (B) 
into D’(B) by assigning to the element K of D’(B@B), the mapping of 
(B) into D’(B) which maps f in D (B) into K(f) given by 


<K (F); gy =<K,f X 9, g€ D(B). 


This identification is a bicontinuous linear mapping between the strong 
topology on D’(B@B) and the topology of uniform convergence on compact 
subsets in £(D(B), D’(B)). In particular, every analytic function from 
M, to £(D(B), D’(B)) corresponds to an analytic function from M, to 
D'(BƏ B). 

If R is a bounded linear mapping of L?(B) into itself, R Dea 
determines a continuous linear mapping of D (B) into D’(B) by composing 
R with the natural injection of D (B) into L*(B) on one side and the natural 
imbedding of L?(B) into D’(B) on the other. Hence R determines a kernel 
K, and since the induced map of D(B) into D’(B) determines R, K is 
uniquely determined by Æ and uniquely determines R. The assignment of 
kernels to mappings in this fashion is a continous map of ¥(L7(B), L7(B)) 
into 2’(B@B). In particular if the operators R; are the inverses. of a 
family of realizations of the corresponding differential operators A; and if 
the operators R; vary analytically with ¢ on M, as operators in L?(B), then 
their kernels {K;} yield an analytic function from M, to D’(B@B). 


THEOREM 4.1. Let B be an analytic vector bundle over the real-analytic 
manifold M, M, a second real-analytic manifold, {A:} a family of elliptic 
diferential operators of a fixed of order r in B with analytic coefficients with 
A; analytic in t on My. Let {T:} be a family of solvable realizations of A; 
in L?(B), tE M, such that if Ri= Tr', Ri ts an analytic family of operators 
in I? (B). 
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Then: If K; is the kernel of Ri, each K; hes in I4,,(B@B) for 
gi >1—n"'r, and the mapping t— K, ts an analytic mapping of M, into 
Loo BO B). Furthermore K is analytic over (M X M—A,.)X Mz, where 
Ao is the diagonal of M X M. l 


THEOREM 4.2. Let B be an analytic vector bundle over the analytic 
manifold M, {A;} a famiy of elliptic diferential operators of order r in B 
with analytic coeficients varying analytically wiih t in another analytic 
manifold M,. Suppose that T, is a solvable realization of A; în L*(B) for 
each t such that Tr depends analytically upon tin M,. Let f be an analytic 
function from M, to A(B) and set u=Trtf Then u is an analytic 
function from M, to Q(B), and indeed u is analytic over M X M.. 


To prove Theorem (4.1), we use the following variant of the Dunford- 
Pettis theorem ([7]) rather than the Schwartz Kernel theorem. 


Lemma 4.1. Every continuous linear mapping R of Le (B) into L” (B), 
(1S p< +œ), may be written as a integral transform of the form 


(Ef) (£) = (FC), Ka +), ae. in x 
where K is an uniquely determined element of L*,,,.(B@B) such that 


| R ||? = ess. sup.» |En: |? < +o. 
L¥"(B) 
The proof of Lemma (4.1) from the standard form of the Dunford- 
Pettis theorem for scalar functions is routine. 


To apply Lemma (4.1) in the proof of Theorem (4.1), we shall use 
the strengthened form of our previously applied regularity Lemma (2.1) of 
Section 2 which gives the corresponding result for general p with 1 < p< +% 
rather than just p == 2. 


LEMMA 4.2. Let A be an elliptic differential operator of order r with 
differentiable coeficients on the differentiable vector bundle B over M. Let 
u be an element of D’(B) with Au in L» (B) for some p with l <p<o. 
Then u lies in Wr?,,,(B). . 


For the case of scalar functions a proof of Lemma (4.2) is given in 
Section 2 of [3]. The corresponding result in our case, which is essentially 
the case of an elliptic system on an open subset of E*, may be obtained by 
the standard trick of replacing the system {A,} by the “ almost-diagonalized ” 
system 


AUA p= Detta) PES 
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where Det (A) is the suitably defined determinant of the system, J? is the 
unit p-matrix, and S is a system of lower order than Det(A). The conclusion 
of Lemma (4.2) for the elliptic system {A,} then follows from the standard 
interior L?-estimates for the scalar elliptic differential operator Det(A). 

The combination of Lemmas (4.1) and (4.2) is made possible by one 
part of the Sobolev Imbedding theorem (cf. Section 1 of [2], Lemma 5), 
which we state formally for the sake of reference: 


Lemma (4.3). If p< nòr, then every element of W'?..(B) ites in 
C°(B), and the tmbedding mapping ts continuous. 


Combining Lemmas (4.1), (4.2), and (4.3), we obtain the following 


Proposition (4.1). Let A be an elliptic differential operator of order 
r with differential coeficients on the differentiable vector bundle B over the 
manifold M. Let T be a solwable realization of A,R—T*. Then there 
n-—T 


exists a kernel K E L?.(B@B), for any p’ such that (1/p’) > > 


thai 





, such 


(Rf) (2) = (f, Ka(-)), 


for almost all x in M. If a family of operators {T;} have || Tr || bounded, 
the corresponding family of kernels is bounded in L?'y.(B@B). 


Proof of Theorem (4.1). By Proposition (4.1), K; lies in £%4..(B ® B) 
for each t in M, (q==p). Without loss of generality, we may assume that 
M, is a complex analytic manifold (since our conclusions are local in charac- 
ter) that t—> R: is a holomorphic function from M, into €(Z?(B), £*(B)) 
and that the coefficients of A; are holomorphic in ¢ on M,. We remark in 
addition that in this extension to the complex which we have just implicitly 
performed, it remains true that for each f in £?(B), 


A Rif =f. 


By the Schwartz Kernel theorem, K; gives an holomorphic function from 
M, to D’(B@B). If we restrict ourselves to a suitable neighborhood of 
the original real manifold M, in the new complex analytic manifold by which 
we have replaced it, all the operators A, are still of order r and are all 
elliptic. Hence all the K, lie in L?,,.(B®B) and the set {K;,t¢C} is 
bounded in L?,,(B®B) for any compact subset C of M,. The conclusion 
of Theorem (4.1) then follows from Lemma (4.4) below, if the latter is 
applied to the pair of spaces Æ — D’(B X B) and FE, = L” (B X B). 
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Lemma (4.4). Let h be a holomorphic function from M, to a locally 
conves space E with the property that the values taken on by h le in a 
linear subset E, of E carrying a second stronger locally convex topology. 
Suppose that E, ts complete in tts topology and that for each compact subset 
C of M., the set {h(t), tE C} is bounded in E. Then h is holomorphic from 
M, to E. 


Proof of Lemma (4.4). Since the hypothesis and conclusions are local 
in character, we may asume that M, is a subset of complex n-space, that C is 
a polycylinder with distinguished boundary B whose closure is contained in 
.M,, and prove that the function is holomorphic from the interior of C 
‘into #,. For points ¢ inside C, we have the Cauchy integral formula for the 

analytic function A from M, to E, | | 


h(t) = f Q(t.) h(s)dw(s). 


Since {h(s),s€ B} is a bounded set in F., the right-hand side of the formula 
defines an analytic function from C into FE., and hence A is analytic into F. 


Proof of Theorem (4.2). We apply the argument of the preceding proof 
extending Ty and f; to be holomorphic on a complex neighborhood of a point 
to in the original real-analytic manifold M,. For each ¢ in this neighborhood, 
_ Tref, is an element of Q(B) since A; can be extended to the neighborhood 
to be an elliptic differential operator of order r for each ¢ with coefficients 
analytic in (v,t). The function 7; *f; is an holomorphic function from the 
neighborhood M’, to Z*(B) with values in @ (B). Hence it is a holomorphic 
function of ¢ with values in @(B). The analyticity of u over M X M, follows 
from results on the structure of the space @ (B), (cf. [9], p. 315). 


5. Elliptic operators depending upon a parameter. We now state 
and prove the results described in the Introduction conecrning an analytic 
family of elliptic operators in a vector bundle over a non-compact manifold. 


THEOREM 5.1. Let M and M, be real analytic manifolds with M non- 
compact. Let M’ be an open subset of M having compact closure in M, B an 
analytic vector bundle over M. Suppose that {A;} 13 an analytic family of 
analytic elliptic diferential operators in B with t running over M,. Let B’ 
be the restriction of B over M’. Then: 


(a) There exists a family of solvable realizations {T} of A; in LCB’) 
such that (T;)-1 is analytic in t on M, and has a kernel e, which ts a biregular 
fundamental solution for A; over H’. If for a fixed parameter value t, in 


702 FELIX E. BROWDER. 


M,, a kernel e, is given corresponding to the inverse of a solvabl: realization 
To of An in L*(B’), then the famiy {T;} may be chosen so that Ta = To, 
1.6. 6n = lo The kernels e; are analytic jointly in all variables except. over 
the diagonal in M’X M’. Each kernel e hes in L'wo(B'O B’), and the 
mapping t— 6, 1s an analyiic mapping of M, into the latter space. 


(b) Suppose that there ts given an analytic mapping f of M, into 
L3(B’) such that for every t in My, fi lies in @(B'). Then there exists an 
analytic mapping u: M,— [*(B’) such that for all t in My, tu es in (B°) 
and Asn = fi. If for a fixed parameter value t, in M,, we are given a solution 
Uy in L*(B’) of the equation Atto = f(t), then the analytic family u(t) 
can be chosen so that u(t) ==t. The family u(t) ts analytic simultaneously 
an all variables. 


Proof of Theorem (5.1). The proof is based upon the application of 
the results of Section 1 combined with the information already given on 
elliptic differential operators. Let Áo and Ası be the maximal and minimal 
operators respectively, of A; for each ¢ in M,, and let A’;, be the minimal 
operator of A’;, the formal adjoint of A; with respect to a fixed analytic inner 
product in B’. By Theorems (4.1) and (4.2), it suffices for the proof of 
Theorem (5.1) to show the existence of a family of realizations {7';} of {4+} 
in L*(B’) such that R; = (7) varies analytically with t in M, as an element 
of €(L*(B’), L*(B’)). In addition, we must show that if c, or uo are given 
as in parts (a) and (b) of Theorem (5.1), that we can construct the family 
of realizations T'; so the kernel of (Tn) == eo, or that Tyo = f (to), (i.e. Uo 
lies in the domain of T;,). 

To construct this family of realizations, we appeal to Theorems (1.1) 
and (1.2). In the application of these theorems, we let H = L?(B’) with 
the given analytic inner product and let Tot = Ato, Tot = Aso. By Lemma 
(2.3), the domains of all the operators 7’); and T'as thus defined are the same 
set, W—Wr?,(B’). By the definition of the formal adjoint differential 
operator, To, is formally adjoint to 7’, in the operator sense of Section 1. 
From the analyticity of the coefficients over M in which M’ has compact 
closure and from the fact that all differential operators of order <r are 
bounded maps of W*?,(B’) into [?(B’), it follows immediately that To: and 
To + as maps of W into H vary analytically with t in M,. Finally, by Lemma 
(2.3) since elliptic operators with analytic coefficients satisfy the condition 
(U$. for uniqueness of the Cauchy problem in the small, we know that for 
each ¢ in M,, the nullspaces of Tos and T'o: are trivial. Hence by Theorem 
(1.1), there exists a family of realizations {7;} with Aro C7; C(A’t0)* 


PARTIAL DIFFERENTIAL EQUATIONS, I. 703 


= Á; with Trt analytic in t and satisfying the conditions of Theorem (5.1). 
Hence the proof of Theorem (5.1) is complete. 


THEOREM (5.2). Let M and M, be real analytic manifolds with M 
separable and M non-compact. Let M’ be an open subset of M having compact 
closure în M, M” an open subset of M’ such that cl(M”’) CM’ and such that 
M’— M” has no compact components. Let B be an analytic vector bundle 
over M, {A;:} an analytic family of analytic elliptic differential operators in B 
indexed over M,. Let h: M,—> Q(B”) be an analytic mapping of M, into 
the analytic functions over B”, where B” is the restriction of B to M”, such 
that for each t in Mz, Aih(t) —0 over M”. Then for each «> 0, each integer ` 
7=20, each compact subset K” of M” and each compact subset K of M., 
there eatsts an analytic mapping h’: Mı —> ((B’), where B’ is the restriction 
of B over M’, such that Aih’ (t) = 0 over M’, and for tE K and any normalized 
differential operator D of order 7, we have 


(5.1) | Dh(t) —DW’(t)| <6 on K”. 


For each fixed value of t, we can choose an element A’(¢) of Q (B^) which 
satisfies the inequality (5.1) by Proposition (2.1). -It remains to be shown 
that h’ (t) can be chosen so that it too is analytic in ¢ over Mj. 

To establish this fact, we note first of all the following side consequence 
of the argument by which we proved Theorem (5.1). 


Turorem (5.3). Consider M, M,, M’, B, and the analytic family of 
elliptic diferential operators {A:} as wm Theorem (5.1). For each t, let Si 
be the nullspace of the maaimal operator A;, of A; in L?(B’). Then the 
orthogonal projection P, of L*(B’) onto the closed subspace K; varies ana- 
lytically with t in M.. | 


Proof of Theorem (5.3). We make the same identifications in the 
mechanisms of Theorem (1.1) as was done in the proof of Theorem (5.1). 
By part (I) (b) of the proof of Theorem (1.1), the orthogonal projection 
FE’, of L? (B’) onto the range of A’; == To, varies analytically with ¢t. How- 
ever, P; == I — E’, as shown in part (1)(c) of that proof, and the theorem 
follows. 

Proof of Theorem (5.2). We begin by showing that it is possible to 
fiind k(t) which is differentiable in ¢ (i.e. infinitely differentiable) and 
satisfies the other conditions of Theorem (5.2). To simplify the argument, 
let us note that it suffices to establish the single inequality 


(5.1)’ | A(t) — w (t) awn <e 
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in place of the original inequality (5.1), by a standard atgument involving 
the fact that over the spaces S; the topologies of L*,.(B”) and E(B”) are 
equivalent and indeed uniformly over the compact sets of M,. Here, without 
any loss of generality, we have assumed that A(t) for each ¢ actually lies 
in I’ (B”), as would follow in any case by shrinking M” slightly so that it 
still contains K” and still has the property that M’ — M” has no compact 
components. We shall make this assumption through the remainder of the 
proof and construct approximations A’ (t) which lie in L?(B’). 

For each point ¢ in M,, we may find k(t) by Proposition (2.1) such 
that k(t) lies in L?(B’), Aik (t) —0 over M’, and 
(5.3) | A(t) — k (t) [rapa < €/3: 

(Note that we can expand M’ slightly without changing the hypotheses and 
obtain k(t) not merely in L*,,,(B’) as in Proposition (2.1) but actually 
analytic on the closure of M’.) 

Since the orthogonal projection P: of L?(B’) onto S; varies analytically 
with ¢ on M,, it is continuous in norm by Proposition 1 of Section 1. Hence 
for each point ¢ in K, there exists a neighborhood U(¢) of ¢ in M, such that 
for ¥ in U(t), 

3 € 
(5.3) | | P:—Pr || < Oka 
Since K is compact, it can be covered by a finite number of these neighbor- 
hoods U; = U (t,). From (5.8), it follows that for any ¢ in Uj, 


(5.4) | Pe, (k(t) ) — Pi (k(t) ) fury < €/8 
and a fortiori, since Pi (t (t) ) = Erp 
(5.5) | & (ts) — Pi (k(t) ) lren < €/8. 


Under our assumptions, h(t) can be taken as an analytic mapping of M, 
into L? (B”), and hence by refinement of the covering, we may assume that 
for all ¢ in U; and each j, 

(5.6) | A(t) — A (t) llre < €/8. 


We now choose an infinitely differentiable partition of unity {4} 
corresponding to the covering {U;} of K, with & differentiable on M, and 
os (t) =1 for all t in M,. We define 


(507) h (t) =D (t) P(e (4). 


The sum is finite and obviously k’ (t) is infinitely differentiable in ¢ in M, 
and lies in S; for each ¢, since each of the summands does, To complete this 
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part of the argument, we need to show that h’(¢) satisfies the inequality 
(5.1)’. However, 


h(t) —h’(t) mm 2a E(t) (ACE) — P,(k(t;) )}; 
while 
(5.8) h(t) — Pi (k (ty) ) = (h(t) —h(ty)} + (h(t) — k(t) } 
+ {ke (ty) —Ps(k (4) ) }- 


For ¢ in the support of é; which is contained in Uy, each of the three expres- 
sions on the right of equation (5.8) has norm in L°(B’”) less than ¢/3 by 
(5.2), (5.5), and (5.6). Hence 


| A(t) —P:(k(t;) ) nas) <e 


for all tin U;. + Thus h’(¢) — h(t) is a convex linear combination of elements 
in the open e-ball about the origin [*(B’), so that 


(5.9) | W (€) — A(t) ray < € 
as we wished to show. 


To complete the prof of Theorem (5.2), it suffices to approximate the 
family A’ (t) just constructed by an analytic family A” (t) so that 


(5.10) Ivi (8) lay <e TEE, 


with the approximating A” (t) also lying in S; for each ¢ in M,. Let us 
note however, that the restriction that A” (t) should lie in S: is actually 
inessential since if we had an analytic family A” (t) in L?(B’) satisfying 
(5.10), then setting h(t) = Pk” (t), we should have for ¢ in K, 
| R (E) — Aa (t) ize) = |] Ps (A (t) — K” (t) lere 
< || W(t) —W" Oee <e 


Thus it suffices to approximate hk’ by an analytic mapping of J, into L?(B’). 
This follows easily from the Morrey-Grauert Imbedding Theorem by imbed- 
ding M, analytically as a closed submanifold of an Euclidean space L*, 
considering h’(t) as a continuous function with compact support from M, 
to L? (B), extending A’ to a continuous function with compact support from 
E" to £?(B’) by a simple variant of Tietze’s theorem, and finally taking the 
convolution of the extended function with an analytic function of the form 





cò” exp (— | x |2/8°) : 


(with c , aðjusted to give Li-norm equal to 1) for 8 sufficiently small. ane 
details of the argument are standard and will be omitted. 
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6. Non-elliptic operators. With suitable modifications, the results 
which are obtained for elliptic operators in Section 5 can be extended in large 
part to some significant classes of non-elliptic operators. We shall describe 
this extension in its most abstract form and then specialize to those classes 
of differential operators for which our abstract hypotheses have been shown 
to hold. 


Let B be an analytic vector bundle over the manifold M, M, a real 
analytic manifold, {A;} as before an analytic family of differential operators 
on M indexed by t in M, (and not necessarily elliptic). Let A’; be the formal 
adjoint of A; with respect to a fixed analytic inner product in B, L? (B) the 
corresponding L° space with respect to this inner product. | 


DEFINITION 6.1. (a) The minimal operator A; of A: in L?(B) ts the 
closure as an operator in L*(B) of A: restricted to D(B), (€€M,). Simi- 
larly A’; ts the minimal operator of A’; n L?(B). 


(b) The maaimal operator A;, of A; în L?(B) ts defined by Ası 
Rit (Azo)*. 


(c) The closed operator T wm L*(B) is said to be a solvable realization 
of A; for a fized t in M, tf Ato TC A; while T has a bounded inverse R 
defined on all of L(G). 


DEFINITION 6.2. The differential operator A; is said to be proper if 
there exists a constant c(t) such that 
[uf S(t) | Ae | 


for alluin D(B). (All norms except where otherwise indicated are taken 
in L*(B).) 


Equivalenily, A; ts proper tf A; has a trivial null space and a closed 
range. 


DEFINITION 6.3. The family {Az} 1 said to be analytically uniform in 
LF (B) if there exists a fixed linear subset W of L?(B) and a function U from 
M, to the bounded linear operators with bounded inverses on L*(B) such 
that for each fixed t in Mı, U; maps W onto the domain of Ato while for 
each fired w in W, A; Uiw ts an analytic function from M, to L?(B). 


The most important special case of Definition (6.3) is that in which 
W==D(Ato), where the latter domain of Aso is independent of t in M.. 


THEOREM 6.1. Let {A;} be a family of differential operators on B 
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depending upon t in M,. Suppose that each A; and A’; is proper in L? (B) 
and that the families {A,} and {A’;} are analytically uniform. Then: 


(a) There eatsts a family of closed linear operators {T tE My} in 
L? (B) such that each T, ts a solvable realization of A; in L?(B) while (T;)7 
ts analylic in t on My. If to is a gwen point of M, and T, a gwen solvable 
realization of As in L?(B), the family {T;} may be chosen so that Ty = To. 


(b) The kernels e; of the mappings (T:)>™ are an analytic family of 
distribution fundamental solutions for A; on B, 


A's, õi Y) = 8y, 
Aye; (2, *) == ds. 

(c) If f is an analytic map from M, into L° (B), then w= (Ti) “fh; 
gives an analytic family of solutions of the equations Any = f; in L?(B). 
If u, ts a gwen solution of Arto == fi, for a gwen value t, in My, then the 
family T, may be chosen so that tit = tio. 


THEOREM 6.2. Let {A;} be a family of diferential operators in B- 
parametrized by t in M, such that each A’; ts proper and the family {A’;} 
as analytically uniform. For each fixed t, let S; be the closed subspace of 
L (B) consisting of solutions u of the homogeneous equation Apu =Q (in 
the distribution sense). Let P; be the orthogonal projection operator of 
L7(B) on 8; Then the mapping t— P; ts analytic from M, into the pro- 
jections of L?(B). In particular, P, 1s continuous in tin the norm topology 
so that the angle between S; and Sı approaches zero as t— ty. 

The proofs of Theorems (6.1) and (6.2) are simple applications of a 
slight variant of the arguments used to prove Theorems (1.1) and (1.2) of 
Section 1. We shall prove Theorem (6.2) first and then apply it to the 
proof of Theorem (6.1). 


Proof of Theorem (6.2). Since A’; is proper for each ¢ in My, the 
minimal operator A’; has closed range K’; in L*(B) and trivial nullspace. 
If E’, is the orthogonal projection on R's it follows by an easy argument 
that P; == (I — H’,). Hence it suffices to prove F’; analytic in t. 

Let U; be the operators in the analytic uniformity assumption on A’; 
Let t be a given point of M,, and let R's =R’ For each t in M, we 
define the linear mapping K, of R’, into L?(B) with range R’; by setting 
K, == A’ oUi (Un) (Ain 0) >. For fixed tin M., K; is a closed linear operator 
from R’, to L°(B). Indeed, let um—> u, Kjttm > v. Since by the properness 
of A’, A’,,7 is continuous from R’, to L*(B),, we know. that 


(Atuo) Um —> (Atono) TU. 
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U, and (Un) are both continuous by assumption. Hence 
Us (U1) (Aio) tm > Ui (Un)? (Atego) te 
Finally A’;,» 18 a closed operator, so that 


K tty = AU (Un) (A too) Mths “> 
implies that | 
vm ANU (Ug) (Ano) u om Keu 
Thus K; is closed. 


By the closed graph theorem, K, is a bounded linear operator. For fixed | 
u in Fk’, and variable t, we know (setting w= (Un) (4t) =u) that 
Kyu = A’ Uw is analytic in t because of the analytic uniformity assumption 
upon the family {A’;}. Hence K; is weakly analytic and by Proposition 1 
of Section 1, K; is analytic in the norm topology. In particular, K: is con- 
tinuous in the norm topology. For t= to, Ka reduces to the identity mapping 
of R’, into L°? (B). Hence K; = I -+ Q, where Q; is analytic in ¢ and Q;,==0. 
Applying Lemma 2 of Section 1, it follows that the orthogonal projection 
operators Æ; of Z7(B) on R’: are analytic near to. Since ta was arbitrary 
in M,, the proof of Theorem (6.2) is complete. 


COROLLARY TO THEOREM 6.2. Under the hypotheses of Theorem (6.1), 
the orthogonal projections Es H's, Ps, and P's of DE? (B) ow R(Azo), oe t,o)» 
N(Azi(, and N(A’,,), respectively, are all analytic in t. P 


Proof of the Corollary. In the proof of Theorem (6. 2), we showed that 
if each A’; is proper and if {A’;} is analytically uniform, then Æ’; and P; are 
analytic in żon M,. Reversing the roles of A; and A’; it follows that of each 
A, is proper and the family {A;} is analytically uniform, then F; and P’; are 
analytic in ton Mı. Under the hypotheses of Theorem (6.1), both hypotheses 
hold so that all four operators are analytic in t. 


Proof of Theorem (6.1). Let Y; = (A'o) E’. By the argument of 
part (II) of the proof of Theorem (1.1), Y; is analytic in ¢ on M,, and 
Ati¥;*—=J. We construct the solvable realization T, which we seek by ` 
setting 


Ti— (Age) "By EY" (I—E,). 


The modification of the family {7} to pass through a given N To 
or to have the property that T htio = fh 18 carried through as in the proofs of 
Theorems (1.1) and (1.2). 


Let us examine briefly some significant classes of differential operators 


PARTIAL DIFFERENTIAL EQUATIONS, I. 709 


for which the assumptions of Theorems (6.1) and (6.2) can be verified. 
We assume that Af is an open subset @ of W" where G has compact closure 
contained in an open set Ge such that the coefficients da and a'a can be 
extended to be analytic on Qe X M,. (This assumption is un-necessarily strong 
but avoids any complication“in detailing differentiability hypotheses). Then 
(considering only scalar operators) : 


(1) Every operator with constant coefficients is proper [11]; 


(2) Every elliptic operator is proper. The same holds true for domains 
G satisfying suitable ‘convexity’ conditions for hyperbolic operators (Leray 
[15]), differential operators not having multiple complex characteristic roots 
in a given direction (Calderon [6]), or the slightly larger class of differential 
operators of principal normal type having a strongly pseudo-convex level 
function on G, (Hérmander [11]). In all these cases, the proper character 
of A; follows from the fact that the following two conditions are verified: 


(i) D(Azo) is contained in a subset W of L?(G) which is a Banach 
space with respect to a norm such that the injection map into £?7(G@) is a 
compact map. | 


(ii) Every solution u in Z?(@) of the equation Ays=-0 on G° such 
that u has compact support in G° must be null. 

For the subset W, we may take W%*,(G@) with 7> 0, and the corres- 
ponding results about domains of minimal operators and about uniqueness 
of the Cauchy problem follows for suitable domains Gand G°. 


(8) Some examples of families {A;} which are analytically uniform by 
having a fixed domain for the minimal operators A; are the following: 
elliptic operators of a fixed order; formally hypoelliptic operators of equal 
strength for different values of z and ¢; constant coefficient operators of 
- equal strength; hyperbolic operators (and more generally operators of the 
type studied by Calderon and Hoérmander in the references cited above) with 
top order terms independent of t. 

We close with some final remarks: (1) J. F. Treves [20] has recently 
studied from another point of view, and using completely different methods, 
constant coefficient operators varying analytically with ¢ and has obtained in 
the case of operators of equal strength elementary solutions analytic in ¢ near 
a fixed value to; (2) The results of this Section may be extended with purely 
formal changes to obtain holomorphic dependence for the parameter running 
over a complex manifold. 
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